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PREFACE. 


Tuts Publication, entitled Solutions of Examples in 
Algebra,” is the first part of a work designed as a help 
to Students of that science. The first part, complete in 
itself, was nearly finished when the Author was, after 
a painful illness, removed by death. The book will be 
found to be a useful companion, more especially to those 
Students who have not access to a living Instructor to 
explain their difficulties. 

The late James Wharton, B.A., M.C.P., was a School- 
master, and the author of several Elementary Books. He 
was educated at St. John’s College, Cambridge, and his 
name appeared the fourteenth in the list of Senior 
Optimes, in the year 1834. He was one of the origi- 
nators of.the Royal College of Preceptors, and a most 
active and zealous promoter of its success. He was also, 


for sometime, one of its Mathematical Examiners, and 
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vi PREFACE. 


he continued to labour for the interests of the College as 
long as his health enabled him to do so. 

"The Second Part of this work it is intended to com- 
plete, if the First Part should be found to accomplish 
the design of the Author. 


CAMBRIDGE, 
April, 1863. 
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SOLUTIONS 


OF 


EXAMPLES IN ALGEBRA. 


SUBSTITUTIONS. 


2 ax + a 
* ＋ a 

By aleatin: for x Kap a the values, + and }, we have 
* — E ERA 241 3 
arta TTT 442-241 7 


; when 4 = anda=} 


z-y 2 
2), =3,y= 
(2) sty" ey entm 25 7 3 


ZE emm — A — — — 


243 24$ 944 81716 1261 


2-243, (1624 9) 81 256) 144 


A tirti 144 (256 + 144 + 81) 481 
(4). J - Za + Say? % x M - Zen +y°); when z22,y =$ 
= (2-y)? = (4 - $) bs 
(5). 4a* 114 + 12à* - 4; when a=4 
= 4 x 256-11 x 64 + 12 x 16 42 508. 


a-b a +B 
EE 21 

(6). zT (s . when a =3,b=4 | 
Ew JM: 41 1,1 
CPC VC s* Vis)- s 3/0. 


B 
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2 SOLUTIONS IN ALGEBRA. 


(T). (2 - 32* + 22) x (à äng - 22); when æ = $ 
16/16 12 18 12 2496 
-z 5 % (5 5 0 18628 

(8). 2 - 16 + /(2* - 16) - 12; when z = 4 2) 
= 32 — 16 + (32 - 16) - 12 - 8. 

(9) 2° - 22° + 2-2; when z = 24 J(- 5), 
L N= x DLC ëtt C9) x (79) 
=-22+74/(- 5)] 
=-224+7/(-5)+2F8 /(- 5) +24 (- 5) -2 
=- 20. 

(10). /(122* - 84) - 2? + 7); when & = 2 ), 
(7 - 439 27-4 (3) 
= J[12 (- 4 4(3))] 74 4 (3) + VC 4 (3) 
-44(-8 /3) - 1 4 4 8 +2 Ve (3). 


a lta 
I AE Bes VS? 
(11). 5 „I 5). when a = 4, b 


2 vege 


L + 2 70 ug 
2*- 22 « y?) when x = 1 25 y= 2 


EEN 
as). ls? a ME e - day + 4y’); 


when =}, y= 


ee e. ERE 


Ih ER E . 
d 48 8 7 20 10 8 "^ 


(12). 
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Ex. 1—4, p. 6.] EQUALITIES AND INEQUALITIES. 3 


EQUALITIES AND INEQUALITIES. 


TL (1). Which is the greater, 2° or 3°? 


1 
9b sore (greater or less than) 3°; 
raise both sides to the sixth power; 
then 2° > or < 3*; 
but 3* = 9, and 2? = 
. 3? > 2°; and consequently 33 > 28, 
18 


(2). Which is greater, 3 > or 15! P 


19 18 
20 r 41g: *. 961 > or < 360; 
-E 18 


but 361 > 360, "* 30 T 
u 2 ?19' 


(3). Show that 7, + ia t 
Multiplying both sides by d, 
a? + b > or < ab? + db > or S ab (a + D). 
Dividing both sides by a + 5, 
a’ = ab + b? >or S ab; 
then a’ - 2ab + b, or (a - Am, > 0, 
since all rational quantities when squared are positive, and 
therefore greater than nothing ; 


Ge Cid WE 
"p7 a" b 
4 A 1 19 20 
(4). Show that 6 1255205 e 


and that /(19) + (3) > /(10) + (7), 


6 »«12); „ 2165 « 144; 
B2 
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4 SOLUTIONS IN ALGEBRA. 


but 216 > 144; . 6 > 123, 


19 20 
, 19 20 
"3397 v 17 


(19) + (8) > (10) +4/(7); 
. 22 4 2 /(57) 2 € 17 + 2 (10), 
or 5 + 24(57)» < 2.4/(70), 
353 + 20 /(57) > « 280, 
or 73 + 20 4 (91) > 0, 
^. 4(19) + 438 > (10) + (1). 


(5). Show that a° a + aà*b* + b° > (à? + BY, 
a’ + ab? + a*b* + O° > < a’ + 2a°D® + BF, 
or d (a? + b°) > « 2a*b* x ab, 
or (a - 5) ; 


(6). Show that (n + 1) » n (1 +n), 
m+1><n(1+n), 
orn? -n+1><n, but n*-2n+1>0; 


„. n 12 ＋ n. 


(7). Show that 3(1 + a? d » (1 a 40e; 
and that a" -— b” ma"? (a — b) and > mb"" (a - 5), if a be >b 
3 (174 a »5 «(14 a a?y, 
. 3(1-a＋ a e414, 
2 — 4a + 2a? » « 0, 
or 1- 2a + a* O, 
or (1- a} > 0; 
. 3 (1042 4 a*) » (14 à te), 
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Ex.8—10,p.7.]  EQUALITIES AND INEQUALITIES. 


Let a = bæ where x > 1, then a" - 6" = 5" (A - 1), 
and ma“ (a - b) = mz" "b" (x - 1); 
. a"-1«mz"!(z- 1) 
and > m (m — 1) for any value of mr 2» 1. 


(8). Show that zy > ac + bd, if * = d + b’, and = + d*, 
if * d b, * A d; 
then 2 ＋ yl =at 0 A C d? 
+ 2a*b? + 2a*c* + 2a*d* + 2570 + 250 + 207d, 
and z* = a‘ + b + 200 and / = ct d 4 2cd*; 
. CY d A did f e+ bd 
= (ac + bd)* + (be - ad)’, 
and (bc - ad)’ is a positive quantity; 1 
4. Xy » ac + bd. Sd 


(9). Show that 1 + 2* + z* > 3(1 + 2%), 
2 (IT 42) 43 (17, 
“2(1+24+2*)><3(1+2), 
27 -2-1><0, 
orz(r-1)t2*-1»2«0, 
butz+2+1>0; 
. 26 T 2 4 2) >3(1+ 2), 


(10). Show that abe (a +b- c) (a +e — b) (b + c — a), unless a2 5 - c, 
we have a° > a? - (b - e > (a - b fe). (a +b- c), 
also 6° - (a - c} > (b - a + ¢).(b +a - c), 
and è d- (a -bF > (c +a- b). (e-a +b); 
c. UE > (a +b- c0) x (a+e-b)x -a), 
and both sides are positive ; 
x abe > (a bc) x (ae - 5) x (b c - a), 
leta=5, 5-4, 0-3; 
then we have as an illustration 
60>6x4x2>48, 
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6 j SOLUTIONS IN ALGEBRA. 


Let a be the least of the three quantities, and b=a +g, e=aty, 
then abe = a (a + z) (a + y) 2 à + à (x * y) + azy (A), 
also (a + b - c) (a +e - b) (b +c- a) 

=(a+u-y)(a+y-2) (a 

- (à - (z- y) (a +y) 

=@ + a (x +y) - (4 +æ +y) (x - y) CB); 

. (A) - (B) 2 (a  z 4 y) z- yl + azy, 

and since (x - uf is positive; 
.. (A) > (B) unless a =b = c. 


(11). Show that (a + b + c} < 3 (a? + 0? 4 c"), unless a =b = c, 
we have a° + & + c&* + 2ab + 2be + 2ac >< 3 (a* +b +e), 
or a? + + c >< ab + be + ac, 
and the sum of the squares of 3 unequal quantities is greater 
than the sum of their products; 
. 3 (4 +040) >(atb-cy. 


(12). Show that */(a) > V(a +1), if a be not less than 3, 
we have a* » (a 1); 
*. a* — (a 1) O, 
or a- a’ - 8a? - 3a - 1 > 0; 
. @ (a - 3) + 2a’ (a - 3) + 3a (a - 3) + 6 (a - 3) + 17 > 0, 
which is always true if n be not less than 3; 


$ 1 
let a = 4, then 4 >< (5)f, 
or 4* > < 5°, but 256 > 125; 


1 ? $ 
^. 45> 5%, and aè > (a 4 1)*. 


(13). Show that 27901 60 a V (5) 4 V (0. 


oe 5 1 4˙4˙ 245 
n M ao dL 
BEEN 

4ab y 

. 24 J T) 2a(a+b) 
N (a-bra45) 7*9 
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Ex. 14—16, p. 7.] EQUALITIES AND INEQUALITIES. 7 


(14). Show that a (b +c)? + b (a 4 c) 4 e (a ＋ 5) 
- (a+b) (a- c) (b - e) - (a - 6) (a- e) (b e) 
+ (a - b) (b — e) (a c) = 12abe, 
(b + c) (2ab + 2ac — be — a°) + (a + c) (2ab + 2be — ac 500 
+ (a + b) (2ae + 2bc - ab — c^) 
=b (2ab + 2ac - be - a® + 2ac + 2be - ab - di 
4 € (2ab + 2ac - bc - a® — 2ab + 2be — ac be) 
4 (2ab + 2be — ac — b + 2ac + 2be — ab - c*) 
= 4abe + oh + gin — ab? — ac 
+ 4abe + ac* + bé — ca? — cb? 
+ 4abe + ab? + Be — ab - cb = 12abe, 
(15). Show that 
(aè - °) c + (5G) a + ( u) b = (a- b) Geh (e 
(a - b) {ac + be - (b - e) (c- a} C a’) b + (~ o 
= (a - b) (& + ab) + (6-4) 5 + (6 - è) a 
=a ( ab +b- e) +b (= a c - ab) 
= a*b + ab? — db - ab’ = 0. 


1\? Y -(m- i zT y 
(16), Show that (2 +2) - (y +5) = (v $ C gl 
and prove it when z = and y = 4 
AGR, aw 
f- C- - 
Eis ty vy zy) \y zh 


t 1 5 1 
then a. 424 2 > @ y Vize 
or 0=9, 


a), 
D 


and if 2221 and / = 13 e 
then FT 20-24 4P=(8-8)(2-3), «V um 
25 989 68 3. 189 vk 


av UR rei $ Lt 
45.18 . 2 1€. 


25 100 25 wt" we 
* 16 d uf y é ‘ SS 
ev 


SE X 
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(17). 


(18). 


(19). 


SOLUTIONS IN ALGEBRA, 


If (a? + be): (0? + ac)? (c* + ab)* = (@ - be)? (© - ac)? (e - ab), 
show that either 
a +b? + œ + abe = 0, or ig be r t AUS 
PDuE A AE ST TN 


(a? + boy (B° + ac)? (È + ab)? - (a* — boy (b - ac (= aby 
= ((a* + be) (b° + ac) ( + ab) + (a? - be) (° ac) (è ab)] 
x ((a* + be) (b° + ac) (c? + ab) - (a° be) (= ae) (è ab)) 
= (2a°b*c? + 2abc* + 2bca* + 2acb*) 
x (2a + 2058 + 240 + Zeie = 0; 


1 
$ 3 A Em i^ Lo 8 
^. abe t a +6 +@=0, and + 5+ 5+ 5 0. 


Show that a* (b? ) + b. (e — de) + e* (a - B*) (A) 
= {a° (b-c) +% (c - a) + (a- b)} x (a +b) (b +c) (a e) (B), 
here a‘ (b? — c*) + b (P d.) (a. b°) 
= a* (b? - &) (a + b) (a + c) - P (à - €) (a +b) (b ＋ e) 
+ E (a? - b?) (b+ c) (a + c), 
or a? (t° — cè) {a° - (a +b) (a e)] A be (aè ch) {(a 5) (b + c) - b°} 
+ 6 (ad? — b*) {e — (b + c) (a 4 c) 
=~ a? (b? — c) (ab + be + ac) + & (a° - dl (ab + ac + be) 
(ae - b?) (ab + ac + be) 
= (ab + be + ac) (a — DCE dib + ae’ géi Uc) = O, 
or (4) - (B) - 0. 
Prove that 
(a+b+e+d)(a+b-ec-d) (a-b-c+4)(a-b+e-d) 
+(b-a+e+d)(a-b+e4d)(a+b-c+d)(a+b+e-d)=16abed, 
here {(a + by — (e + dy) (a - bY (e- di 
- (a =b} - (0+ DY ((a +f - (c - d) 
= (a* - 50 + (E d) - (d ëm. (c* - d.) 
- (a4 by (c - df - (a - b)* (c d + (a - b) (e - d * (a b d) 
= (c + df x 4ab - (c - d)? x 4ab 
= 4ab x ((c + d}? - (c - d)*} = 16abed. 
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Ex. 1—6, p. 8.] GREATEST COMMON MEASURE. 9 


G. C. M. & L. C. M. 


III, Find the Greatest Common Measure of— 


(1). 6a? + Taz - 32* and 6a? + 11% + 32%, 
6a? + Tax äs (3a - x) (2a 34) 3a- ** 
Gei + llaz 4 94 (2d ＋ Je) (Z al Za 
G. C. M. 2a + 32. 


(2). * + dr + a‘ and a* 4 az? gr a’, 


a* + a + at z* + a*z* + at . aæ 4 d. 
( ~ a") + ax N — a) (@-@)(@ +a + an) eee 


*. G. C. M. = a? + az 4 a. 


(3). Gi 254˙ — 9a* and 32? 1 + a®x - 5a’, 
— 25a — ga! _ (82? « a^) 2 - 9a (3+0) 2 Di 


3 (Y aT A0 (3z* + a*) (x da) T &-óa! 
.. G. C. M. = 3 + d.. 


(4). 2? - 19 + 119z 245 and 32* - 38z + 119, 
2 — 194° + 1192 — 245 ( 7) 2 - 122 (z - 7) 4 85 (z - 7) 
3a*-382+119 — — 3 (z — 1) - T (K - 1) 
_ T- 12x ＋ 35 
8 17 . 


(5). 32? - 22x - 15 and dz‘ - 172? + 18, 

92-22» 15 3 (zx - 3) + 9a (z - 3) + 5 (x - 3) 
17 418r 5 (x - 3) 2 (æ - 3) - 6 (Y 3) 
. 
525 - 22* — 62’ 

(6). & — 3x? + Tx - 21 and 2z* + 192* + 35, 
4 — 3 4+ 7 21 a (2?+ 7) -3 (2* +7) z- * 
2 T 19 430 22 ( 7) T 5 ( 7) 22540 

„ M. T. 


SQ G. C. M. & 7. 


. G. C. M. = 3. 


BS 
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SOLUTIONS IN ALGEBRA. 


(7). 20 + 2* - 1 and 252* + 52°- z - 1, 


902! + a? -1 4 (51° - 1) + (52°-1) 42.1 


25 5 5 DC- INT ö I 5 f 15 


4. G. C. M. 5 1. 


(8). a* - z* and a‘ + a®x - az? — a*, 


at — a* 2 @+2 ` 
al f a (a a a 


4 G. C. M. = a? — . 


(9). 2° + zy - vty? - y? and a - zy - iy? +y, 


eiis -y)-y(z-y) Sin 
DEENEN EEN 


. GoM, = = . 


(10). Gatz? 10 %%% — Beef + 1dax*y? 


and 10a'zy* 154% + 84%, — 12a, 
(Goar — 34°) 8a%x* - (2% - 3y*) St/ Bat? 5 . 
(2az — 3y*) ód'y* + (2az — 3y*) dazy! Say? + Ae o 
-. G. C. M. = a (2az = 3y’). 


(11). 25 - at- x+ 1 and 52 42? — 1, 


zí(z-1)-(z-1) a*-1 à 
5 (Y I) Sak + ETI 
G. C. M. £ 1. 


(12). 2 8x + 3 and 2° + 32 + z 4 3, 


2 8 13 4 (2713) 32 (43) T4143 3 1 1. 
z+ 3 N 3 25 (Y T 3) TK T 3 muse" AM Da, 
^ G. C. M. & 4 8. 


(13). a+ zy! + zy + and z* - y', 


e+ ay t+ ay? % 
(c-y) (i +y + ryty) c 
E G. C. M. REY + zy? y. 


1 a 
NOCTES 
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Ex.14—21,p.8.] © LEAST COMMON MULTIPLE. 11 


(14). zt + az? — 9e + 11% — 4a‘ and a* - az? - gd + Bez 27, 
2^ (x — a) + 2az* (z - a) - 7d (x - a) + 4% (x — a) 
and by reduction 


„Z (2 - a) + 3az (x - a) - 4a (x - a) 4 (x-a) 44a (z-a) 


Z'(r-a)«-az(z-a)-2a(z-a) (z-a)ra(z-a) 
| € 44a 
4 J 24 


3 . G. C. M. = (z - a). 


Find the Least Common Multiple of— 
(15). gra and a? - 2, 
a’ + 2° = (a? — az + a*) (a 4 2); 
(a 2") (a - 
We 4 ＋ 


2. 150,9. DI (à? + 2?) (a - ). 


(16). 2z - 1, 42? — 1, and 42? 4 1, 
L. C. M. = (42* — 1) (42* + 1) = 162* — 1, 
(17). 2 - 1, 2- 2, 2-4, and z + 1, 
L. O. M. = (2° - 1) (à - 4) = gt 5 J 4, 
(18). 4 (1 - 2)’, 8(1-2), 8(1+2), and 4 (14 Da) 
L.C.M. = 8 (1 - 2)" (1 +°) x (142) = 8 (1-20 (1-2). 
(19). à -, a, and à? , 
L. C. u. = (a- 2) (à + ep ap. 
(20). z- a, £ +a, & d, and z? as, 
L. C. u. = (2° d) (2° + a) = gt a’, 


(21). a5 + aty + ay? + ay’ + cy'+ y^ and E- atypy- gy E A 
here z' (x + y) + z*y* (£ +y) + yt (a + y) = (z* + °y? 4 y) (£ +Y) 
de atta- ENEE C rc A 
4. G. C. M. is (z* 4 xy? A y, 
and L.C. M. = (* + a*y* + y') (a* — y!) 4 - y’. 
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12 SOLUTIONS IN ALGEBRA. 


(22). a* - 0°, aè + be, (a-b), (a+b), à? be, and af + BY, 

L.C. M. of (a- b)? and (a + bF = (a- bF, 

L.C. M. of (à? - b°) and (a? + b°) = a* — bs, 

also a® — be is a factor of the latter; 
at b |? (=- 
CA ee 
<. L. C. M. of all the quantities = (a° + 55 (a? — b°) (a5 — b°) 
= (a* - be) (a* - b°). 


. L. C. M. (a- and (- = 


(28) 4 3 + 3x - 1, ET -x +1, zt- 22 22 - 1, 
& - 2 + 22* 2 + 1, 
here 2° - z? 1 = 1) - (K 1) 2 (z * 1) (z - 1); 
— L. C. M. of (x - 1 and (2-2*-z41) = (z - 1! (z +1) (A), 
also (z* —2a°+ 2z 1) 2 4$-1- 2 (4* - 1) (* -2z 4 1) ( - 1) 
= (z-1y (1) 
and z*-22?4 22? 22415 (z* g) A (z- 1? 2 (2 & 1) (z- 1)*; 
„. L.C. M. of these two = (x - 1} (x + 1) (æ? + 1) (B); 
. L. C. M. of (A) and (B) = (x 1) (x + 1) (2* + 1). 

In the preceding examples the method of inspection has 
been used throughout, but if a factor cannot thus be easily 
found, it is requisite to divide one quantity by the other, 
and the first divisor by the remainder, till a divisor be found 
which leaves no remainder, and this last divisor will be the 


G. C. M.; thus, to find the G. C. M. of 92? ＋ 53 9 -18 and 
z? + 11 + 30, 
aè 4 llz + 30)92? + 53x? — 9x 18 (9x - 46 
` 92° + 992? + 270 
— 462? 279 - 18 
— 46z* — 506 - 1380 
— 22'iz + 1362 = 227 (x + 6) 

227 not being a common divisor of the two proposed quan- 
tities may be neglected. 
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Ex. 1, p. 9.] INVOLUTION AND EVOLUTION, 13 


Then, dividing the z* + 11z + 30 by z + 6, we have 
£+6)a°+ 11 + 30(z 46 
a+ 6 


oz + 30 
5 + 30 


and æ + 6 is the G. C. M. required. 
Or, to find the d. C. M. of 7a*- 23ab460* and 5a°-18a°d+11ab?- 60%, 
Making the first E the divisor, the first term of the 


quotient would be ; to avoid, therefore, this fraction, 


ER D 
multiply the second by 7; thus 

5a? - 18a'b + 11aP? - 6D? 
7 


74 — 23ab + 6b") 35a* — 126a*b + 77ab* — 420 (5a 
35a? - 115a'b + 30a 


- 1la*b + 47ab? — 426° 
Multiply by 7 
— Tia + 329ab* 2940 (- 11b 
— T7a*b + 253a? — 667? 
76ab* — 28875 
or 760° (a - 3b) 
and since neither 76 nor J? are divisors of the proposed quan- 
tities, take a - 35, as a divisor; then 
a = 3b) iu — 23ab + 60° (Ta - 2b 
Ta - 21ab 


— 22ab + 6b? 
— 2ab + 6b? 


* * 
and a — 3b is the G. C. M. 


INVOLUTION AND EVOLUTION. 
IV, Find the square of— 
(1) 2a + 3b, $+ S, and a - 3b, 
(2a + 35)* = 4a* + 124b + 9U^, 
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14 SOLUTIONS IN ALGEBRA, 
023.9 
35573 P a 
(a - 3by* = a* - Gab + 90". 
roc T aom 

(2. 14242514547, and & 3 4. 

(1+ wta) Y 22 (14 2) K. 
= 1 ＋ 2 ＋ 3 2 ＋ zi, 


* eu F vn em Oy 
(^5: 9-G*3) ( 016 
Na Y ay Lieweg 
8 F 
2 
(8). 2-142, 241-2, E my 


a ab Sr 
2 2 
PEE E 
T, * a 
. - len SE 


2 
(z+1-1) = (z- -5 2071 
z 
26 0 1 
* z 
(5 ay i-e pm à , e 
a? ab +5) m 50 ab + a) * "ai 
at 2 32 N. 2 a 
a a aU aD "s 
Find the cube of— 
(4). a+b, a 4 25, and 7.4 


3? 
(a + by = d? + 3a'b + 3ad? + fa, 
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Ex, 5—8, p.9.] INVOLUTION AND EVOLUTION. 15 


a + 2b) = à? Geh 12ab* + 805, 
42 by ps ume rab on 
G 3) 8 14» 79 Sart 
cz 
(5). 2 «az +a, and 1 1 7, 
(a? + az ^ a) = (2* + aP Zar (2° + à? + 32 Lët a) cat? 
= a? + 34% + 6a*z* + 7d + 6a*2? + Sa^ + a, 
92 "Te 3 3 -at 
4220 Ze, zt 


2 4 T 


2 8'8 32 64 
(6). 1+ 2 + 32%, 21 — y, and E - 245, 
(1 + 22 + 3% = 1 + 6 + 212? + 442? + 632 + 54 + 272°, 
(à ^ y» "Ae vm Bey? A 3275 - Js 
I 
( — 2y! =g- gei + 1225 - 8y. 


1 
(D). 2z-z*, 2-142, and 2! 4.1 - ei, 


i-es 
DEE 0-1 
=2+5+6(c+2)-3(#+5)-1, 
G- U- -es G- nhi 


x 1 1 
Wu eier Be 


Find the square root of 
(8). gabe, 64 %%, and 576a?”"b""c™, 
„Ob) = 3a'be, (G a') = Sofia, 
„OTG b = 244d. 
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16 SOLUTIONS IN ALGEBRA. 


(9). 16a* - 40ab + 250°, and 16a‘ - 48a? + 100a? — 96a + 64, 
/(16a? — 40ab + 258%) = 4a - 5 
8a — 5b | - 40ab + 25%? 


(16a - 48a? + 100a? — 96a + 64) = 4a? 62 + 8 
8a? — 6a | — 48d? + 36d? 


8a? - 12a + 8 | 64a? — 96a + 64 
64a? — 96a + 64 


(10). a- 2ab + è + b + 2ac - 25, 
(a? — 2ab — 9bc + Qac+ 0 c)! 2 a - b t c. 


(11). 2° - 62*y 15 % — 20255? + 152*y* — 6zy* + y’, 
(2° - 625y + 1oz'y* 20% + 15% — Bry? + y 
=v — 32°y 36% — uv, 
Jem. ct 
2 + ER T 16 22, 
2 
Je - 29 Ze 10) 4 


222-2|-9224 2° 
ied M z 
2 -2z 4 t 2 2 16 
az 
2 


(12). z*- 


x? 
ESA 
z* Aa 


a* 
(18) E aad aT em, 


SE 
(s 9. EI 4] 
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Ex. 14—16, p. 9.] 1NYOLUTION AND EVOLUTION. 


1 1 
(14). #4 5+2(2-2)-1, 


H 


VE 190 .- 
m z c 


22 11 Zeit 


1 Dum 

2 2g22-—-l/-9 22 

Tt * ze 
2 

p de 

s x 


207 9y* 15y 42 
167 E 157 
. iy L Qn 49 


. IN, SEA, PEST 
49 "y 7 107] Ty Az 


4 20x 

1 I 20 

dp NONE, 3 see 9y 

„V 
ci 9y 
7 WITT 


2 
(16). Ae — 823 + 62° - 2243, and 5. Kee 
4/(42* - 82° + 62? 2 + 1) = 2a? - 2x +2 

4a* — 2x | - 822 + 4 


4 — 4 T 2 2 4} 
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18 SOLUTIONS IN ALGEBRA. 


ber. ae Oat 
r SE CNR 


its an nb Ne be 
Tow. 12418 302 g 


2-3] e. E 
4 4 16 
eae ax ab a? 
66 12 36 
ax ab o 
6 12 36 


3 
(18). 10512 62 142 


TFT 4 
25 5 5 + 9 4 492*, 
142 10512* Gr * 
13 — — — — = — — 
"oL 5 35 5 d 1 - 248 
z 14 z’ 
E EC 


142 - 8 ve - F 49 


6 
42 — — 
22" 5 +9 


(19). 5 2 %% % 29 
Going pd 


(20). 4 + 2, 


e +2) e a = 8 3 + &c. 
2 
2a + 55 7 475 
ie 
4a* 
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Ex.21—24,p.10.] 1NVOLUTION AND EVOLUTION. 19 


at 
DESEN 


(21). 


a 


at 
-z|-a*-az-a* 


2 
＋ 4 N T 
a 


@+ 2 +5 + Ce. 


1 at 4 a? CN a2: 902 
«AG N e) -a 46 Saß 


. 
42 " ad 
24 4 3 3z* 
a 84 4a? 
3 3 Dat 
4 Sat 64a. 
a 
(m. 222, 
CET? 
a ＋ 2r 2K 
= +— +> + &e; 
a = & d 
wA iiem 
a = & A 24 
Find the cube root of— 


(23). 2° — 3a'z* + 3d - a®, 
If from the cube of (a + b} we take a°, we have 
(a + bj - aè = b (3a? + Bab) + U^, 

by using this formula, therefore 
V (a* Zong + gar - a”) = 2? - at 
a (ei — 3a + a? | - 3a*r* 34% - a^ 
(24). 2° - 625 + 152* 202 + 152" 62 + 1, à 
ila’ - 62° + 152* - 202° + 152° - 6z + 1) = gef A 
ef CS 
YA | 


20 


(25). 


(26). 


(28). 


(29). 


(30). 4 


SOLUTIONS IN ALGEBRA. 


m 8 12 1 
8 Jas 33 2’ 


V2 apt zi) 2.88 
(s 2 30 rd 2^ Se 


ä 
8a? \ 4 252 [5 T A ba 


y 
Ch ER Zë E 
d Bj y e 
. 2 - 120" + 542 - "o 2j 
108 48 8 
1 Eos Se d 
ye - Dat + öte - 112.4 — sz) 
uci 
- 4 (32* - 12z + 16) | - 12z* + 48z — 64 
2 2 4 
= x (0-4 Us E- + a) 6x — 48 
9 94 4 108 48 8 
- x (32t - 242 + 64 - 7 $) 62-494 NS 
or «( * 1 id 2 


— — — —— 


J 
p 0r or 3). x 
Sa 33 o 
rur a 

V (e - ST rye ee? 
- e* (3% - SHO") 1 = Seo + Ser — eo 


U- a’ c a? 
VE aa)" o 


1 1 3 
2 505 and æ - = 30 ^35 


e — 3 (e ) and = - 
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Ex. 31—34, p. 10.] INVOLUTION AND EVOLUTION. 21 


V(a* 3 + 3a -eag ei 
= (3 -3 T | - 3x + 3 el 


AWE. 3 {x2 y 1 
{ * ( A J , z` j 
(31). Find the 4th root of 


16z* — 962?y 2162 - 216 + 81y*, 
by taking the square root of the square root, 


„ (162^ - 962°y + 216% — 216zy? + Stuf 


= (42° — 12zy + gut = Ze - 3y. 
(32). Find the 4th root of 
b 85 165 25657 
E 2a 97a mex) . a. 909 
b gp 1600 * 32565 4b 
(33). Find the square root of 
(a - b} (a - bY 2 (a? + *)) 2 (a* + BY, 
a — bl (a - by - 2 (a? + B*)} + 2 (al + 50 (A) 
= (a - by (dà? - 2ab +b? 2 (a? + 55) + 2 (at + 5*) 
7 (a -bf (- à* - 2ab - 550 + 2 (a*  0*) 2 — (a 4 b (a - b 4 2(a* & 0*) 
=a‘ + 2a*l? +b; 
d = (at + Qa°b? + 550 5 2 ai 4 55, 
(34). Find the square root of mini + m’r* + n*r’, 


8 "rra E QA 
udP wb a wi a? gb. 
by substituting s for m, . for n, and SC for r, 


we have 
min? + (m + n 
_ (a+ +8) (aa Tb (a by. (2a + b (3a + 26)? 
atl wb `" { DNA DNA a 

44 124 13401 6ab*+b*+45a'+ 114 T1104 +48ab* + 8b! 
x a*b* 

49a* + 126a° + 193a*l* + 5445 + 9bt 
A ab? j 
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Kë 
e? 


22 SOLUTIONS IN ALGEBRA, 


„ th 6 — ＋ 9b 1 35˙ 7 9 3 
oe e square roo met? gedu c qr © ap 


(89). Find the 6th root of 
tracta + 15 (2-5) - 20, 


- 6z* + 15 +e ata) =a? 8242-4, 


a? a 
Voca 
225 - EA, 62? 
£ 


62* - 184 
x 
1 6 
92 - REI BE = 
z Bëbee: t3 
6 

„ 


(36). Find the 5th root of 

822° — 80z* + 802? — 402? + 10z - 1, 

the expansion of 
(a + by =a + 5a'b + 10290? + 10a% 545. + 55, 
therefore, after taking away the öth power of the first root, 
we have remaining 
b (5a* + 104 + 10 + Sab? + 5% 

and by applying this formula, we obtain 
A ((2x)* - 5 (22) + 10 (22? 10 (22) + 5 (22) - 1) = 22 - 1. 


FRACTIONS. 


V. Find the sum of— 
b 35 55 135 _ 2 4 365 + 305 - 395 316 


(1). EE 4 0 lês 48a “48a 
00. 2,2 6 11 90475424-39 156 26 13 
). 25 1 4 Toe 20 60 "ai I E 
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Ex. 3—13, p. II.] FRACTIONS. 23 


(3). 


(4). 


(5). 


(6). 


(7). $ 


(8). = 
(9). 
(10). 
(11). 


(12). 


(dpa s 


41-930 3z- 15. 10 - 11 


n 08 30a 
,8z- 60 - 18z + 90 + 10x - 11 19 
30a 30a. 
ár-9y ei äu ; 2y x _ 3x- 6y + by -3r =0 
$ü-y 3ü-y) 1-y 1-y 3(1- y) 
3m 4n 2m - n-1.15m-4 85m 20 
7 3 e 
_ 36m — 48n — 56m + 28n + 28 + 105m - 28 — 85m + 20n 0 
84 
adh E ai ai BU. Eta V ou 
(aß; 2 (Ta) sie (Y a (+a) 
a (ad - be) æ a ba 


e (o dx) “+de c4dz 
ac + adx — adx + bez — ac - bez 
E ec iB doc Bre s c ASIE BE 1 
c (c + dz) 


1 M. 1. 39z-2y _ vy 


Say (2-9) £y E 
Z-y DEE 


(5 p EON. . N -E p 
lig mats Pi Js TEES 
azk. 2ab a+b _ a- 2ab +b? + ab - E 4 
a+b -P -P a = * N 
b " 

„„ eae SEN TN ded 


|- 


= 2+3 4 ＋ 3 


z-1 2(z-1) 2(2741) 2-1 
21 2 1 (CZ - ) — 243 — (+3)(a*+1) 0 


"Stan Ze "ën tea 


www.rcin.org.pl 


(15). 


(16). 


(17). 


(18). 


SOLUTIONS IN ALGEBRA. 


C 
2 (* 1) 20 TI) „ ( 1) 
1 2-141 1 1 


y zry FN 
„(Rr P(e-y) gr y. 
|  y(@+y) oy (@-y) yty) ein 
* * 
i-e MC ( Ve 


= 4Aͤ—ͤb̃ UP — ꝗ ß Z —v— a 


(1-2) (1-2) 
1 1 Ce y SS 
(IT) * 41-2) * 20 4a) 20-2) (IT) 1-z 
3 3 1 125 


40-2) 80-2) 8042) £02) 
3 3 . Y) (I- 1-2 
4 (1 - 2*) (1 - 2) 4(142) / 
5 + 2 + 4 + 222 - gt — (1 — 2x + 225 ai 
NP CNRC RAT ER E 


(ET ＋ 

KEDLEN 

atc S bie = rte 
a- (@-a) (@-d(@-b) (z-«)(-?) 
ar- ab + cx - be - (bx - ab + cx - ac) e+e 
= (@-B)(@-a)(@-8) eee 
„eee ate o 
~ (a@=0) (z-a) -b @-a)(@-b) 

1 1 1 
(@+1)(@+2) (@+1) @+2)(@+3) @+1)@+3) 

2£413-1-2z-2 0 


(* I ) 
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Ex. 21—27, p. 12.] . FRACTIONS. 25 


3 * 
eD D eee ee 
1 1 
Der (1*3) 
1 * A14 


2 + —- —-=—- 220. 
0» es Paes r ge: 


H (a 4 zy 


(23). (oy. — 
— 2160s +20 (ate) 
a-a a-z 
a * - (a+e-6)(b+e-a) 
n "Se -£ 2ab 
„ (a -b), (ar- (tea) 
2ab 2ab 
(ec-a+b)(e+a-b)-(a+e-b)(b+e-a) 
3 2ab m 
; (Pic- De- (B84 e-a)? 
. 
(20 5 - è + oft (250 + a) 
J ͤ wot MD 
e - (5 - ey n (b * lo ) 
4c 
(a-b+e)(a+b-c)(at+bie)(b+e-a) , 
E rees )=0. 
a ＋ 5˙ E-E 
* 2 (ab + ed) EC 
2h + 2d - a? Leid C) 
Zub 4 cd 
- 23 a (a-b _ (e+ d¥-(a~ KÉ 0 
2(ab + cd) Z (ab r d) 
(27). ( tern. : 
lty y y(l+y) y(l+y) 2-1 235-1 
c 
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26 i SOLUTIONS IN ALGEBRA. | 


(2) 2184, (0-2) d-d |. u-2 a- 8g 
a-z (a f 2 r)“ (at2z) a 2 a 1 2 


(29). a + acc a ar f d. f d +a 


a. d f ale a4 
00 0* * . į 1 (a *) (a. + 2°) 
 d-zZ-az(a-z) a4z eieiei 


„ 
(@+ar+a*-ax)(a-z) ` 


(30), 27+ (pa + qr) bert (pt — qs) e - gta’ 


P's qe Diop 
_(ptgz)rtge(p+ ge) s(p- gz) + te (Pp - gz) 
ptqc D gr 
= (r + qx) (s + tx)=rs + riz + gsx + tgz. 
a® + (2ac — b) * + e a + (ac - be) a* ber 


EA aè + 2abz + (2ac + b°) z* + 20 + ext d a? (ac - b*) z* + ber 


(a t br + cr) (a- br + c) (a- dz) (a + bz + ez") 
(a + bx + ez) (a + bx + ez)" (a T ba) (a — bz + ez) 


a - be 
at be” 
1 1 4 11 
(32). 3ü-z44) (OUT T TT 


v 4 ＋ 1 841 
T tiene 
1-z (i-2z)(i-2) X 2(1-2) 
14 (1c2)(l42) Orazi 
 Lrëe-stlezreé- 20-94, 
z (1 +2) (1 27) 3 
z z-9 £ 213 
z-3 z(z43) 4 ＋ 3 z 
Qf 3 3 E342 3 


0. 


(33). 


(34). 


& — 9 z 
MR 2. 18. 18 
2-9 E: eo: 
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Ex. 35—40, p. 13.] FRACTIONS. l 27 
1 9 4 


0) get RECH 
„ 4 Sr. - 162412 - 4(z - 4z + 3) 
(t-1)(@-3) x-2 (x - 1) (x - 2) (x - 3) 
T 
(x - 1) (z - 2) (z - 3) 
es KE ch hint 
. .. 
(36) ab "B $a. e e 3 E 
23 a-9b 4. — ab 1 h. 
37 = eA nip dle Rad 
s a+b 477 55 
. a’ — 3ab + B 
VIEN SOM Pe e In | 
4 f Gab - 4 — 3ab 4 b. 
gi * 55 47 +B 
_ at - 5 — (a* — 5.) + Sab (2a? + 20% + a? - 55 
ibd) Dn Eed Locos BM iae di ad 
Bab (3a* + b°) 
ees? zeg? : 
(88) Ee 2? 
(a + by (a+b a+b 
L4 m ab - ab? + b(a* + 2ab 4 f) a + ab? +b 


(a +b)? oi (a+b ` 


(39), 7 (€ 2% , y (22 — ), 
(a yy ( ＋ 
12 ~ Say? + S - 12 L-. Bry? - y' 


Pe 
QUUM uy Aw LG nn DI EE 
Ep 


(40). e 1 1 
el @- ay (3-zy 
_2+2e-1-2* 1+ 22 
e G-ef 
c2 
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28 SOLUTIONS IN ALGEBRA. 


z-a =e i zia 4a 

Fore al z-a -a 
2 . 24 — 4d æ 2(2x*- nero 2 (xz - a) 
3 ai o 7 a- a sete 


Kä kee 


1-2x 144 1 
(42). siz-2:1)' Ir) 6(z:1) 
22 4 41 eil 
200, 280 HB ^ 07 EE 
1 - * ＋ 1 
20 41) 2 (4 +1) 
— 1 
2 (2 4 1) (z' 4 1) ~ (#41) (241) 


12 1 4 
5 (1 73) 15(¢-2) 3(¢+1) 
36 -72 -x-3 4 
~ 15(@+3)@-2) 3+1) 
7 82 - 15-4 (K + 2-6) _ 4 — 44 3 
30 Dee e eee 
3 3 1 1-2 
40-2 80-2) 8(l+a) 4(1 +2’) 
ier 2+2 l-z 
4-2) * 40-2) Alta) 
_ Stõr + e+ xt - ET E Sri. 242432 
4(1- a) 20-2) ` 


3 d å y 9 
( sem 212 Bers) 
2+34+9x+9 4 
~Z(@t+1)(@+3) 27 2 
or +6 4 5r? + 162 + 12 4 ( + 4z + 3) 
(TI) (T3) 242 (@4+1)(@+2)(@+38) — 
q? 
(T 1) (+2) (+3) 


(43). 


(44). 
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Ex. 46—49, p. 13.] FRACTIONS. 


ruv 2 2 
(9). EM AE 
d and 
1 1-42 
bé Bb, 6 (1 - 22?) 
"ü-2)ü-42) (-2)(-42)' 
. Ze 


Aro Trz Tr HAHN 
332 42542 2 


O-dixzef 1-2 


3122 —2 (1 ENER . 
r (1 - z) (1 4 zy ~ (1-2) (1+2)° 
1 PEL 1 


4 e zoa — —— — 

(48) $(z-1) 4 16x 80(x+ 4) 
16 1 64-2 11 4432 
80 ( ＋ 40 ( 1) 162? 
" 3 18 232 ＋ 4 
16 (= ＋ 4) (x-1) 16 
_ 82° + 132? - (32? + 132° - 16) 
* 162° (x + 4) (æ - 1) 
E: 1 
( ＋ 1) (74) 


1 3 5 6 
© TR TT GEN Did 
2 44 är 2 17 12x 
(l+a (1422) 
_ 4 * 19z + 2827 + 122? - (1+ 14z + 25 + 1227) 
(1 4 z) (1 + 2x) 
234 52 4 3 
“(1+ a) (1 + = 
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30 SOLUTIONS IN ALGEBRA. 


1 2 1 7 1 
00. Bt tet aa- Ta) 4ü-2) 
14 1 2 27 2 177 1 22 . 
* 4 (1- x) (1- 2") 
E LS | 242-22 
25 dq (1-7) 


12 & + 2 äere, Be ` E 
3 (1 z) (1— z) 2 (I ) (12) 
9r +1 1 4 


. zu "ein (S TI, 1 


4(zi-2z41-2*-1) 2211 (22546214 822 7 1 Az 41) 
e (& ＋ 1) ( $4 1) j (z* - 1)! (z* 4 x 1) 
4c (z* + 23 222 + æ + 1) - 225 - 42! - 82° 5 — 4 
FF UO VENAE I. o bons 
5. 225 ai 
NCESUICEPESVA 


1—2 2-1 24 1 
M. 5t 2 z@y arl 
"A Te 925 2-14 22 * + 21 1 


"Eesen ( IF 
_ -2a + a — Bat + 22 2 +14 2 - 2° + 32t - 92 
ia * (z* +1) 

z41 


I 


zu. æ dieu (z-yy 
(3. "y zry $9G-y) e 
A abu. fuf d HL zeen (Sy) 
y(r*y) y(e+y)  ?ay 
Gap Lë 1½ y 
Zen 2 ay 2 AAL 


el A 
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Ex. 54—58, p. 14.] FRACTIONS, 91 


(54). 13 5 23 
807 5(y-2) 80(y43) 4(y-1* 16(y-1) 
128y + 384 - 13y +26 20 + 23y — 23 
- 80(y-2)(y*3) 160 1) 
23y + 82 _28y - 3 
~ 16(y-2) (y+3) 16(y-1) 
23y? + 86y* - 141y + 82 - (23% + 20y? - 141y + 18) 
" 16(y - 2) (y+ 3) (y - 1j 
K * 1 4 
| (y-2)(y *3)(y - 1)" 
2-1 s^-1 
ael Gri 
4z 8r ia /1 T1 42° 1-2? 
ae G= 5 e 
(= ieee, 42* + 4 


(55). sa".z2.1-z2*'421-2a2"42. 


—— ————— oad 


1-2 1-a* 1-4 
4 16 1-2 2 
„ 

1 I 2-1 74 1 


OU een I r r 
2 ⏑ ð 2 L 24 7 Beil 22 22 121 1 
7 60 " 2 (2? 1) 
31 — 2 1 32 -2z41 
2 1) Zen 
3 2 ＋1 
EXE 200 vee 
(58). 82 19 Seil 
(2 T1 +z+1 . 
8 41 
Emer LR „1 Ze 
8 (27+ z +1) 
(@ 15 (a+ i 
= 7 ＋ 8 
~ (@+ 1)? (fre) 


+ 
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32 SOLUTIONS IN ALGEBRA, 


(59) Tf RA NER UN E UEM 
Za (r a 4% (= a) Za (za) 34 ( a +a) 
2a een 
4a? (x - ay 124 ( a*) 

_ . ar + an? + a* - ( + 3az + a°) (x - ay 
4a* (x = a)* (& + à?) 


erra — (af -4de 402) — 0 m7 — — 
Ae e E- Ea) 
(60). a’ Loy OUT "e Heke 
(a T eh = h a+b- ó eh; a. 


_ (a-b+e b+e)(a+b- Se ra) (b+e- a) , (c- a+b) (ea 2) 
“(ate—b)(atb+e) (a+b-c)(at+bte) (b+e-a)(a+b+0) 


_atb-cethbte-ateta—-b 


a r bre has 
5 (61). Cëefo réi ofgi s, r abeta) 
(a-5)(a-c) (a-) (ö -e) (a- e) (-e) 
abe Hed- abe - be*d—(a*be+a*ed -actb-acd) | — ab(e4 d) 
55 c) b - c) (a - c) (b -o) 
„abe (a — b) - cd (a° — 55) + cid (a - b) ab (c + d) 
(a - 6) (a - c) (b - c) (a - c) (6 - c) 
_ ed - acd - bed - abe + abc + abd dd (a - c) - ed (a — c) 
(a - c) (b - c) ^ (a@=e) (=e) 
,406-9).3, 


(62). (+ Hp au, lg éi EE 
-e eB) 
EE 
=2(at+b+e). 
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Ex. 63—67, p. 14.) FRACTIONS. 33 


a (a-) ar (a - b) a t bæ 
(63). b p d'(brar) 5 T ar 
r-) ( — 9) (ax? — bz — a 
* b (b + az) b (b + az) 
„ (Pz br) b - (a? - ) b 


(b+ az) cud 


ADU T Tre . 4 «4b 41 
ab? (5. — i 521) 4 (26 +1) 
E E Ah 
af 2b4+1 a 2571 


(64) 


(65). a+baib-a (dà? + ab + °) 5 


14ba- ore” F c 2 


(08) diete aw 20d 


— — — — 
= e 


£-14—— 


(67). $6. 1 o b+e * ete 

ar + er MEM LL do. Oey ENE 
(a - 8) (z — a) (e — 5) (=a) (s - 5) 

(a - 5) & Ae (a b ztc 

| (a-5)(z-a)(z-b) (@-a)(z- H 


0 5 
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34 SOLUTIONS IN ALGEBRA. 


1 1 1 
zb + ex c be - (ax +a? er ac) 1 
(a-5)(a-ce)(b-c)(z*a)(z45) (a -e) -e) (e) 
c(a - b) - (à - V) - (a - b) 
Ne b) (a - e) (b - c) (x + a) (x + b) 
S e-2-(a+b) 
T )6-o(a (5 
m - £ - ax = ac - bx - be + A dr + bz + ab 

(a- c) (5 - c) (x + a) (x + b) (x + e) 
* b (a - c) - c (a - c) 1 
"ie dl det e her 


(68). 
+ Ke. 


+ Ke. 


a (b - ¢) (x - b) 5 (a - e) (x- a) , 
e eee 
whence by dividing out (a - 6), we have 
(ab - ez) (x — e) c(z - a) (z - b) 
(a -c) (b - c) (c - a) (x - b) (x - c) 
.€-e6(0-0P— * 
() | (-29(-95(-o) 
sav UO - 0) (e= b) - B (a - e) (x - 2) , e 
(70). A by (a- 6) (b- e) (za) (@-8) * (ac) G6 -9) (s: 9)' 
whence by dividing out (a - b), we have 
(ab (e + x) - ez (a + b) (x - e) + è (x - a) (x - b) 
(a - c) (6 — c) (x a) (x - b) (x — c) 
* (b — c) (a — e). z 
E, 7 ( a = ite e) 


(71). The sum of the latter part of the fraction 


(69). 


ö 
| 
| 
: 
| 
| 


1 1 "vod 
(@=6)(a—e)(@-a) (at eite- DT (e-a)(c-by(s- 9) 
| 


= (@= a) =) Le - c)' 
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Ex. 72—76, p. 15.] FRACTIONS. 35 


add therefore the sums of 70 and 69, and we have the result 
* z 1 
(z-a)(a-9)6-9) UE -e) GC H 
P v+at+1 
~ (@= a) (@- 6) e) 


(72). This is the same as 71, except that the numerators of two 
fractions to be added are. multiplied respectively by m and 
n, or thus, let 


1 1 
(@-0)(@-0) (@-a) ^ (@-0) 6 -9(-0 
1 
(a - c) 0 - e) ( - €) 
then a*p + ai cr +m (ap +bg+er)+n(p+g+r) 
(from the preceding fractions) 
2 * 4 mæ An 
( 4) H e) 


=q; 


=r, 


Reduce to their lowest terms :— 
@-2 gie ate @-ar+a? 


Pir d-t 4 2 d. f dr T 
t art * a. d f rz 
Seeche Eh ar T a = 


(74), Set, .be En De e Dr Et, 
. 4 12 T1 z*'4x412 (£+ 1) (z 4 4) (z +3) 27 3 


= Ss = 2 
75 x x (x - 1) (x 2) 92* - 62 + 
( + Fite rele * 

4 31 12 3k 6 42 


= ů— = 3 4 2. 
32 62 4 2 1 oi 


(x +3) (z - 5) (2 + 1) 3 4 102 — 29 5. 


d DL ˙ A ër d Eege 
( ks 2r- 30412 11024214 2 -28-15 * (+7) (@+3) 
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36 SOLUTIONS IN ALGEBRA. 


* — 42143 eil zr 1 


N * ＋ 1 
.G-90:0D.2:1. 1 1 
^(z-3)(241) 2-1 1 eat 


* 4+ (a- b) r- ab zb x(x-b)+a(x-b) & 75 
27 (a+b)a+ab 2 H “il+ alb) z-b b 
a* 4 114 +30 9r -x-3 
O24 63a -94—18 5 
_ (248) (z 46) 92-22-38 
"QU-z-3)(940) ato 


(18). el 


(79). 
1. 


b(c+d)+a(e+d) T2 a+b 
a (JT 20 (I 2) cr+d “ats 
a (a? + 6°) -b (a“ + 52 2a (2a? A a-b 


— 21. 


24 (24 — b*) - 2ab (24 - b°) oi +8 ae 


(80). el, 


(81). 


z" (a — bz) b (a. + bz) -— 
ba (a Béi a 


* + ay? + % tut 

airy iy taye tayy) a- ay y y 
ts EES EN 
ay t y+ Qay - 


xt — y! - 2xy ( ul LR 
* + 2 / / — 2% ( EE -y 
2 +4? — 2 / 
=> 21. 
"e t y! - 2zy 
32 (2x + 5y) - 2 2 (2 + 5y) 3 3z 
9z'y (x — 32) — 6yz' (z - Zei 2z + by 
Bat 22725 * 
~ By (Ba -22) By" 


(82). 


(83). 


(84). 


(85). 


[opt ser a-(b-c) a+b+ce 


(86). ES 14040 ER EC 


21. 
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Ex. 87—89, p.16.] : FRACTIONS. 37 


a a’ 9a de be d 
(qn. loh .» d v e 
b a oq 
"d| be d 
0 A MIN NUT 
p ME ef. 
ac c 
de de 
2 a c 
quotient Ls 


Write down under like quantities the products of the divisor 
and the quotient, with their signs changed, and then their 
sum + the dividend = 0. 


(88) 4. 34. 194% 21 b. 9a | 
; z| a 10 52*y? 10r 1 
ab 3at =. 2a*b a*b* 


‘Syl nes 
x DN : 8a° d ab? 2 obt 
y? 2 / Auf 2 


3aꝰb k 2abꝰ Y: DN 
4 7 óry % 


uotient a m wd + a 
d a bay y 
; Dë Lä 
(89). a 4 ＋ d N af 2 tutu 
+—|-a'-at-a-1 
TAL 
18222 
CCC 
uotient SE ec - 
3 & Ce 
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38 SOLUTIONS IN ALGEBRA, 


L1 11 D 744 
(ab^ — c) (a b. + c zx) = ab - ez. 
(2). This is of the form (a + b) (a- b) = = 
% 34 af op S- 
„ (34 6 — 54 5%) (34 5 + 54 b^) 94 5 25 5 


11 $4.3 i 3 
(3). (a tay m ray +y )x(a -y)=a-y. 


4). is is of the form (a° - ab + b°) (a +b) 2 à +0; 
Thi f the fi ab . b 5) = + 8 
Oe ee 
„ (a - ab +b°) (a +B’) 4 4. 5. ! 
(5). This is of the form (a° + ab + b°) (a° - ab + b°) = aè + + bt; 
23.372, 3, , 4 
. ( - +2*)(2* +2 . 
24143 4 £ A 
(6). (a 4 a*b* + a°b* 405) (a -Iye 4 55. 
(7). (See Ex. 5) 
P odo gh E ra ipa 
(De + 4 + 5) (3 — 42^ + 6 ) = 92 + 142 + 25 
(8). (See Ex. 5) 
i 4: Ets ERE E 
sray y) -ay ey) es eal at 
JETER TREE 
(9). (a +a b Ta +b*)x (a -5b)2a-b. 


A. A 2 A 3 
4 


1 1 
(10). Gi m ne (e: e r mp. 


4 — 30 5 + 2755 - a (ar 2 yy 2. ae 
(11). ———— — a 2a 5 AN, 
S q$ E: Ai a* d (A 
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Ex. 12—18, p. 17.] SURDS, 39 


A 
(12). 1| 1-y* 
FVV 
C 
1l A 1 1 


hA „ N we ee 
* GC? Së, ty ty ty — T 
Fi 


ERa. Se, 


the quotient 1+y* WT +y° dÉ Sp +9 ty «yt 
26-5; 


: yi. 
(13). This is of the form e 
a+b 
$5 O EE QUE ER Lii 
(gab - 25a^b^) = (3a b + 54 b) 23a b - oa b. 
> 4 Ry ox 
04 (^ äus ei 


Ein. (^ us =). (a ine -1) 


4 
5 ( ther d 


Wett Be 
E xe. cb, 


i 4 i i i 1 1 4 l e's 

(15). (a? - 8?) + (a® - b°) = ( 5% (a* & ^) = (a - b°) 
4 2 1 4 A PR DUE. 
- (a* b (a T 50 (a TDS) (a Mise +a b Ua +b. 


(16). (z* — 3x + 32* D. (2 1 * 2 22 1. 
* x (4 - 1) - g* (at 2 ( 1) at 


24%; 


EU Se MEDS 
AN. Giele seis 
2 H 
_ (&- * A EP 
1 
* x is 


i se : 
(* 1) * ( 1) 2-1 3$ 3 
s —— —-—-— —⏑ E 
z^ (X - 1) e 
at + atl? +B 


(18), This and 19 are of the form PRI FT 


zd! - ab 4 05 


i i * 
so HEX +æ’) (a° bate 42) 2! ei TIT 
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40 SOLUTIONS IN ALGEBRA. 


A i 
^ 6 nE 12 1 
(19). ( 160 („9 E 74. 


S 


Po Y. P ). 64 
(20. (z +2°+4+2(2°-2°)-1}+ (2 41) 
2 A aAa Y A 
4 414 2 (z7-1)-2 34 d 
F I. 
2 ( 14K) 


Hh. qe D e 
or thus x fT 4 2 = AS +1 
i5 4 

11-4 — K 41 
A 3 ae 
r - 4 -liz* 


dr 
ji 


Të D EE e 


A 2 
the quotient & 41 


VI. (1) Find the value of / 32) + /(50) - (18) + (98). 
Here 32 = 2 x 16, 50 = 2 x 25, 18 2 x 9, and 98 = 2 x 49; 
. /(82) 4 50) - (18) + (98) 
= 4/(2 x 16) + / 2 x 25) 2 x 9) + J(2 x 49) 
= 4 (2) + 5 /(2) + 7 (2) - 3 y(2) 
= (4 + 5 + 7 - 3) /(2)=138 (2). 


(2). 3 4(8) x 4(82) x 3 /(48) x (15) 
= 8 (4 x 2) x J(2 x 16) x 3/16 x 3) x J(25 x 3) 
=8 x2 x 16 x 3 x õ4y(2 x 2x 3x 3) 
= 1440 x 6 = 8640. 
(8). 3/8) x 2 (6) x /(15) x (20) 
= 6 x 2 x 5 x V2 x 6 x 3 x 4) = 720, 
for (8) = 2 y(2) and 4(15) x 20 
= (3 x 6) x y (4 x 5) 2 5 (8 x 4). 
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Ex. 4—19, p. 18.] SURDS. 41 


(4). 


(3). 
(6). 


(7). 
(8). 
(9). 


— — — 


(10). 


— 


(11). 
(12). 
(13). 
(14). 
(15). 
(16). 


(17). 
(18). 


(19). 


7081) x (64) x V (318) x /(- 24) 
=3x4x5x2x V{3 x 3 x (- 8) = - 360}, 

for Dn) = (27 x 3) = 8 V(3), V(64)=4, 875) = 5 (3), 

and /(8 x 3 x ( 3)) = V(- 27) =- 8. 

4 (141) - 3 (15) - 2 (3) = (28 - 15 - 2) 73 = 11 y(3). 

3 (8 x 5) 4 v (27 x 5) + V(64 x 5) = (6 + 3 + 4) V(5) = 18 V(5). 

205 7/0) + 400 (0) - Sab 7/0) e, 

16 y(2) 10 /(2) + 12 /(2) 3/2) 15/0). 

649 - 14846424 8/2 12/4 14 J2. 

V (128 x 4) - V(27 x 4) (49 x 7) + (9 x 3) + V(25 x 3) 

= (5 - 8) V(4) + 1 (1) 48/3) = 2V4 T 778 ). 

8 (2) + 8 /(3) + 13 /(2) + 18 y3 = 21 (% + 43). 

442 -2142 + 302 542 = 8 (2). 

248- 4 12/8 - 3 V3 = RH 

4 J2 - 21 J(2) + 30 /2 + 5 y2 = 18 /2. 

2 43 + 18 (3) + 15 /) + 13 y3 = 48 J3. 

7x V(&x6x6x100) 2 1x 2x 5x V(6x 2) = 70 (12). 


68 3 44 44 5 [5 
soo 8S 4 40 5 2 
Ji» 1 1. 3 924 250 189» (2 
3 3° 4% 3 T 7 70) 57 
2N 18 /14 77 
3 IX alin — 
Th JG) 15 N 15 * 5 (15) 


80 6 77 2 14 1 80x9x7 2 
2 14 BO 9x 7, 7 1714. 
N 5 EE Bo 16 
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42 SOLUTIONS IN ALGEBRA, 


e»? V n* Va) Ve) 
2 EE 500 VI 
65 70) dao: a Vir 
2. A: NEE NV Zu T d PE vay?) 
(22). ( x 20 — 308 66 70 = 20 3/8). 


en yE) I g- 


= m x E x My =V Le 7 


(24). (&V(2) + 8 V2 + 5 Den (8 / 4/00 4 5 V3} 
212 x 4 x (4) = 48 V (4). 
(25). 18a /(b + x) - 12a y(b + z) = 6a „% + ). 


(26). 2a (b) + 24z (b) = (2a + 24z) (b) = 2 (a + 122) 75), 
and 4a’ ap - 2az y o = (4a* - 2az) »/(52). 


e Zu 18), 
Gë da: SIM: 12 555 tm 12 vao) 


dÉ. v)" V) V)" - 5987 


(28). 10a (b) + 12a /(b) - 17a (b) = 54 (b). 


E po we 41 
(29). eent. an, 4083. 


) 
EE 412-9" 
{3 - V(- 5) {6 + 2 v(- 9) 
=18 +6 y(- 5) - 6 CC 5) + 10 = 18 + 10 = 28. 
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Ex, 31—40, p. 19.] SURDS, | 43 


(31). (2- 24(- 3) (8 - 5 C 3)) 
= 10 - 30 - 20 J(- 5) = - 20 (1 + dt 5)}, 
also (ő /6 - 34/8) (5/6 + 3 y5) 150 - 45 = 105. 


(32). VC à) dt b) = dx d C Cin (c 1) e, 
(- a)? Ct = abt C 1) = a'b* JC- 1). 
(83). je - 1) - 2) (C + 2)* - 3) 
= (2* 2 — 1) (2! + Az + 1) = a* + 22? 8 - 6x - 1. 

(34). (2 (z - y (z - y)" (c- y)" 5 

= (a? - y" (P -yF =(P- eg 
(35). (1 - 43) (/ - 43) x (1 + V3) (/ + /) = (2-3) (1- 3) = 2. 
(36). 2az (32) T 184 4/(32) + 12a (32) - 20az4/ (32) = 12az V (32). 
(87). 2a% Dt + 4a% V(b) - 6a'b V (b) = ab. 
(38). - 2 (a jj 4 99 S x die — 4ab + 48°) 

: WE Graa XCD. 

2c 


(39). 3 dr Se i 1 


: 


ye 20 1 8 5 2 
3 Cei 20 )- Vs "i 

eo. deal VET sry) 
EXE vo s2 v5, 
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44 SOLUTIONS IN ALGEBRA. 


220 28-95 cabs aby EA Yao) 4 700. 
23 _ 93 23 


(41). (a? - 19" (e - By = (a 5e) . 


(42). V (d- 432- N . alea: 


(3), Ete i 
a! {a - (ay) + yy 


co GG) Gap) xt Ce d 


+8 
= (br the form P 2043). 


3P 2m-n 5m+1 m-3P n m-1 


(45) a" xz" xy" xa" xa™xy™ =ar"; 
for the index of a = T no aid 1, &c. &c. = &c. 
m m 


ab Ed i X37» d8 16 (56) 
(46). 5— 5 D» — su is = ner Ze 
_2vb(vbtve)_ avb 
y b-c V Ve 
Gase AE m 12 
(47). (z^ — 2* x aP xb” 4 4525), = 3 — 1b 


22 -9y! 22% 
e» 421(V2z - y) (/ 2x + y)) 
.Qz-y)-ywy(/2r4y).- 49r-y-y  z—-42y 
»X42(/2r-y)(23z«y) V2(/2e-y) wW2z-9 ^ 
(49) 3a*b 4/ (2ab) + 5ab? (Aab) _ Sab + dab? 
' V Qab) (20 + V (a° 440 + 4% 2b ＋ a— 2b 


= b (3a + 5b). 
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Ex. 50—59, p. 20.] SURDS. 45 


1 1 1 
GC quc Ga Ela 


2441-25 142 


(51). = = 3 
(1-2)! (1-205 


* e 
e a = N - ) MI ＋ V a?) 
i 2? (a + f(a? — 2*)) 3 2*. (a — VA + x*)} 
e -= 2" 
= a+ V 20 - a + dii 40 (@ 4) + diene, 
(53), VED i ds UE. Wis: 1) : JG? UD 
_ 2 (2% +1) +2 (21 - 1) 
2 
1 1 z—A(z*-1) xz (z*- 1) 


GR TPE cu cce e IT gr E ER 


(55), [V= - E zm COT 


-a4 wa mas a * v (b). 


(ys - 3y er ESCH) * Tay) x die + y 43) 


= Sa, 


x y (xy) (z* + 3y*) x 43 Q2 7 
ye y V3) V (ay) x V@+y V3). z- By?” 
1 2° H y1 1 LAT 


(57). "E Wa "a 4% ly ean h. 
8- Bd 
(58), 827005 
3-2 /(2)} (3 + 2 /(2)} 29-8, 
8-5 / 2) 3424(2) 24 0 20 


PNEU E ye) EECH 
m emu „ 

V T 11 

E Bt M ae 


43448 45-48. 2 
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46 


(60). 


(61). 


(62). 


(83). 


(64). 


(65.) 


(66). 


SOLUTIONS IN ALGEBRA. 


610% 6) 10 + (6) 

2434342. 7½ +y3 

, V3 - 42. 10 (3) - 10/2 + /(18) - /(12) 2 
M EL eee 2843-742; 
2{V(3) +1} 2(V3 + D(48 + 1 4 y2) 


y/341-42 (V3 * 1! - 2 
2(/8 + 1% + /2(/3 +1) _ 
eT eee oe 


42 (2 + 4/3) /2(2- 49) _ V2(2 3) Nu N2.(2-./3) 


24y(4424(3) 2-wV(4- 2/3) v3(/3*1) MPTICTESY 1) 
| 442v3 A 4-23 V3 £14 V3- 1 _ ½. 
»X46(v341) ( 1) 46 

V 

2-4(-3) 2 C3) 1-v(-3) 

_4+9v(- 8) +4 - CECR 4 
4+3 i-x[-9) 


8474(-3) 4«44(-9) 1 
icq (EENS mae £5 


17 3 2443. 24/341. BECHER 1-449. 343-4 
T 1-yà' 2-y3 -/3 27 ½ — 2 NS a. 1 
=-2-/34+7+4/3+4-3,/3=9. 


{a 4C 2 + — -vC IW 2 (at - 8) 


EF ube 
2^1 x 2 
ay? 2* _ E + 2 Nour * +y 
i 3. i a K^" 
gf £ -y -y z =y 
3 
a? + ab +b x 
FFF — 4 
(a - 8) ( - a^) (a - 6) (x - a) 
2 4 2 E 
2 TA dg 


je: i-a) (a-b) (e-a) 
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Ex. 67—72, p. 21.] SURDs, 47 


(67). Veta}: Wows c) 
c te ` Ceres Trey ETT F LE = 


a bla -O he 
N e Ee een 
ct a@+bie 


i p hi rs 
(68). E up SE 
(a + Uy SSC? 4 45° 
eg NEE H 2a 
V ME e e raa 
TETI SA 
: 2 1 4022 41) 
been 2-1! Berl JCB) TNC T fl 
142 1 ER 
770. 
70), eee _ „V3+V2+V5_ 1445/6 4ò U 
| 43 * 42 - 6 4342440. 2 J6 
A442. 31442. 14424438 


LT - 1+ y2-y38* VT 
.84242443(/241) 34242440643 
F 
un v2 ο y2(2 - V3) 
V8(1+ V3) 701) 
1442/3 4-2y3 
V (341) J6(y3-1) 8 
(72). Find the root of 5 + 2 4/(6). 
Let V{5 + 2 V(6)} = 4 (z) + V (y). « 
Squaring both sides, 5 + 2 V (6) = = BEY 4 (a 
ety c and V (zy) e d y 
- wx 


Dey cms 4341) = 


— Áo e ne 


48 SOLUTIONS IN ALGEBRA. 
and z* + 2ry + y' 25 
4 = 24 
. 4 — 2 y= 1j 
and z - y = l, and æ + y = 5; 
— æ = 3, y = 2, and y (5 +2 76) = v (3) + y (2). 
(73). V(7+2 410) = V5+ V2: V(8+2V7)=1+V7. 
(74). Let /(:03 + 04 V(-1)}= /z * Vy; 


| . 03 + 04 y (- 1) =z +y +2 W (zy); 
| Padi 0009 


— 0016 
z- 20 4y!- 0025; 


- y = 05, (x + y) = 03; 
. 4 = 04, y=- 01; 
. Vr T NY äi dt D: 
y (37 - 20 V3) =5-2 V3. 


(75). y (28 - 1048) = 5 - y3. 

| Let /(-242/(- 9) e Vet ys ^ 2497-2 
| . . 4 22% * = 4, and 4zy = - 12; 

*. 1 E orz=1, andy =- 3; 

*. „E27 20 (3) 214 C 9). 


(76). Let / 21 - V- (400)} = de - vy; 
*. 4 y = 21, and 2 (zy) = „C 400); 
— a+ 2% + y! 441, and * 2 +y°=841; . g- y= 29; 
*. & = 25, and y=- 4; 
. Ve-y=5-2/(-1). 
| Let d YC 5) - D}= de - Jy; 
| 4 4 1, and 2 (zy) = 4 JC 8); 
| nde al, ASE tu se 81; . 2-979; 
| .z-4,andy--65; 
SES Vy =2-f(- 5). 
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Ex. 77—81, p. 22.] SURDS. - 


(77), Vea 9 » AJ (152/09 = 7. a vo). 


Let YC 18 /K o Vz — yi 

. 2 % 0, and 2 (zy) = diei By 

B uet 324, and z-y -18; . 279 and / 
. r . 


(78). v - y(7)} = o V1 1; (16 +8 (3) = 2 + 2 (9) 


Find the ie root of— 
(79). V(97 + 28./(12) = {7 + 4 (3) = 2 7; 
a)(UT - 12/2) (8-22). 1 (1 9). 
Atm E AM 
p" 1-443 
(80). 704 + 83) / V2 + /6) = /(/2 (2 * V3) ]. 


C 16a*) = 4a* J(- 1), let /(4a* /(- 1) = V2 * V9, 
then z + y = 0, and 2 (ay) = 4a’ V(- 1); 
. £? - Qay +y? = + 16a, and z - y = 4a"; 
-. x= 27, and y = - 2a’; 
. VC 16a) = a % + dt 2). 
Find the square root of— 
81). Let die + 22 die - 2*) = V2 + yi 
. a 2 2 4 y, and 2z die - 2) 2 (zy), 
and z? + 2zy V = d, 
also 4zy = 4a'a* — 42*; 
za! — 22y + y! = (a- 2), and e - y =a? - 22, 
but z+y=a'; 
* gi , and y - ; 
je V2 + oy = N - 2) +. 
Let /{2+2(1-2)/(1+2¢-2*)}=Vr+Vy; 
„ 4 % 2, and 2 (zy) = 2 (1-2) (1 Ze ~ 2°), 
and z? + 22% + y? = 4, 


D 
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50. SOLUTIONS IN ALGEBRA. 


but 4zy = 4 - 162* + 162? — 4z*; 
DEET E = 162° - 162? 4, 


and z —y = fv- 2z*, 
also e Ap 23 . 41 22 , andy-1- 22 + EN 
fo oet 1- 2+ (1 r- &). 
(82). Let /(1 + d — m?) 7 Ve + y; 
. 4 T1 =I, and 2 Jans (1 - m^), 
and z? + 2zy % = 1, 
also 4zy = 1.- m^; 
+ a 2% + y? mt, and £- y= m, 
14m. 1-m 


but z +y= L1; nr= = ee? 


and yz T /y 7 VC) Vis"): 
so also /(zy - 2a V (zy — 2*)} = æ - lan: *. 
Find the cube root of— 
(83). Let V(16 + 8 V5) =2 + ys, . (16 - 8/9) = 2 - Ch 
, a? — y = V (256 - 320) = V (- 64) =- 4 
also 16 4 84/5. au 3a y Sey + ys 
. 4 + Say = 16, andy = 2* + 45 
„ 2 J 92 4 122 2.16, ora? 4 3 = 4, if æ l, 
then = 5; 
„ V(16 4 845y- T 4 , 
it V(22 410 VI) s a ys. 22 — 10 /) = a - WH 
then 2? - y = (484 — 700) = - 6; . / =+ 6, 
and 2° + 3zy = 22, or 2*4 324 18 = 22, letz-1i 
y= 7; and (22 + 10/7) 1 7. 


(84). V(11 (2) + 9.43) = 2 + v3; 7% + 33) =4 WI * v3). 
(85). Let VIS /(-1) -11} = Jy — ay DS dt 10 1} = V (y) + 2, 
andy -z*'-/(-4-121)2 53 y= ő, 
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Ex. 86—87, p. 23.] SURDS. 31 
and (Vy - 2)* = y V(y) - Say + 32* /(y) - 2*5 . 4 + Say 11. 
and z? + 32? 15 = 11; let z=- 1, then y =- 4; 
^ VC 1)-1) 21- 24(- 1). 
Let V(28 + 21 / + 17 y5 464/15) = 1 + 48 4 By 
—.25 + 21 /3 + 17/5 + 6416 
21734 /3+ 8B y5 + 3(84* + 5B*  24B (15) 
4844/3 +9 AB? (15) + 15 AB? 4/8 + 5B 4/6, 
whence 94? + 15B?+1=25; . 34° =8 - 5B’, 
if 64B (15) =6 /(18); . AB=1; v. 4=1,B=1, 
and /(25 + 21 4/3 + 17 y5 + 6/15) = 1 4 y3 4 5. 


(86). rl 32018 U 22-32-62“ g l At 5 " ia 


4 T 
3 3 - 


3 3 
E 
544 rame 
UC iii ciel 313 
1 


1 2 3 
4 (37 — 625 + ER A 3a* - Set + at H 3a*- gelt, gell) Se ze 


- 1 1 
(87). (1) 2°>< 3°, or 2 >< 35; .. but 256 > 243; 
* A 
A0 »g" 


(2) /(10) + y7 >< 4/19 + 43; . 174 2% 700 «224 2 V (87), 

but 2 (70) < 5 + 2 (57); 

H *. (10) + 47 « 419 + vs. 

(3) (/ + V5} >< 27, 
or 24 3 /(10) (/ 4 V5) + 5» « 27, 
3 (10) (v (2) + V5) > < 20, 
let 5/2 + 1/5 = 3, then 729 x 10 < 8000, 
much more then is 5/2 4 75 88. 


nët, Qf 


or 81< 128; .. Ei < GF 
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52 SOLUTIONS IN ALGEBRA. 
(88). 2 (1+ n° « ') 3 «3n (1 +n’); 
.. 1 u (1- n°) - 2 (1 n) — 2n?(1-n)><0, 
or2- n4 n! - 25? » « 0, 
*. 1 u 1 (1-9 £22 (1 N) «0, 
or 2 + 2 a positive quantity > 0; 
„ 2(L+n?+n')>3(n +n’), 


3 a 
if n^ —1» « (n - 1)*, if n = 1, the expression vanishes; 


2 

*. * 2 5 + 9n - 1, 
ig e EE -1), 
or an” +n- on? rau 


. whence On? G21 U -1)+n-1>0, 
or the positive quantity 


} $ 3 
8n+4n°4+2>0; . ^ -1>(n-1). 


H 
(89). If a 41a, 


2 
EE, tesla 
or fa><1- a +4, 


or 0<(l-a y 


Ste d 


s. SE 
fa EE 
i i 
then a fa 12 4 +1, or a2 O, 
3 
buta>0; . 4 -1>a@-1. 
55 | 
(90). 2 ><3"; . 2><3*, but 8 « 9, 
1 1 
also 3 >< 5^; A, 3 « 5%, but 243 > 125, 


A A 
also 2 >< 5°; .. 25» « 0*, but 32 > 26; 
^. V3 is the greatest, and 5/5 is the least. 
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Ex. 1—4, p. 23.] SIMPLE EQUATIONS. 53 


(91). Let V(- I) - N zt 9 -z4y-2A(cy) 


oe * + 21% +y? = 0, 
4xy =-1, 


and z-y=1, 
1 715 O; 
IR Ve s and vy - AJ 5 Ged Vcn. 03; 


dod. a+bv(-1) , e-d4(-1) | fw ad)v(-1) 
I) c+dy(-1) e-d4(3) | +d? 


SIMPLE EQUATIONS. 


212924851 
2 43 
by 9 A the equation by 12, we have 
2 + 66 = 6x + 30 + 9z - 24 + 4, 
12200; . 228. 


VIL (1). f 


(by 56) 212 + 56 13 162 = 62, 
2 
16z=18-8; .. 435. 


(3). 25a + 5 84922 3249 


ET MEC nt 
(by 60) 250 + 50 — 96 — 24z = 45 + 135, 
181 
@= 75] «1. 


4, 2218 22 24 | 112-94 7 
ead eer 
(by 44) 11z - 198 + 8x - 96 + 222 - 68 = 7, 
412 = 369; . 229. 
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54 SOLUTIONS IN ALGEBRA. 
227112 22-106 e 
(by 6) 2z + 12 4-2z - 15 4 9z = 18, 


2 
= — =3. 
SR 


de Ue; Us 188 
. 


(by 60) 45 + 28 ＋ 110 = 183 x 12; 


183x 12 
"EM C = T2. 
Rae hr Kaz 
G Ge” Bd! 2 
, (by 242) 24 + 12-8 J; . e= 4. 


(8). 10 (z 4 z) -6z CG d = 23, 


by taking away the brackets by multiplication, we have 
102 4 6-6422228; . 414 22. 


11-z 19-2 7 2X — 14 
(9). z+ 3 Sag ut 7 ; 
(by 42) 42 + 154 - 14z = 399 - 21z + 98 + 12z - 84; 
2. 9122209; „ 4 7, 


(10). s2+20=7-5[ 8-5 (2-1) |, 
182 +78 =- 9+4 4z- 4; 


2 14 61 ën E 
e 65 14 4279 5 
„5 ͤ EE a 


(by 12) 6z + 202 + 16 = 16 + 36 4 6, 


102226; „ g= 
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Ex.12—17,p.24.] SIMPLE EQUATIONS. 55 


8 D Es 
(12). gg FUr 
(by 24) 2x — 24 + 3x - 30 - 62 + 66 = 0, 


4 12. 


(by 60) 922 - 24z + 24 122 16 4 64, 
liz - 82x == 80, 
- 80 


pue . 


(14). $643 -L01-2-2(-45-3 E-, 


(by 21) Tet Ph 98490292 (o4) 2 63 


35a + 105 - 360 + 40x = 84x - 336; 
„ Or = 81, and z = 9. 


eye 


62 +6442 48 = 192 3 + 18, 
192 = 1963 . 22104. 


it 


30z - 15 
1 
thence 30x 15 + 42z = 329; 


(by 30) then - 4 + 6x = 43, 


4 ＋ 84 31 1 9 84 + 22-8; 


ae 45 = 11%. 


www.rcin.org.pl 


56 


SOLUTIONS IN ALGEBRA 


(18). S (er Sco u E 131) 216 — = 5 (19 - iz), 


(19). 


(20). 


(21). 


(22). 


(23). 


(by 15) then 10z - 50 - H (3x - 40) = 225 - 171 + 32; 
„ lx 452 + 600 = 1144; 


3 5 
(by 15) 25a” - 35 - 12x + 27 + 30z = 69 x 3 207 
_ 216 
43 p 


4 "2-9 4 17+2 
92 — 4-5* F ui. 5 por , 
(by 15) 452 - 60 - 28z + 36 = 68 + 42; 
92 


113 lis 


5a 22-1 4 52-3 
FF 
(by 45) 25x 30 + 15 = 12 + 46 27; 


20 
50 5 
5 1 32-2 _ 2-5 83z-07 
8 og 85 
(by 84) 140z - 196 - 36z 24 = 212 - 105 + 84 ( -& 
i 84 3 67 
83 67 8j (837 — 67); ^. 83x = 67, ar a 


ICE 30 al (z - 5), 


by multiplying by 12 and taking away a bracket, we have 
6x - 42 + 8 = 3x - 2(21 — x) - 4 + 20; 
. 922-212-6422; . 4 2 7. 
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Ex.24—28,p.24.] SIMPLE EQUATIONS. 


(24). 92-4 2 —13 241 


9 T5 E 
(by 63) 35z — 28 — 18z 4 117 212 + 21; 
68 
ee du XE 


, Q5. 3} E N (s 4 24) | = 3} (23 4 sl 


10 * 777 & 
s (8520 2 (59. 


fe. Sia J 
and 320 - 10z = 196 + 212; 


oe t= — =4, 


31 
2 3 1 
(26). 3 (2-6) IT (0-14) 5 - 2), 
(by 15) 10 - 50 I (Be - 42) = 15 - 27 + 82, 


by transposition and multiplying by 11, 
then 77x — 45x + 630 = 98 x 11 = 1078; 


448 
i it. 
2-1 23-7 +4 
Kee e E 
(by 20) 222—774 99 — EL _ 6 20, 
then 20z 20 + 784 = 1061 - 72; 
3 
4 „ 11. 
(28). $234 72-3 9z - 16 183 0 
C 
12 + 16 — 70 + 30 — 452 + 80 + 183 = 0; 
2309 9 
fm^ 


Dd 
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57 


58 SOLUTIONS IN ALGEBRA. 


(29). 1 SF 420-2 4 194 2 = 22H, 


(by 12) 105 + = -10 + 24z - T 4166 + 8¢ = , 


362 1442 1372 
dt 251 + erh Mg ee ; 
180z 

7 
. 1802 — 632 2 117 x 7; 
117 x" 
eese 77 


then 1256 + + 135 - 1442 = 1372; 


3 8 
(30). 5 (42) -z (13 (13 + 2)] = 43%, 
EE _ aC 
n L E E A 
(by 42) then 63 + 126 + 8 + 48x = 208; 
244 3 
id 
4E ＋ 1 2£4+3 5-2 142 
E e El DC CR 
6z +6 4404 12= 168 + 15-324 5%, 


13z x 17 = 165 x 17 + 56 , 


165 x 17 
3 


1 1 1 
(32). 11 (O50 7 (46 = 5 (62-6), 
2 40 
3 tg- 82+ 352 - 42, 
42 = 120z - 126; 
168 21 7 


„ m adi 
wl ` o N e 


www.rcin.org.pl 


Ex,33—37,p.25.] SIMPLE EQUATIONS. 59 


(33). 921 3 T 5 1 215 
(by 105) 52 — 35 + 245 + 63z - 21 30 = 41 x 7 = 287, 
63 
4 J A. 
óz-1 "2-2. vo I 
Gd Eck Man M 
252 - 5 7 + 2 = 294 - öz + 117, 
414 
em = 18. 
Ae — 21 72-2928 Dor A 
Ka? 2 3 
96 3 
7 12 + 188 + 56x - 224 = 24y + 90 — 27 + 21 + 2, 
or - 173 + 112 o, 
962 + T7x= 173 x 7; 
AT T 
TIRNA 
1-2 
. 
3 — —— — =+ — 
ac dir ee 
8a 
ik ` 


(by 12) 8x — = 62-6 +20 +7, 
then=6482=22; . 46. 
R L = 

(37). 112 4 12 192 13 5x 255; lue 17 


A 
112 +12 
25 

by transposition, multiplying by 26, 
then 924 + 1008 + 191 x 25 = 1864 x 25; 
45592 
50699 


= 281, 


x 84 + 228z + 36 — 105x 4 682 + 68x - 68 = 2364, 


vam = 8. 
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60 


(38). 


(39). 


(40). —3- 


(41), 2 


SOLUTIONS IN ALGEBRA, 


4r-17 8x-30 52-4 10 13 
ok) «94 4l 9429 
82 - 62 + 119 - (8z? — 62 + 120) 
3 (x - 4) (2z — 7) 
10x? - 23x + 12 — (102? 23 + 13) 
Le — 1) (2z - 3) : 
or (x - 1) (2a - 3) = (x - 4) (22 7); 
*, 22 - öx +3 = 2 15 + 28; 
25 5 
10 7 
FFT 
eil 557 ech p-9 ^" 


oe t= 


— — —-— — — [ — 


ies y ERR SES 
4 — 9z + 20 - (z* EG 
n (x - 3) (@- 4) 
. 7 T 12 + 3 ＋ 2; 
"£21. 
A ND ue * — 9 
2327-6 4 21 42 (æ T 3) 
"s 1 by 84 and observing that 
(2 - 9) (2 3) =2+ 3, 


N 18 1% fate de Däer 
Zär - 
2 14 + 30 
e 
36 
or 231 - 6 - 14 - 30 = 03 4 5 4. 
Be E 2 —1 , 9 
e 


SC 1 by & — 16, then 
37 + lla - 4 + 22* - 9x + 4 - 62* + 80 = 96; 


16 
(cee rias 
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Ex. 42—46, p. 25.] SIMPLE EQUATIONS, 


32 9 (9 1) | 62-3 9257 
ONS ) e 
92-1 9-1 
C 
and multiplying by 2 (z + 3), 
then 32° + 9x - 54 — 18 + 6z* — 3 = 927 - 30z - 171, 

then - 15 = 150; . 2-10. 
042-3 "je 32-9 2-3 
ba -4 Tæ- 10 35 — 78% + 40’ 
observe that (5x 4) (Tx - 10) = 352° 78 + 40. 
952? - 432° - 31z + 30 - (352? 43 33z + 86) = z - 3. 
then 2z - 6 =z - 3; . 2-3. 


(42). 


ECKER EC 
1 1 1 
1-2 "Tu AE RAE 
1 z-39-z42 1 


“Tog” S-6:i6  a-b2+6’ 
then & 5 1 6 = 1; . 2= 13. 
12722 32-2 152 ＋ 11 
32-3 3% 2 32 
12:42 15211322 122 13 
3z - 2 3 ＋ 2 S8 
then 362* + 30z + 4 = 362* + 15 - 26; 


26 41) 16024243 1 
z'-1 4(8¢°-4¢+1) e 
1 2 1 162° 4243 
3 1 z-i 2 104 10 2 
. 4 {2 -x + 62 2 - (37 - 424 1) = 1627+ 2 4 3, 
9227; . 4 2. 


1 
TT Nee ot 
( ) zt 
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62 SOLUTIONS IN ALGEBRA. 


n 
Kw a +20 A 
an - ws UC Y E EN 
"ns 
6r+8_ z420-42412 22 +32 
LSC z 412 2112. 
62? + 80x + 96 = 122? + 1982 + 96, 
62 =- 118z; .. 2 193. 
(48) 418 32 4114 6g — at = 6, 


412 3 S8 2-16 
£*9 9114. 6 
2+12 9748 14 
2 
6% 4 Sle e A DOr d LEI 20 


(9x + 52) (x + 4) = 92? 132 + 288, 


, 


whence g = P =12 


44 335 
25 - 
S 16x + 43 28 
49 = — 
o 
Let md a 80 ＋ 21 
3 ( T1) 513 12) ” 
whence 5(12 +162 370 +3 (80 1012421) 75(32* 6 12), 
27 
Win M 
8 306 47-5 
50). WW geck Aë 
( VH $-1 » 


(642* - 482 9) (x - 1) = (162? 8 + 1) (4« - 5), 
whence - 1122? + 57x - 9 = — 1122* + 44z - 5, 


OT = 


NE 


(51). — gto IDEA. z- z-8 
- * pi T PES T 2-6’ 
Pu St de ey PC 
(a - 2) (æ - 6) ~~ Ge - 1) (a - 7) ^ 
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Ex. 52—56, p. 26.] SIMPLE EQUATIONS. 63 


whence 44 — 16 = 0, and æ = 4, 
also z? - 8x + 12 = z’ 8 & 7, or g= 0. 


3 5 4 
(63) . 
(8 - 15z + 5 - 15x) (2z 1) + 4 (1 - 8 + 152) = 0, 
whence 46g - 8 + 4 - 32z = 0, 


apace: 
T Bde T 
2-8 12 2 31 — 27 
Ii ) Wappen E de 
(53) 2-9: 704.39 5 3* 9r" 
1 i Kod 
2+3 s 249! 
or (x + 6 + 2x + 6) (x + 9) 2 3 (2° + 9z + 18), 
whence z? + 13 + 36 = z? + 9z + 18, 
ora c - iie - 4k. 
(54). 17 - 2: MAE 8 
by b the extremes and means together, we have 
3 (17 - 4) = 5 (15 + 2x - 6z), 
24 
ge =o 
2 7 16 5 
(55). asp. T, : 1: 862 +10, 
2z 4 7 —.— 
F , 
or 144 + 544 + 140 = N 1 
15 
. 


56). Ae +3 : 62 43 :: 2 + 19 : 32-19, 
(42 + 3) (32 19) = (6z - 43) (2x + 19), 
122° — 67x - 57 = 122? + 28% - 817, 


www.rcin.org.pl 


64 
(57) 


(58) 


(59) 


SOLUTIONS IN ALGEBRA. 


. 1042:42-9::2:1, 
10 +v = 8z - 18; ;.z- 


. 3 + 3°15 - 1702 125, 
by multiplying the equation by 100, we have 
30x + 315 - 1752 = 12:52; 
315 
1575 
. 6 ＋ 2 7 75 875 +°1 =0, 
by multiplying by 10, then 
6x + 2 - Tx 75 875 + 1 = 0; 


oe z 


S. * -$-1. 


(60). 375 + -05 = 225 + 8, 


by multiplying by 100, then 
37°52 + 5 = 22˙5 r + 80; 


Ce weg VC 


(61). ës — -25 = äs — A8, 


(62). 


(63). 


(64) 


by multiplying by 100, then 
5 25 = 7˙5 - 45; . 4 5. 8. 


2˙4 — *072z + 1 = 8 + 9:268, 
240 — 7:22 + 10 = 80x + 926°8; .. x 


6 + 8 - 3°57 + 15 T 4 = 25, 
6 + 8 35 + 15 + 40 = Zg; . TEE) 


06 02 »036 005 
VVV 
67-2 36 5 
, 
468 


Or - 10 = 14-47 2 460; .. z= — = 30. 
or 30 c + $ * 156 30 
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Ex. 65—71, p.27.] SIMPLE EQUATIONS. 65 


(65). 152 875 + 1:575 = *0625z, 


15 r 87·5 * + 1575 = 6252; A £= 157˙5 


78•75 2 
Bob 44% 20%“ Bac 
48a 
10ab + w sn Ber = 9ac + 24ab - 72, 


h p = 005 - Sac 
whence z = "e 


(66). 


a’ - 30 Die - 5a* _ bx + 4a 


ab? = bx 25 a ud 


daz - 4a + E — abt dle +“ — 10a - be - 4a, 


(67). az - 


or 4az — 4al* = 35% - 10a; 
4ab* — 10a 
ECG 
(68). (a +b) (b- 2) + (a - b) (a + 2) = &, 
ab 4 be -az -bz d= ab + az - bz =; 
_#+8-¢ 
UU 


. — — —— 2 — 


(- a) a- (2 - 0) 5 = 55 


az- d = br +b? =b; . a2. 
o 
C-@ e+e 4(c-2*)’ : 
4 (e - 4 ( - ) = 50°; . 2 16 
G 
z-a "(r-a) 7a 
74 4 2a 


7T(r-a) 7a 


whence 32 + 21a = Tæ - Ja, and x = Si = Ta. 
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66 SOLUTIONS IN ALGEBRA. 


(72). = 5 
“+a 4 ( ＋ a) 
34 5a + 8a 
e 40 Ta) 
whence 12az + 12a? = 13az, and &= 12a, 


(13). z+? z 1 


Da Sek ee 
34a 3a 
4 (* + a°) Ae (2x — a) + 4 -a = 0, and æ 44 
2a 5a 21 (a — x) 
p. zia Tia 8 Hae” 
4a + 5a 6 _ 21 
20 Ta) T 8 
364 + 48 21 + 21a, and ga . 


* 2 
alaraja 22 TR, 


49 (a +x) - 35a (a + x) = 30 (a* - 2*) - 16a’, 


(70), Lee 


whence 79 + 63az = O, and g = - ES < 
20 4 114  9z420a 4 61 
(76). 260a . * 9z- 16a ba’ 25 
by multiplying by 25a, 
25a (5 + 20a) 
202 + 11a + Tees quo e 20z 4 61a, 
by cancelling and multiplying by (9z — 16a) and dividing 
by 25a, then 
oz + 20a = 2 (9z - 16a); 
52a 
ww t= 13 = 4a. 
9x-16a 4z-12a z-4a 
QU. „ 
by multiplying the equation by 36a, 
i 
ox — 4a 
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Ex, 78—81, p. 27.] SIMPLE EQUATIONS. 67 


by cancelling, dividing by 4a, and multiplying by Ar - 4a, 
or 5 (5x - 4a) = 9 (4a — 12a); 


EE 
F 
4 . o-aoeië That +da xx) 
^ observe that 
(a? + az + d) (z* dr + d = a* d fal; 
*. 4 (d 42) 4 z (à - 27) = 3a; noe ey. 


ad bo , b 2a-bz 
Ue aere 8 arde" 
by multiplying by d (c + dz), 
ad — be + b (c + dz) = 2ad - bda, 
whence z = a f. 
26 2b 
1 2 1 
(0> Bay Mee 
by changing the signs, to have the expressions uniform, and 
multiplying by (a - c) (z - a) (æ - €), 
1 2 1 
Ge alte («-9(6-4) («-9(-9' 
.*. 4 - 2( r c) = (- a), 
2a ＋ 0 
Ce 


dE j-z( SE 
( e 8 a-c * „ 


(5-2 ieu £ 


whence g = 


a-b a-c ae a-c a-b? 
oro teste PE YA OS 


a-t -c (b-c) 
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68 SOLUTIONS IN ALGEBRA, 
EH 1 

2 — — 0 

Ge Lu ët e CES 


Qe e EEN 

a (Dr) b(c-z) a(e-2z) ’ 
by multiplying by ab (b - æ) (e- x), we have 
be - bz + ab - ac - 0? + be = 0; 


. . b(ato- b) 
ee ä 
4 ＋ ax ac Sir 
( es WEE a oe. d ab; f aD = 
(x +c) (a - 5) - ax ac Ba 
(a + b)? = (a+b) (a5) 


M multiplying by (a + b} (a - b), we have 
{bx + (a + b) c) (a - b) = ac (a + b) - Ux 
. abæ - Ba + e(a - b) = ac (a + b) - Ba, 
sënger Ee, 
NEN... 
æ (a5) (1 T ar) 
ite Tra TT. 17 
by multiplying by (1 + a°) (1 + 20, we have 
a 4 az 4 z  a*z = (a+b) (1+ az) (13 a); 


* (L + az) (a 2) = (a +b) (1 + az) A n. GER 


(84). =0, 


and z = à? db +b. 
(85). & Ta T5 Te 1 
NN & 14a TU Te 
* ＋ 2 (a b) (a＋ b ti hse; 


(86) c+ a:a-6:: (2x + a) : (22 — by, 
Ist — 2nd : 1st :: 3rd — 4th : 8rd, 
then a + b: x +a :: 4 4 Abz 4 a* - U : (22 +a), 
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Ex. 87—90, p. 28.] ‘SIMPLE EQUATIONS. 


by dividing Ist and 3rd terms by a + b; 
*. 1: 44 :: 41 14-5: 42° + 4a + a’, 
by multiplying extremes and means together, we have 
4 4 4az + a = 4 + 4dr + (a- b) z fd - ab; 
ab 


„% W — 


4 


(87). 4x +a : 4z 5 :: (2x 4 a? : (2x - Dy 
by squaring every term, we have 
*. (42 a)?: (4r -bF ::2z +a: 22 - b, 
then 1st — 2nd : 1st :: 3rd — 4th : 3rd term, 
and 8az + Sbæ + a? = : (44 + a) ::a b: (2 4 a), 
by dividing Ist and 3rd terms by (a + 5), we have 


*. (8x +a - b) (2x + a) = (4x +)’, nd 2 (f . 
(88). a: b :: (x + 2a + bY : (x + 25 + a)’, 
by taking the square roots of each and then 
Ist: 1st — 2nd :: 3rd : 3rd - 4th; 
4 4 „ 
a:a -b :: 4 1 24 1 b: 45, 


Rd» 
by dividing the 2nd and 4th terms by a^ - b”; 
3 ZS 27 
. 4 1 24 f 5 = (a Tb) a = a fab, 
277 
andz-a b -(a+b). 


(89). 2 (z + 12)" =1, 
by squaring both sides, we have 
4 4 48 = 1; z=- 113. 


A 
(90). (102 + 35) = 5, 
by squaring both sides, we have 
102.295.125, „ 4 oD, 
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70 


(91). 


(92). 


(93). 


(94). 


(95). 


(96). 


(97). 


(98). 


SOLUTIONS IN ALGEBRA, 


LE 
(92 - 4)° =2, 
whence 9x - 4 = 32; . 2 9 a4, 


die +16) =2 + (2); 
*. 4 1 16 = 414 (r) +2, 
4 J(z) = 12; . „(r) = 8, and z = 9. 


(4a +21) 2 1 4 2 (a), 
4z 4212 174% ) 4 42; 
^. A (2) = 9, and z = 25. 


16 + z) = 24(06 + 2); 


10 24 4% 4 25. 


8: (Tz - 6) = 16, 
** V (Ta - 6) 22; .*. 7 = 6 = 8, and z - 2. 


A(8 +2) + 2 + 2), 
8 T T2 G 427) 244 4, 
2-z-24(8z + 2°), 


and 4 - 1z42*-8z42*; .. gea. 


Xx +9) 21 (2); 
s 4 49 11 2) 42, 24(2) 28; . 22106. 


drei +28 (z)*4 
J(z) +38 (x) +6’ 
æ + 34 / r) + 168 = x + 42 /) T 152; 
*. 8/(z) = 16, and æ = 4. 
51-9 „(5 ) +38 A (92) + 3 


Az) - 3 2 J ($2) - 3’ 


28065 -9)-6z-94 (S) +3} 2, and /(5z) + 3 is a factor, 


whence /(5z) + 8 = 0, 5z = 9, and 2 = 1$, 
also /óz -322; . 2-5. 
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Ex. 100—105, p. 28.] SIMPLE EQUATIONS. 71 


(100). æ- (a) = dies + 2%), 
* —-2z/(a) * a 2 az + 2, 
MP 
Ja ＋ 2 


or (a 2 / =a; . 4 


(101. a+ z 4 (2a + a*) =b, 
(a - b) + x =- y (2ax + 2), 
(a - 5) + 2 (a- b) * = 2 25 — 
_ (a - by 
nan Ze 
(102). /e + 2) = 2 (a + 2), 
4a + 2 4 2./(4ar + 23) - 2 2 4a J 4a, 
or AA  z*) = 2, 
dart D=; e 2-0. 
(103). „1 + 2 4 2?) + dl -z = a, 
IT ITA +(+ + 24) =a’, 
and 2 (1 + 27+ 2 =a? - 2 (174); 
oe 4 f 4 + 4 = af - 4 (1 + 27) + 4 (1 + 22? + or), 
and 4 (a° — 1) z* = a‘ - 4a’; 


(104). bz Ma + z) - aby (a 4*2) = sw 


1 
b(a 4 (a =ar; 


(105), 2V(a? + a?) + z* = (n* 1) 46, 
4 a“ + 2°) =(n*? 1) a? ; 
Dei Ga: t> * IO ( 
+a 2 a* (w - 1)* 2 ( D 


| "o 
www, e ,eg:pl 


IN 


72 SOLUTIONS IN ALGEBRA. 


and z? (2a — a?) = . (n? - 1}; 


URP CMS EN 
e. yi priua 1)’ 
(106). z - y (2 - 2) = (a- 1) y (2), 
by dividing by y(x), we have 


(e - 1) 2 (2) - (a - 1); 
ec:-i-z-2(a-1)(z)-(a-1); 
^. 2 (a - 1) J(z) =a? - 2a + 2, 
(a? - 2a + 2° 
4-1) - 
(107). az + (àx? + b°) = 4/[B + (az? (452 + 2*))], 
a + 2az y (at? + be) + d b = b + (ats? (45 4 x*)}, 
whence 2az + 2 /(a*2* + b?) „45 + 2°); 
5. 4a?2* + Baz y (afa? + b) + 4 (a + b) = AP + z, 
and (8a* - 1) z = 84 /a + b°); 
.. (64a* 164 + 1) a? = 64d ( + b°); 
64a°b? 8ab 


naer r Meet N12 16a) ` 


(108). 4 V1 - 2) - (a? - e) = die - 1) 2}; 
. a (1 - 2) - 28 /{(a? - 2) (1 - 2)) +a- d=, 
and œ (1 - x) + (1- 2) 2 2 dite - x) (1 - st: 
“ (@ + 1) V(1 - 2) = 2 * ), and z = 1), 
also (a? + 1} (1- x) = 4 (a“ 2); 
4 ( + 22 -3)- a - 22^ +1; 
( - 1) 
at 24 3 
(109). /) (/(z* 30 - Ate - Set = Ze v(a), 
b (z^ + 3a? - 2 / & 9a) + 4 - 32%} = 4a, 
(b - 2a) 2* = - 9a"); 
. (0° — 4ab + 4a?) z* = b ( gat); 
Agia cas EE 
4a* — 4ab’ - 42 die - ab) * 


and v = 


t= 
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Ex. 110—114, p. 28.] SIMPLE EQUATIONS, 


(110). / + a) V - a) = y(a), 
£4a-24(2-0)tz-a-a; 
. 22-08 224 (2 — a), 
and 4 — 4az + a? = 42° — 49^; 
aa, 
^ 1 
(111). dei - Jn - (nz tel VQ), 
V) - V(») = Vn - V (nz + 25); 
. n- 2 /¹α =n - (nz + 2°), 
and (2) - 2 / = (n + 2) 
S ©-44/(nz) t 4n 2 n t v, 
and 4 (na) = 3n; 16 
(112). /( 2 45) = 3 (16) - dch 
22 ~ 45 = 135 - 6 /(302) + 22; 
. 6 (80x) = 180; . 2 2 30. 


1 -ax 17 b 
113). a 
pre te Vs) 1, 


Le iln 
(s ~ 1+ be’ 
Lies 1 ` _ 2a 
Za bc! Ger? 170 


(114). (1 - z) - 1} (J(1 + 2) + 1}= (1 - 2), 
VQ - 2) d 72) - 1.2) -1- (1 7 2; 
^n - 2) - A 4 2) - 1, 
andi-z41242-24(1-2)21; 
43 


aye 124(1-2) and z = 4 2 ^ 
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73 


— n re 


(116). C t =) Ae 


74 SOLUTIONS IN ALGEBRA, 
(115). /(z + 4a + 4b) + V(x) =2-V(b + a), 
* + 4a + 4b = 4b £ Az 4 J(bz + 2?) +2, 
whence (a - x) = (bz + 2*); 


z^ d - Qar + £ = be + a, ge 
2a +b 


A &. 


a tz ab ter dar e 
(=) - ab’ '"(a-zf ab’ 


4 (% x 2 ) 
t= NEUES 
(117). (a +b) x = (a - b) J(1 + 25), 
a+b liz 


(118). a+ z = /{a? + x /(4c* + x*)}, 
à! + 2az + 2? = + z (Ac , 
whence 2a + x = (4c + 2*), 


and 4a + daz + ag 4 , e 


(119). {m +n del (g + p det {n+ m del {P +g (a), 
mg + (mp + ng) V(x) + npz = np + (mp + ng) V(x) + mga; 


as 3 ub. gs 
mg = "p 
120). a + V- 2 + b°) =a +b, 
z - (a + b) = - J(z* - 2az + b°); 


. * 2 (a +b) (aT) =a -2az d, 
a° + 2ab 


whence - 25 + a° + 2ab=0, and æ = 
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Ex. 121—124, p.29.] SIMPLE EQUATIONS. 75 
(121). (a - 1) (1+ z t à? = (a 1) (1 +a 0, 


ang eee 
22 2 
Ge a a? 
= —=—-1;5.°. -2—t inv D 
whence 2” an 4 " 1 ENG 1) 


(122). * + /(42* + z + /(92* + 122)) = (1 + 2)’, 


1 
(4 + z + (92? + 122)}? 21422; 
.. 4 + m + o/(9a* 12) = 14 4 + 42’, 


aud 022 Le sb Oe E025, c 26. 


(123). a+ x - J(az - 2) = 2 - az — a*) - J(2az + 2°), 
since 2. - az - a =a’ - £ +a (a-z) 
(a + x + a) (a- x)= (2a + r) (a- ); 
` a+ r (a - a) -V(2a*2) W(a - el - (2), 
and a° + 2az + 2* 2 (a + x) y{x (a- z)) + az - a* 
= (2a + £) [a - 2 {x (a - z)j], 
whence a’ - 2az = 2a y{x (a- x)}; 
. a 4a + 42° = 4dr - 4, 


a dà o æ 
and & a f 4 85 
a 1 
a 2e—(1+—). 
z=3 (1+ 3) 


(124). // 1-2 /(z-a-4)-142, 
* T IT 4-4) 11 22 425; 
.. /r - 4-4) =2, 
andz-a-424; 42418. 


E 2 
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76 SOLUTIONS IN ALGEBRA. 


(125). te (z + SP obt? ds + 42 


2x y (a + 4x) = a (a) + a (a + 4); 


.. (2x — a) (a + 4x) = a „la), 
3a 


Ze W — 


or 162° 12% + a =a"; .. 
4 / 


(126). yet Veo} -5 y [zr] 7 e - Ves 


be )x V (0) - av (2) = by fe - V(a)} e VG)» 
or bz +b y(x) - a y(x) =b (a - 2); 

„„ b Mr) - (a - 6) 2 b (x - 1), 

and ër - 2 (a - b) b V(x) + (a - bf = be bi; 

a? — 2ab + 205 (a- 2ab + 255) 

VV 


dort 2a?) : y(z* — bax + 144, 


(127) & Ta: & a:: 
(z +a} * a + 20° 


(ELA 4 — dr 4 2a (2 4 
(r-aj bar f la e * 3a 
(ea o£ 
WE SESCH 2-3a’ 

(a; * 


3ar ai 3a’ 
, Bai + 6az 4 3a* = 32° - az, 


30 
and æ y. 


azr- p Var) 5 
(128). Eh SE ` 
since T 5 „la) - 5; 
.. N (az) = b} =v (ax) - 5 ne, 


and (n - 1) (ax) = 1) 5 ne; 


' az (- = ) or 4 ; 
vr Ar Eh, fl 4 Sek 
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Ex. 129—133, p. 29.] SIMPLE EQUATIONS. Tis 


J(1- 2) 4/(1 + 2°) 

Ged. AE - 2) e 
d 222) + (1-242) «mz; 

*1-:2412*5431-242*3124J(1 tat 2*) me, 
whence 2 /(1 + 2° + z*) = (m - 2) * - 2, 

and 4 + 4z* + 4z* = (m. — heute duc aia ts 9. +4, 


NICA riy 
m? (m* — 4) % Ml 
A La gt s 
(130). (1+ 2) + (1- ) 2 27, 
14 1 8¼( 1 % Mü -(40 29) 23-0 Àj 


= Mz, 


3 $ 
^ 3 /( 1 - 2) x 2° =0, 
or V(1-2*)=0; . 4 1. 


(131). /a + 2) + (a - 2) = b, 
a f A Lä Va . 


whence / (a — * = 5-3; 


Ce E 


(182). / + 2az) + J/(* — 2az) = re g 


* + 2az + J(z* - 4) = az; 
. A = (a? - 4a’), 


and Af + 2az + @ = 4* - 445; .. ins. 
dis" SC 


WEN E ta 


j 12 1-442r-2 
VVV 


(ita IT 2 Uy oW xe. 
bat. si tat al 
EZ? 1-w ; 


^ (1-2)42*(1-2) 4 (11 x) 4 à*(10 € m) a(l- sl 
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78 


(134). 


(135). 


(136). 


(137). 


SOLUTIONS IN ALGEBRA, 
52 da? 2 a (1 - a), 


a-2 
ele MIAT). 
g++) 1 
Zayi) a+b’ 
(a 4 b) = (a - b) J(1 + ai: 
AANA H] irae. 


“a "ke 


S07 


t 2 2 50 


Via + v(a* - à?) | Vía - Vah - at} _ , -2 
ete N EE e , 
a 4 Va- a?) + via? - (a? - a} = n V(a + H, 
whence a + æ + dief - a?) 2 n V(a + æ); 

. V (a +a) * V(a - 2) =n, 
and 2a + 2 Va- à?) 2 $^; 

. 4 (a? — a?) = nt - 4an? + 40°; 


2 
e 1 „ - 3): and - a. 


e et 

NI I MIT =I 
a I- A -i] A) 1) 
VVV 
*. MITA I -NVI -) 411, 
and 1 Tf 1 2 “(I- 1; 


. 4 4% 1, and ps 20. 


EE 
Y +a) A +a") ’ 


a(l-w#)+ V(l+a’%)=aV(1+2*); 
s TE (1-2) /(142)214a* % 5); 
*. 24˙ + 24% /(1 T 4% 2 1 +a 4 2a A (1 +a’), 
MATIN MD M 
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Ex. 138—141, p. 30.] SIMPLE EQUATIONS. 79 


1188). VG : 2 + A (Sa - a) = 7 71 = 42), 


y (3a - 4a) - 3a y (1 = 42) = - 2 (Baw - æ); 

a. 9a-42 + 9a*(1— 42) - 6a y (1-42) x A (3a- 4a) 12a - 4, 
whence 3a (1 — 42) + 9a*(1 — 42) - 6a y (1- 42) x V (3a- 42)-0, 
1 
and 2 = 73 
<. (14 34) V (1 - 4% = 2 y (3a - 40), 

whence 162 — 4 (1 + 6a + 9a?) æ = 12a - (1 + 3a)’; 
E 1- 6a + 9a? 3a -1 

"9 -7307:62-3)" 12(at1) 

17 (ET? 
TT NCT IT VU) 
(IT % (1 A V(l+a*) (I à -(13- 2) V(1 +a) 
Jö AE De 

. 2-2 Y, 

and 14 4 44 4 ; . æ=t V(d*- 4a + 3). 
List G + X) 
1-@ VO +a") 

8 E 
a 
E 2 - 2, 
a? (20 + a?) = a* (w - 1 - 4a(w-1) +4; 
(a +2) 
+ OF $031): 


mn E83 12) ce) Vaca 
dei “i Vins dech Vas 70; 
Aen Vac ee 


. whence 2 = - ad. 


(139). Sa, 


(140). 51-a, 
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80 SOLUTIONS IN ALGEBRA. 


(149). 14 Vara) „L + a) Vo) 
TTT VN r dÉi ei Lei 


De oe sax Qe Via), 
A (2 + æ) + del AQ xa) - (2). 
A (2 + 2) - A (zy? V (2+ -O) at 


e e + V@s (^ CETE 1 


e 
y 1-4 2a 
a (a) + V(1 + atm) _ ZEIT 
um) 2a4(1-dm) ata’ 
(a + a) „(= (a - a) „ + ata), 
(324) - ER, E 4% 1 
a-g dy (a- % au 
whence Ce sé? wal 2i 
a = 4 (2aw - a? 
dee a+ Vam a) 
ind a) 1-5 
a my s 
2 ~ a _ 1-6 EES 
a v os EN gei dus 
T.. o 
V! OE nk ee E E 
AME (RE 
and y =a qu 
1 1 4 
(145). 3 4 Vir Mo 


1 2 Io 4 9 
; iari ed) 
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Ex. 146—149, p. 30.] SIMPLE EQUATIONS. 81 


4 ＋ ＋ a a 
at+V(@+az) a+y(@-as) ^" 
(a I 2) a + (a * 2) M -ax)+(a-a)a+(a- 2) (à + as) 
=a c aA = az) +a (a? + ax) + dal - az’); 
*, a - az) N + az) = t - ax’) - a’, 
or 2 2 /a — al 2a* — a*z* - 2a* (al ec 
Zog 24 = 2 (z* oi (a- 2°), 
9a*z* — 12a'z* + 4a* = 4 (a° — 3a*z* + 3a'z* - 2°), 
4 e 34; e *. 
J(142)-1, (1- SI 
OM) er 1. Vts)-i 
E A E EE 
-g " 
. 2%/(1 2) 4 24(1- z) = az, 
and 8 (1 - 2 e 8; 


(146). 


' dt = 16a ~ 64 and a = 1 4 Ve- 4) 


(148). /(z* - 1) + z J(z* - 1) = 2, 

Mr - 1)22* -22* = 1) + 25 - 2’, . 
14271 -r a a 
1-34 4J(45-1) 1 2 2-1! 


e SE e 5 N R 
oe (1 + 22 ai ve 2*2 J(2) 14 22%, 


Äer OR 
and = V [70 . 
(149), dal - Vía - J(a* - az) _ 
Va) + yia- (a -ac)) ' 
IE N18 aa Soo = ab. 1 
REV O EN a es ed 
„ ea) (1M (1 -I 45 


a (171555 (Q5) 


nesafi dn 
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ES 


82 


(150). 


(151). 


(152). 


(153). 


SOLUTIONS IN ALGEBRA. 


Vd +a) -ay 
V@-x#)+a ” 
Va + 2°) - b (à - 2) 2a ab; 
. d + a* he (a? — 2?) - 2b V (a* - &) = (a + aby, 
whence 2a*b - (1 - b)? z* = - 2b Ma! - 2*) ; 
„. 4a'b* — 4a*b yea ire kp z* = 4d = Ae, 


whence z = ues x dl - 8°). 


1 + /(#* - 1) i ia 
litayie-1) #-2” 
14+ 4(@-1) _v(#-1)-1 GZ 
14+2aV(2*-1) (z-1)-1 NI 
wherefore /(z* - 1) 1 20, and z = t 2, 
and 1 4 1 2% -1)21 + 2a /(z? - 1); 
52 1 2 (4 1) (2-1) . = 1)- 2 (a - 1), 
whence 2? - 1 = 0, and z = 4 1, also æ = € (4 (a - 17 + 1). 
A (a + bz") N - bz") 
yla + bx") — 4 (a — bz") 
V(a br) c41 e 
N — e wen, Lade Care ek 


SCH Be docs) 


(a + 2) + (a - 2) = (a! + 2) + V (a e 
atz24a-249 (af - 2*) « (a! 4 29) 4 (a-a) 4 2/ (a5 ), 
whence 2 {a - Mie - a*)) = V(a* + 2*) - dé - 7) 
nA i - 2a V (a* - a*) + V(at 2% = 2a* - 2 die — ‘), 
or @ + 8 /(a‘ - z*) = 4a Y (a* - ); 
— a* 4 9 (at &) + 6a* „(a — 2*) = 16a* /(a* ); 
254“  16a* 


„ 9 (at 20 - 10a? (at 20 += =, 


= 0; 
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Ex. 154—157, p. 31.] SIMPLE EQUATIONS. j 83 
Sa- 20 = da, or ©; . 2 0, 
or æ⸗ T (5). 


dée +1) + 4) 

(199). es 1)- (dz) 
dëser. 5 e 4 1 25 
Vr) P Ae 16 


^ 102442202; . 25. 


(155). /{(1 + 2} - az} + /{(1 - zy + az} &, 
ITE ar T 2 VCI + 2) - az} =(1 - £} + az, 
whence 2(2-a)+a=2,/{(1 + £F - az}, 
and 4 (2 - af + 4z(2 - a) + 22 = 4 (1 + 2) - 4az; 


„ le 4-2 Ge pa +2/(1- $25) 


(156). l-az (i + si Ke 


1+az 1 -bx 
l-ar| 1-5 .1«a7 1 
ll ite Bee du 
T3479 
n ah) b= 2a; nesi E -1). 


(157). (1 + z) y (1 +a) + (1 - z) J(1- a) 2 2 J(1 ), 
(14 zf (142a) - (1- a) -2(1 - 2") /(1- 4% 4 + 4, 
(1 - 2?) J(1 - à*) = (1 + x°) - 2a; 
. 1-22? 42*-a* (1-22*4.2*) -1 22? + 2* - 4àz (1 4 2*) + 4727; 
. (1 + zy - 4az (14 27) + 42*=0; 


e E and K EIER 


ECH) 
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84 SOLUTIONS IN ALGEBRA. 


(158). (s - a) (2) - (2 + a) dl Kiel - VO) 
ZU ya (0) 9; 
z” +b" b) (% + di 4 (0 * V 
.. Ve +b =0, and z = b. 
also x - Vb) + b - AE 
i 2 
*. 4 2 / be) Y =a; e +b, 
and z = {y (a) + V. 


(159). 22° 4 14 z U + 8) = = a (22* 4 8 + 4 G  3)); 
2 -34z4(4z 3) 1. 


2 1 T A 3) a’ 
2 484 e / 8) La, 


whence z J/(42* + 3) = — ay, 
and 4 + 3 = Ee =) taen 125) 4 


wherefore z? ee wies 4 8) = (1 =), 


(3a - D 0-9. 

(1-a) 9a-1" 
A 3a-1 

La - 1j 

4 T ＋ 2 +z) _ 

(80. See 


V(2ar+2°)_ 1 nd 2 +2" _ bt Le 
Gr 


. X es 


Kos 2 UA y (a T zy 


d D Serge 4 1 4% (UL 1); 
KEE 1y. 


243 + 824 V(32) 162 3, 
161). 4 (a) - (Y 
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Ex. 162—164, p. 31.] SIMPLE EQUATIONS. 85 


ede ES e (4e y3) (hve 9) 
. 81 / = (4 Vz- V3); 
or 3 / 4 = ½; . 4 / 434343, 
30 + 18 


and g = 16 z 3. 
(463) G 9) ty Gaw e, 5. 
4 — 
e E it 
a = '2am-a* (6 17 
(a-a) _ 1 m du 
a ew, (6 — Dual 27 (1831) 


een, SE 
vdiih-Uszu 
(163). V(g* — 1) + 1) 2, 


g=- 


1 1 2 1 9 
VG - 1) += V (at - KE Wale Ider et 
14 
.. N - De 2 Se or - 225 


S 4 12 E or 16z*; 
1 


1 
"e a? — 4 42281 KI 
A ear 


CF -C 


(164), ag 4 4 2 r +a) 
4 UCET, 
(az + 1) a (ar- 1) V(r + a’); 


, ae+1 (Eta) . (ar - 1) a 
SE F 


|^ ar- 14 24 „(a), and z = f 2 ya +5. 
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86 SOLUTIONS IN ALGEBRA. 


(165). joya se), 2l-zt4(-2z), 
(a - b) (1 + 2") = (1 — 2) (a + b); 


. 17 ETON 
„y- 
(1-2) (a-b), 


2z 4ab ” 
(a - b) x (x) 
TUNES died ; 
E-MU ( ei CEDA 
zt "ët +( = ia? 


a-b V{(a - bY + Sait 
"aer qood) . 2905) 


see E EE ry t *a-u)] 


(466). y{(1 + a)? + (1 - a) a} + (1 - a)? + (1 + a) 2} = 2a, 
s(l-ay4(1-a)z(1-a)4(14a)x 
+ 24(1 - a*y + (1 - a?) 2? + 2 (1 3a*) 2} = 4a, 
whence 4/f(1 - a*)* + (1 4 * +2 (1+ 34% 2}=- (1 - a’) =, 
or (1- a’)? «(1- à) 2 + 2(1 + 3% (1 % + eil -af +a? 
and gie 8e'4; . x= 8. 


a (a «z)- a + z J(2a* - 1) 
a (a 1) + ax - z /(2à* - 1) 
a (a — 1) + az + c (2a* - 1) 
by multiplying numerator and denominator by denominator, 
we have 
2 35729 — 27 1% 
a! ( 1) + debe. ß tena i4 a - a (a 4% 
but (a° - 1) (a* - a + 2 + aa? — 2?) 
= (d - 1) {a (a ef - (d 0 
= (1 - a°) (a + 2°- (a f); 


(167). ET +2- a* (a+ zy, 


= t 2? — (a 4 zy, 
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Ex. 1—6, p. 32.] QUADRATIC EQUATIONS. 87 


1 - a 
Adenom.“ 
or a (à! - 1) , . 1) T- a); 
/0-2)-a(d-1) ,V(1-a)(1xav(1-29) 


* i > 


this equation may be put under the form 


{1-1/(2a®-1)} ((2-a)-(z:a)/ (24-1). 1 : 
(1 (227-1) (2-a)r(g:a)y (22-1) eg ea (iara Ek 
a? + a (2a? - a 


whence z - a - (z - a) /(2à* - 1) 2 0, and = ee 


E 


a (1 -a’*)+,/(1 - a’) 


h = 
whence z Eg 482 


QUADRATIC EQUATIONS. 


VIII. (1). 122? - 44 = 62* 4 10; .. 62* = 04, and z = 1 3. 
(2). 422-42 28 + 22*; .. 22* = 32, and z = 4 4. 


(3). (z + 2)? 5 = 42, 
* ＋ 41 44-5 = 44 . 4 241. 


(4). 32* 463 102"; — 4 9, and z = 4 3. 


iy E 


41 7 1 gal? : 
2 410 50+2* 

6). ne 

F 
102* + 50 + 150 + 32* 6253 5 15 26, aude wad 
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88 SOLUTIONS IN ALGEBRA. 


(7). z* 12 + 20 O, 
z? 12 = 20 by completing the square, 
z? — 12x 436 =- 20 + 36 = 16; 
*. $20t42100r2. 
(8). * 10x + 16 = 0, 
4 10 =- 16; . 2*- 1024 25 2 16 + 25 = 93 
513888 or 2. 


(9). & + 32 = 320; — 2* + 322 + 160 = 320 + 256 = 576; 
*. z=- 16 + 24=8 or - 40. 


(10). 24° 41 =6; . 2 2 13414, 
and cc 14223 or- 1. 


(11). x° + 18z 1 12 - 0, 
169 -169 121 


(12). % 13 = 68, 
169 169 441 


13 21 
= f e - 
2*7 17 or - 4, 
(13). & + 25x + 100 =0, 


126 ST. 100 4 25. 225, 


4 4’ 
25 15 
EE ee M BOR ER 


(14). aè 4 192 = 20, 


19 361 441 
1 e 
* 4 19 + Ai 0 + 7 T 


19 91 
n --—t — E es e 
£ 2 2 1 or - 20 
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Ex. 15—22, p. 32.] QUADRATIC EQUATIONS. 89 


(15). 32* - x = 102, 
RE. 2 102 1 1995 
x + -| = — kv 2 : 


"a e e 9p m 
(16). 2022 9 = 36z, 


9r 9 0. 8j. 96 
9 e =- Le mg aes EA: — 2 —2 
VTV 
„„ 
eee e eg 
zz 
171 s 
(17) 51 7 A1, 
92 9r 9 81 1089 
C0 (( 
$ 89 21 
D = = — E — ES wea a 
* 1*1 6 o 
2 am 
(18). KHN = 43, 
Se 27 3z $m 9 441 
NW xta at ea a wt 
3 2¹ 9 
V =—-+—c — — 
e gis 3 or 4 


(19). 625 — 197? 288, 
1 — 22 248; . 4 22 J 1 49, and 2157 2 80r- 6 
and z = 2 or / (-). 
(20). Ba — 112° = 306, 


11 Ti P 306 121 6241 
leren me? 


(21). o - 423 = 32, 
2.4 4 36; . 24 6 Bop 4; 2=2 or V(- 4). 
(22). 82° + 422 3321, 
2 + 14 1107; — 4 + 14 + 49 = 1156, 
and 7 4 34 or- 41; . 2 2 3 or V(- 41). 
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90 SOLUTIONS IN ALGEBRA, 
(23). ( - 18) = 4 (z* - 12), 
at — 182? = 42* 48; .. 9a* + 182* = 48, 
and 2*4 02*49-1649-225; . 4 =3+5=2 or-8; 
S 4 = ＋ - or 4 2 /- 2). 


(24). & 5 + 6 = 0, 
æt- ba + — AUD rims 
d 4 4 


290r2; . 4 ＋ V3 ort 2. 


12 (æ + 5) - 9 (z - 3) = 11 (z - 8) (£ + 5); 
„ 3 + 87 =11 (2° + 2z - 15); 
19r 19] 252 361 11449 


4 T 22] II 481 484 
19 107 63 
SS — — a 
* 7 4 11 
. 
A 


6z (x 3) + 3 (2x - 5) (x - 4) = 25 (x - 4) (x 3); 
*. 62* - 18z + 3 (2a? — 18z + 20) = 25 (* Tx +12), 
whence 132* - 118z = 240; 


Lg HR, S .240 3481 361 
ay 1s "13 13 169 169’ 
59 19 
p tis 
e 


3 eae 5 217 
en) gut eg Det T A 
217 


HR 1) + (22 - 5) (e + 69 (32 - 1) (€ + 1), 


and 69 (112* - 6z - 5) = 217 (32* + 2z - 1); 
*. 1082* - 848z = 128; 
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Ex. 28—31, p. 32.] QUADRATIC EQUATIONS. 


212 E 32 11236 12100 
Na EN e 


27 27 77 729 729 
106 110 4 
decke dk déckt) 


2243. 2x 4 
(28). 10-z 25-32 mig 


2 (2 + 3) (25 - 3z) = 4z (10 - z) - 13 (25 - 32) (10 - z); 
ws 2(75 - 62* + 412) = 40x - 42° — 13 (250 + 32° — 652); 
*. 812" - 6732 = — 3400; 


d 35 452929 31329 
4 $1 621^ 


31 (627 (82)? 
673 177 
ez t 62 1322 or 8. 
21 22 


i 


7 (3x - 8) + 21 (z + 4) = 22 (x + 4) (32 - 8); 
*. 21z - 56 + 21 + 84 = 22 (32? + 4x — 32); 
Ee eee o 529 48441 
75 33 66 4356 4356 
8 
> = =- — — SÉ = 922. 
d aw 


4 K ws 36 - 5 
(30 — E 
). 5 ox 9, 
4z* + 35x + 36 - 01 = 0; 
4 Z? -— 10x + 25 = - 9 + 25 = 16; 
. 2£=6+4=9orl. 
31 a8 16-22. 1 
W hire 


5 (a + 3) (2z - 5) + 10 (16 - 22) = 26 (42 - 10); 
5 (Qa* + x — 15) + 160 - 20 = 1042 - 260 
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92 SOLUTIONS IN ALGEBRA. 
ge 119 Io. 14161 361 
Ji 10 70 10 400 400’ 


ee que, mE or 5. 


"Bp. 0 
82-7 4 10 
. 
26327) (z + 5) + 22 (42 10) = Te (x + 5); 
*. 2 (82° + 8x — 35) + 82? - 20x = Tx* 35, 


397 39 70 1621 3481 


ie t dal E A 
39 59 
E =o — = = EN 
AT 1 * 14 7 or - Lë 
212 7-22 7 
e 
6x (x + 2) + 3 (2x - 7) (x 1) = 14 (x - 1); 
. 6 + 12 4 3 (2 - 9x + 7) = 142° 14, 
Pani ME ve Bug, OM 0 
and . 3 () 2 16 16 
r S 
eder 33. 
* a*-12 
(34). = 18 t 126, 
* (2* - 18) = 4 (z* - 12) + 504 (2? - 18); 
.. a + 1742* + (87)? = 8040 + 7569 = 10609; 
s 2 = — 87 +103 = 16 or - 190; 
.. 4 = + 4 or + /(- 190). 
4r 20-42 
(86). = E DE 


dai - (20 - 4x) (5 - x) = 10z (5 - ); 
.. 42? - (100 - 40 + 42*) = 75 - 152°; 


EE - 36 36 
Ea $1. $^ 305.989" 


= 4or - 1$. 
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Ex. 36—39, p. 33.3 QUADRATIC EQUATIONS. 


gn. SR 
242. À(2-10) 
4 - 8-(a*4 2 4 4) (x - 2), 
also & 4. (x - 2) x (z + 2); . x =- 2, and 2 = 2, 
and 1105 e at d X Ce 
and 27 2 41220; . 1 1453 6 or-4. 


(36). 


6 (x + 2) + 3 (x - 4) (x - 1) = 142 (z - 1), 
and 62? + 12 + 3 ( 5 + 4) = 142* — 1425 


„ 
dh HE:  5.. 100 100" 


11, 19 
D =—+—= — — 
i 
Qu re ho BE 
* ＋ 1 2 4 
* 1 15 
e 


.. 162* 16 - 2x + 2 = 15zx, 


332 zi 2 1089 961 


e fe zg Er tw Ur et ads e Ge 
and 4 — -T 32 16 (25 1024 


1 
ees +. 6 + 6 (a? + 2x +1) = 13 (z 4 1) 
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93 


94 SOLUTIONS IN ALGEBRA. 


42 -4 6 ( 2) 
(49. —3 ^ SI 


SA . 4 ＋ 924 2260, 
* ＋ 2 


9 9 25 
. 2, and æ + 3 4 44 73 


3 
3 
e=-5t 


742 T. 51:99 
ER T-z Tre 10! 


E. DE E 
7-01 10 7-2 201 — 400 400’ 
a 49 719109 3 ee 
eer 90 20 2 OT 5 by the formula, if 3 


341 4 5 135 32-85 
8 34 5 176 3445’ 


0 
a’ 


te 1 
34 5 176 932-6 352 352 (3527 


; F n 
34 — 5 352 352 11 16 
whence z - 9 or - 2. 
zt 351 6 
(43. Garay” 25 4 
„„ ND 66 
(0-49 2-4 2 92025 ad 25 


. 39 


* 
4 2 bs 5 T Ba! 
GE o2" = 92* - 36; et" Cote, 


i 
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whence 


Ex. 44—47, p. 33.] QUADRATIC EQUATIONS. 
* ＋ 7 Tx r-1 

44y A et temen 

( res 2-73) 2 7 7 


Zeie - 49) _ 
whence 4 (z* — 73) = 2 49; 
`, 2 2 81, and z = t 9. 


TEE 


TITEL 
2 18 2422 or -3; 
z'—-2z4120,andz-1, or . 5 41445 
2 34 W 


46). 6% + =) 26 
2 x 
444 6% % 0 27 0 80, 
a? x 


1 1 2 363 or - 9, 


9 9 1 
and a — 3 4 214 73 „ 2, orl, 
81 81 9 (13) 
=- eer nt ae 
also a* + 92+ (7) 2+ St gt 9 


(47). (32° + 1) - 9 (32? + 1) = 630, 


81 2601 
(32? + 1} - 9 (32? ZI 4" 4 d 
9 51 


E i 


29 22 CC: 
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SOLUTIONS IN ALGEBRA. 


96 
(48). (x + 82 - = 42 - 82", 
i 
E +3) 4 jn eal T 
S RE Ds A 
ete see F or e 
49 17 


whence z? - 62 + 9=1, 1 i 
4 =4 or 2, orz CTT. 


- 160, 

(a? + Y 4 (2° + 5) + 4144; 

4 524 12 14 or - 10, 
and z = t 3 or T J(- 15). 


(49). (e + 5)! - Ae 


(50). (1 - 55 3 ( P 40, M 
(z - 9) 3 (& af, 4 404 25 

4. 4 

I 8 or - 6, 


, 2 
whence g 54 or (- 5)“; 


2 
4 9, or 5 + ( 5)". 


(51). 4 - (a +b) z + ab = 0, 
2 
z- ($824 - EE 


LU 


(52). Oe + ab (x 1) = 20, 
b(a- 2b) ar 4 — * ab a -4ab 455 n 
2 DH 
alg 2 4 Re ae erum 
a = 25 a 4 25 a 
*. E e urb i ed v — . 
bz 8 BET b or z’ and & = 1 or 5 


www.rcin.org.pl 


Ex. 58—58, p. 33.] QUADRATIC EQUATIONS. 97 


(53). adz - acz? = bez = bd, 
ad- e ad- be bd ad ST ad + bc | 
2 -——mrc4———|2—24 -———|; 
ac 2ac ac 2ac 2ac 
ad - be ad be d b 
ia mapa or — 3 D 


— ee 


t= — R 
2ae 2ac 0 


(54). be (a - a)* - be = (8 - c?) (x — a), 
5˙— C) (æ - AH) P-e B-C (5˙ 4 050 
9 Te . ie KEE 
VV 
K 25e 9bc c UR 
aid awe Suse 
c b 


(55), 1 +z? = Lm (2a*z + b), 
a 
2 
D 25 +1 =Ë; 


E ZE and æ 22" 
a ab 


(56). 2* (a +b - e) = (a + bye, 
(a Lö lch 


2'-(a45- Sch, e 
(a *b-c)z4 2 ac + be + 4 Casen, 


F 


5 3 
(57). a (2° ab) = b (2? — 2a2), 
27 4 2abe 2b a*b? a*b _ att 3 
a — E (a-5$ 4 quét (a - by by T 6)?’ 
a/b 


"n. ab) a 42 
DECKEN 


$16 az m vm — 

Zen a-6 

(58), abe 4 Da = 2at, 
a a’ 

cat eae en 


E: aè 
e or - 2a’; 


ee 9 
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98 ‘SOLUTIONS IN ALGEBRA. 


(59). gabe - 6b — b = 0, 
gab - Gabe + oi = a? bi; 
at a +b?) 
e 3a*b* X 
(60). 8z (a- x) = a (3a - 2), 
8az - 8 = 3a’ - 2az; 
jor Sah Meee D 
4 8 8 64 64 
400, a, 84... d 
KT Cé, 2' 
a+ 2az - a 4 2az =a’ — 42%, 
(61). a (14 22) a a(1- 22) = - 42%, 
e Az? + 4 + a? = 295; 
_a(-1+ 72) 
n 9 M 


* B= 


(62). mg — mnz + pqz = np, 
qi Gin Pg) , mn af 2 a , (nn pay _ (mn + pay 


mq 2mq amg? — Au 
. summ pg DTE 25 ed 
bs 2mq ^ 2mq g m 


(03). 8x? + 6 (a - 2b) x = 9ab, 
9ab 


* ＋ ia- 20) 40 410 2b)! = + 2 (0 20! - seis +20) 
3a 3b 
9 28 (a 2904 > 02% K or * ve 


(64). Ne SNE 
d 26 60 716 66-855 184b + (a 85716 (7600 


a 8) £2 (a + 85) = 125 or - . 


(65). 92* G6bæ = a* - b, 
95*- 60x +B =a"; .. a er 
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Ex. 66—74, p. 33.) QUADRATIC EQUATIONS. 


(66), 252% — 105 = a? be, 


2527 1053 +b =a; .. en nae. 
(67). 42* - 4ba - à* + b = 
42° — Abr = .. autas 


(68). 6a*2* — 5abz = be, 
Sabe 5b 6 * 250° 49» 


2 rd s — $ 
ga + 1g tier" 144 
1 8 S. 
a Bii. 6a ` 


(69). 4 — 4 (3a + 2b) z + 24ab = 0, 
4a? — 4 (3a + 2b) æ + (3a + 2b) 

= - 24ab + 9a? + 12ab + 40% = (3a - 25); 

9a 1 2b , 3a - 2b 


OM RR UR = 8a or 20. 
(70), mnz? - (n* - mf) æ - mn = 0, 
"-m x — m2)? 2 2\2 
num cm a E ( m (m m 
s 2mn 4m^n* Aua? 
më më mm n A 
e Sa - dor 
2mn 2mn m n 
(71), 42° — 4mz = n? — m’, 
+ 
4z*-4mn+m'=n'; 2L 
(12). 4 — 12a + 9a’ — 4h? = 
42? 12a + ga! = 405; .. oo. 


(13). pa* g +1=0, 


ar 2" TAE uii mo, sid. Lx 4 
Hiya 2p vem ~ op 8p 


(74), “+ f= O, 
at pr 3 DEE UE - 4q). 
r2 
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100 


SOLUTIONS IN ALGEBRA, 


(75). (a - b) 2? - (a + b) x + 25 = O, ; 
te a+b Ex 2b NEL (a by _ (a- 3b)" 
a-b 2 (a - b) a-b 4(a- 4(a-by 4(a-6) 
. 1 1 
eee a-b" 
(76). anz? + ab = nab + bz, 
2G N na + b [a sh D L — 55 
an Qan | on 4a o ` 
na +b na?-b 
-——t =a or —. 
2an 2an an 
6 
n (ERO 
** Hoult „%% E 
ar (a+b (a+b 4 ( 5% 4 (a f 5) 
3 T 
4 (a ) 2(a+b) a+b a+b 
(78). a o, 
„ * 8 
. 
a* 8 
1 
a. (O ) d („U) S (ö 
Z a Uo a „ „ i 
. 4 „ oe "M t (a + e) 
1 1 1 
G0. ot . 


(a + x) (a+ 22) + a (a + 22) + a (a + 2) = 0, 


9a* 3a ga! 3a 
hi - —— — — Z —2 
whence æ. + 3ax + -7 a har ai 


s 4 363 V0). 
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Ex. 81—84, p. 34.] QUADRATIC EQUATIONS. 101 


(81). e d de cr, 
77777 NIA dr 
Kee Va 
^30 20 ra d * dab + a), 
(82). i. : SE 


a- a äs 
(a - x) (a - 2x) + a (a - 22) - 5a (a- x) = 0, 


whence 22? - 32? 2 0; .. 4 M00. 


2 
6% ( -e-n 
* (＋ + 1) (e= 


datus 
Le - 1)? xi ao 
2 (241) 1 1 
EE Een 
. . 6 1 ½ 1 
40 -1y db 5) 
1 25 +1 1 
or N Een -2(» -3)- 5 (2 - 1, 
and r whence 42? 2n — 2n; 


I} n GEN 
ses co) er za za 
(84), Ea) (0) A 
atb-c 
* — (a +0) z t ac = ab +B be, 


and z* - («924 622] 


es Ob LE - be CHO ae Ot - oy. 
4 4 x 


a+ a 4 2b — 
Pu . — 0. 
z 2 7 atbore-b 
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102 SOLUTIONS IN ALGEBRA. 


(Graf -a 
(« - aj (£+ 47 
(a + a)’ (2 — af 10a (* %, 
whence 10a2* + 204% + 2 = 10a (* 2 + a’), 


(85). 


3 


a 
and 400 = Bo: . eet 05): 
ni Mta 2x 
a Jab +b? a+ab+b ’ 
CA 2 (a* * + Bab + b°) to = 
a ab 1 55 a? ab +b? 


ONT mae £t |- 4ab(a +b) . 
jj a abb | (dab by" 
4 BE (a+b)2/(ab) _ at+/(ab)+b D a-/(ab)+6 
"BEE (tabi) a-J(ab)b  av(ab) b 
a*393ab «0-2. /(ab(asb) _ a^ tab 1D 92. (ab) (a b 3- (ab)] 
a* ab +b" Jar (ab) + 0) (a - (ab) + 5) 
_ {a + (ab) + b} fa + (ab) +b) 
~ fa + y (a5) +b} (a = y (ab) + DR 
oe - p) 12 ( Ba Sab 
-1 Cen PrE 
6 (a® - be) (* + 1) = 12 (a? + 50 x + Sab (2? - 1), 
Si (a? A be) x SI 
EE BE 
6b? — 6a? - 5ab 36 ap +F 169a*b? 
= (2a—8b)(9a420)  (Ja-3by (ja*20y — (2a - 3b (3a W) 
(6a? + 60? + 13ab) 24 + 3b Ke 8a — 2b 
= (2a — 8b) (3a 4 20) 2a 35 34 f 25 


(88). (a - b) z* + 25 = (a +b) a, 
a+b a+b (arb (a 3b) ` 
iim ‘ies rm tu 3 ec by te y 


(86). 


for 


(87). 


whence & — 
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Ex. 89—94, p. 34.] QUADRATIC EQUATIONS. 103 
(89). dal (ma + b) = (x) (na + b), 
(ua tb) na b? 
CH Vë? Z dall 
ih Lb (a) na+b\* na Ar 
ny(a) ` Un dall 2nw(a)|* 
„ K d Or Le 


i |o na+b na -—5b b d 
% n Na) 2 Ye) . waa) n'a 


(90). (æ — c) (ab) = (a - b) Ver), 
(a-b) (c) ae. 


3 


` (a- Dea). | OVO) |, "Ta 

A. T 2 (ab) EREM 4ab 

Vac) v (be). 

2900 % 5 (%%% or- TUS 
ae LU 


4 or — 
d b a 


p ue i. D 


abz? + 2 /b) (a + b) x + (a - 57 =0 
2(a*b)z (a+b) (a - bP (aX by _ 4ab 
at A (ab) TTA ah |. ab ab! 
än We T voy 


i a+b 
~~ (ab) ^ (ab) 


(91). 


175 


(92). 2-15 - TT 
LUN ^ eui 2 and æ = 25 or 16. 


z- V- 204 i 
(98). J/(z) -2- 2 8, 


z- N46 4 . yz=5t5=30r-2, and 2-9 or 4. 


(94). /(282* + 39a + 5) = 30, 
282° + 892 + 5 = 900; 


l4. 89e zd 895 1621 101761 
* 979855] 28 (56) (50) ^ 
39 319 
E Th eS 
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104 SOLUTIONS IN ALGEBRA. 


(95). z +2 = J(& + z (8 ), 


* 4 41 4 ⸗ 4 T 8 - ), 
orz44-24(8-2); . 2* 8 ＋ 162 8 - &, 


and a +9242] --84 5 = 


Dro 
Pu =- + — 
weg umi 


-1 or — 8. 
(96). Ji 32°) + 2 = 6 - 32^, 
at Bei dl + Bat) 4 4 


B VG + Bat) =-5 £3 =2or-3, 


9 
a Sat 1444 mo Pol 
3 8 85 Une 
. 83 -— — — — 


3 
Her +2 y(-1) or 3 E 1 K V0. 
(97). 22* - 11z + 14 /(11« - 2 + 2) = 42, 
liz -22*42 14 /(112 - 22? + 2) + 49 = 9; 
5. II - 2224 2)2 743 - 4 or - 10, 
and 11z - 22* + 2 = 16 or 100; 
e a. lle 121 9 ir os 
WE EE EL NUT 
11-31 
^ æ= 8} or 2, or 7 t z v- 663. 
| (98). 24 11 + y(a* + 11) = 42, 
: 1 1 169 
* ＋ 11 T +11) +3 2424 


$4 
5 yo +11) =-5 +53 =6 or 1, 


and z? + 11 = 36 or 49; . 2=+5 or + (38). 
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Ex. 99103, p. 33.] QUADRATIC EQUATIONS. 105 


(99). 9x 4 4 = 152" + 22 V(9z + 4), 
9 + 4 - 2x V(9z + 4) T = 162; 
*. V(9"+4) = 2 t 4z = Óz or - 32; 
*. 9r + 4 = 202* or 92’, 


whence 25 9 + oT. cea ane ee -2 į / (481) 


10 100’ "' 0 50 
af 9 25 4 { 
B Së = -= 3 =- -— 
or 9 Deitz 474 2! 2 3 9 


(100). 34 2 8 (z * 1) 7, 
9 + 422 + 49 = 64z + 64; 


"REL a] 15 121 256 


„ 
11 18 5 
que puc oto. 


(101). 2a? - 22 + 6 (22° - 3x + 2) = x + 14, 
2 3 + 2 + 64(22* - 3x + 2) + 9 = 25; 
. J(22* - 3x + 2) = 2 or - 8, 
and 22* - 3z + 2 = 4 or 64, 


UE NE NN 1 
whence 2* - -— + 157 1$! eG Ors S. 
54. SES Bt E 
(102). (e - 2*) + a y = a*) = 120, 
d Pa E 
E Ne CR Eesen 


*, A (à? - ) = 3a or - 4a, 
whence g = 2a /- 2) or a y(- 15). 


(103), az + a(x? - ax + 05) = x* + ab, 
* -ax +b- 4 - 4 Dia 
„. Vr - az + b) = a- bor b; 
FS 
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106 SOLUTIONS IN ALGEBRA. 


2 2 
r Sy a- Bab er 43 


4 
223 1 d (5a? = Sab) or a. 
Ce wë 
f 2-9 CEA 
e — = — — = 23 
(104). = 15 u$! Xe Aë su 
. 4 15 33 . 4 V 1214 K 
. / = 4 Or- 33 . 416 or 9. 
x-4 x-4 
8 5 P 
KS V e e 
1 5 
. Vr - 22 8 „„ tar in lr ur a 


. = or- 2; „ 4 9 or 1. 
(106). (a - 8n) z + n 4 2 (iz + naz’) = 0, 
(a - 9n) z +n 2 2 (nz + naz’); 
`, (a - Inf 2? + 2nz (a- 9n) + n? = Anz + 4naz?, 
whence (a* - 10an + 9n*) £? + 2nz (a - õn) + n = 0; 
2nz (a — 5n) h n (a- in, _ 16m 
(a-9n)(a-n) (a'-10an49n*f  (a'-10an49m*f 
n(-(a-9)n*t4n] n n 
"t(aMOny(a-n)  Un-d Sg 
(107). 2* - 3x 2 (£ - 32 + 5) + 1, 
x — 3245 -y(r - 22 6 45 1 
5 


NIC GEET EE 


9 9 9 25 
* 30 44 1 474, 114 si 


SEN 
. 


io 


. 4 4 or- 1, or 
U 


(108): 32? + 2 +/(32° + 32) = 48 - 32, 
32 + 9z + 2 J(32* + 82) + 1 = 49; 
.. / (82 + 82)=-147=6 or-8; 
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Ex. 109—112, p.35.] QUADRATIC EQUATIONS. 107 


A e Bn E E 

e Lëene ée et 4 
qoem 1 259 

e z -= — — = - - T + — P D 

c 3*5 3 or 4, or 2 4 12 NN 


(109). 2 1 2 U - 2"), 
2 V{a(1 - £} - (1-2) =9; . I-) = O, and æ 1, 
and 2 /r) = y(1+2), onde 1 . 
(110). Qa 4% + y (42° 9 + 11) = 5, 
4 9 + 11 - A - 9x + 11) + T 99445 
G en 10 5 äer SCH 
*. 42? - 92 + 11 9 or 4, 


hence z? - e E 

Me 4 81 64 64 
9 D 1 e 

Gaeta Been og Ot C90) 


(111). 2a* = 9) =a? + 21, 


29 + (2 AAT =12+ 


ON Ced 4 
„ g? 2 18 or 25, and æ 2 5 or 4 3 (2). 


(112). z /(6 - 20 = a - 6, 
a* (6 - 22) = at - 122° + 86; 


81 8 9 
. E 2 — = — — Sp 9 
SC 9 + 4 phar 45 
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108 SOLUTIONS IN ALGEBRA. 


(118). 252° = 81 = 25 (1 — 250 
31 - 252? + 28 /(1 - 2°) = 0; 
9 


1 
KEE EE 


(114). 2/(6 + 2) 14 2%, 
* (6 -2*) = 1 4 2 + a*; 
. 4 =1, mdz-i;. 
4 1 e -= 9) 
49 
{e+ /- 9)P = 9 (r - 2) ?; .. 4 1 /( * — 9) 4 3 (4 2), 
if /(z* - 9) = 2z - 6, then æ& - 9 = 42? - 24z + 36; 
„ 8 4 161; . 2=5o0r3, 
if /(z* - 9) = 4 + 6, then z? — 9 = 162* 48 + 36, 


(115). = (x - 2), 


and z = 56 t 11). 


(116). ab 5 /(a - 2°) = 2, 
2 2 
t-aba- at) + P= a aal, 


ok yet - 2!) - (a 20 a- bora; 


*. a- (a- by ora’, 

and z = + J(2ab — b°) or 0. 

a E D a i 

a = NA = aty) 
2* (a + (a - 29) - 2* (a - dis 4j = az; 


e Dyd- a) =a and d. E et (9). 


(117). 


a, 
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Ex. 118—121, p.35.] QUADRATIC EQUATIONS. 109 


2+ NVA ) . 94 
DC d) Va- a) 
ct Aum + E 2a 
1 Mar) 
„ Md + a*) +a? = 2a’, or z V +a) =a - a 


(118). 


Zar  9a* a gato | 
+ — ee eH EE ^ 
$-'185 3 18 Jd | 


whence z* - 


(119). z T a + 24 (az) = bz, | 
(1 - 5) z 4 2 4(az) 4 a - 0, 

2er) F ab 

1-5 Tace 1-5 (1-6) (1-65) 


a 
nam SR rd IU CERE VR 


(120). V(1 +æ 42?) + V(1- m, 
lozaz242V(142542)«41-242*5 ms 
„. 2 M1 + a* 4 xt) = (m* - 2) 4 - 2, 
and 4 + 42? + 4z* = (m* - 4m* + 4) z* 4 (m 2) * + 4, 
whence m? (m? — 9 4 (m = 1) 2 =0; 
65 4 
tx En 


(121). nz ={V(1 + z) - 1) (/(1 - 2) + 1}, 
nz I 2) ＋ 1) 2 z(V(1 - 2) + 1); 
. ( 1) V - ad + 2), 
and * 21 41-1-2z-4m*(14 z) - 2n V(1 4), 
whence (n° - 1) z + 2n = 2n V(1 - 2*); 
. (n® - 1)! £ Anz (n? 1) + 4n? = 4n? (1 - 2); 
5. (nt - 2n? +14 4n") z - 4n (1 - 90, 
4n (1 - n?) 


bir" T i 
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110 SOLUTIONS IN ALGEBRA. 


3 i 
(122). ( a) =a" (3a - a), 
(x af = a(3z - ay, 
or 2? + 34 + 34% + à? = Baz? - 6a^z + à; 
: MARIS . $2t3aX(-1) 
1 
marl) T 
11z - 11 / + 1) 2 5 + 5/(z + 1); 
„. 82 2 8 J(z +1), and 92* = 64x + 64, 
64r 32 64 1024 1600 
and & y Sox ENT apa 
32 40 


8 
epit 5 


(123). 


11. — z) 
1-4(0-2) * 


üsJ10-2) 1 A E 
MTM. nit d-2)-1 


(124). 


and /(1-2*) 20; . z«t1, 
also 1 «2*2 /(1-2*); . z-t J(- 8). 
diti 14+ V(1+2) 
v-a) 1-wvü-2) 
Ja +2) - X - 2) = V1 - 2)  - 2) 
^M xz)-4(1-2)22X(1 - ), 
whence 2 - 2 (1 - 2?) = 4(1 - 2’); 
*. 22 lz d - 2); 
-47?41=1-2'; 


1 
SEET 


(125). 


az +1 + (aa - 1) Cé 
KE ar T I MA = 1) ei 
ar 1 biz az*l dasz 


5 NI) b-2’ 1 Ner- Na I) dies 1) 1 
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Ex.127—130,p.35.] QUADRATIC EQUATIONS 


111 
535 d 04x 
"az-l b-z T ` Ce 
+b 
Kr a ales ey hie = i 
or 2abz 20 + 25; . € Gab — 1) 
2 
127), SEO - 9) oy 
UM * u = a’) Si 
833 65 z PETI) 
Von pi: e Qr EET 
n. @* +1) E iP i^ 
7 4b? 3 ee e=t 25 C +1). 


a + ba") + /(a - bx") _ 
(128). LA re (a= br") 
deih) mzl . a+ bz -BET 

V be“) m- F 


4 = bei m-i 
SE 2am ^ 
a mil ID? 6 (m? + 1)j 
(129). axrz4(a -2). b 
a 4 r N EN 
CET: PLE AES 4 ＋ Fa 
Ve baat qu 
atz b«c z Zä a A 
"Lr ET ard zur Qu 
and z = + / (2ab - b°) 
4 21 
( 
; 5 z’ 
e 4 


z 

Ee A ‘< —— 24523 or-7; 

274 Meti) y (z + 4) 7 
2 = 9x + 36, or 49x + 196, 
81 81 225 

whence d 92+ -7 =36 


SCH 
r 3, 
1401 49 1 
or ie ¢ 8 106 2 t +5 V (2189). 
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112 SOLUTIONS IN ALGEBRA. 


$ 
2 2 
(131). - e Eer ^d 


+ 2 
a - 18° e Le - 18) 


3 CI AT. 
since (z - 18) + D 24 £18; 
. £-18 Exin d a cT 
EE 4 18 uritgés, 
ei 


and die - 18) = 2? T Jit Ge, 


„ 4 18 =2(8 $377); 
- 18 27 
7:341 7 


250 ,W(z-9) 19 9 


ee g = 


R 


154-3 133 17689 13689 
222 ari EC ae 


à 12 
e E 199 UT. m 


e, * 9 E 


or 4; 


vi ZS 4 b or 4 4 z V (19161). 


(133). z 2 rins * relly 


e V= 2 or 1, or; fl ＋ C7); 


E 1er C3 4 /(- Hj. 
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Ex, 134—138, p. 36.] QUADRATIC EQUATIONS. 113 


2 14 12 
1 1 49 


z* - 16 + J(z* e 9, 


. %- 16) 2 8 or - 4, 
and z? 16 29 or'16; . 4 4 5 or 4 4 /(2). 


3 
(135). 2? - 3%” = 40, 


9 9 169 

3 = —— — 

æ - 32 14540 1 "uL 
2 3 13 

e mai ee, 


a 

= (z^ - 8), 
i i i 

„ 5 ( -2)-a -8oró-z*2z +4, 
x 

xcd and z = 4, 


also " iis i 
W a thee at d 


and Ve) =+ C140 en 26 7 200. 


(137), 22 - 1 = 2 - 2z, 
z-122(z-1)2; . 4 4241-22, and z = 1, 


DT 3 {1 + 3). 


(138). 2°41 = 22%, 
at(e 1) -( 1) 0 . 4 1, 


and 2 1 O, ora*-z 4 ; 4 20 % 


: 
4 


m e 
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114 SOLUTIONS IN ALGEBRA. 


(139). % - 6x? + 10z = 5; 
*. (2 - 1) - 5 (2 1) 1 502 1) 20; . 1, 
25 25 5 


and 2* - NM S bale quer 45 


1 
** 13 ( K 5). 


64 6230 2325 
2 — — Em 
en 16 


ge 25e 
4 4 16 16. 15 0, 
64 4 255 DÉI 
AC 8 


8 ox 
or el +1), 
£ 


whence z? + 16+ — +1, 


4 
whence a? + 42 +4 = 86, or x = 4 or - 8, 


also z = £ {-1 + (71). 


(141). Bei + 8z = 162° + 2, ; 
* 2 E lacur i 
1 


j 1 1 
` BCEE or 53 


S -2241- gc SENE or & VGH 


(142). 4 — 4 +4 = 2a 5, 3 
4a — 425 & + 2 (22° 7)+4=0; 
2 -g= 2, 


ER E EE Sa 
and æ 2 * 16 1 * 73 


4 C10) 
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Ex. 143—146, p. 36.] QUADRATIC EQUATIONS. 115 
(143). & 2224 2-1- 0, 


1 1555 
"Hine rwr a 
1 5 
2 +, 
E elt 
and æ * = 53 
22141 (% 4 2/5) 
78-73 bal as . 
(144). af 2 2 - 132 = 0, 
SE 1 1 529 
a* - 22° + 2? (& - ior ee an 
g J 12 cr 11, 
1 49 Meee x 1 + /(-43) 
g- iur ler gave i8 eot 3, om Wert 
(146). z? -1=0, 
. 1 NE — 1) (2° ＋ 1) O, 


„„ Us j dU TA 0, 
also (2* + z + 1) (x - 1)=0, whence z =- 1 or 1. 


and from æ +æ 4 1 = 0, 21 v3) 


from 22-2+1=0, z= {1 + (= 3) 


also from 2° + 1 = 0, (2* - 2* +1) (z^ ) = O; 
"g-t4X(-1, 


also from z*-2*41-0, a (14 (-3); . ëch V f SER, 
(146). 22°- 2? = 1, 


„ 2-14 2°(¢-1)=0; 
ad +e24+14+2%=0, and æ =I, 


1 1 7 
deo P4 241|- E 16 16! 


2 21 “C5. 
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116 SOLUTIONS IN ALGEBRA. 


(147). 2 4 pa? 4 pz41-0, 
4 117 pe (2 4 1) 0; .. 22-1, 
and z*- z 414 pz - 0, 


oat (p-DesPzl|- 1,0777. eos 


2 4 


nä Un 1 £V((p- D'- 41. 


(148). 2-pr-p41-0, 
@4+1-p(e+1)=0; "241-0, and æ 7-1, 
also z*-x+1-p=0; 


„ whence 2 = ; (1 € /(4p - 3)). 


(149). z*- 82? + 102* 242 + 5 - 0, 
z* — 82? + 162* - 6(2* - 42) + 9 = 4; 
.*. 44 322 6 or 1, 
whence z* 44 + 4 = 9, and z = o or - 1, 
also z = 2 + J(5). 
(150). z* + 52° + 22° + 0z +1=0, 
a+ 62424 24+ 20, 
ZZ rz 


2 5 +2) =05 
[^ T 
e z+1=0, and z — t J(- 1), 


also 2 += +5 = 0, whence 2 = 5 (- ő + V(21)}. 


(151). * 2% .1-0, 
2 Aë AL. 9T JA 
* 2 2 „ 
133 1 
S2 2 Lon b Rm. kl KH 2 
t tz 5 (= +5) 0; 
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Ex. 152—154, p. 36.] QUADRATIC EQUATIONS. 117 


a 241-0, and z = t /(- 1), 


aoa iu, 422201. 
2 2 


2 
(152), at - 92 Lap F 1 0, 
ot T 82 0, 
226 5 161716165 
2134442 or, 


whence # = 1, ‘or 1 {1 + (15). 
(153). 2-242412 4, 


GA EE i 
ZZ Er 
1 8 1 25 
AS 2 — — — = — 2 — 3$ 
2t 1 6 90 4 M 
1 5 
K 4 . f 2 08, 
whence z = 1, 0 =5 (1 + 4/5). 
152 + Gar 
. 
(154). a +æ + J(2az = 7 


4 (a + 2) /(2ax + A 4 (2a + x?) = 152 Gar, 
whence 16 (a + z)* (2az + 2*) = 121 44% + 4a*z*, 
and 105 - 108az? 76e, — 324 = 0, 
vhence 21 (52 — 8a) + 12az (5x — 8a) + 4a* (5x - 8a) = 0, 


8a 
D once? 
4az da’ 4a* 4a? 16a* 


pa —— 9 


„t. 


24 44 At 1) 24 2 y(-1) 
T5 72.08 d 14 — 5 ) 
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118 SOLUTIONS IN ALGEBRA. 


z £ "n cb 
08. aria e)" v) rta)" Ch 


2 0%) - dis - 2) dal Ve- (20 - a), 


1 
atate eg: ZC 


nä Di / 205. 


(156). J/(1 + a) J(1 - 2) - J(1 - a) dl +@) = 2a, 
(1 +a) (1 - 2) -24(1- d) J(1- 2) + (1 - a) (12) de 
whence (1 - 2a?) — az = , - a’) l - 2°), 
and 1 - 247% - 2az (1 - 2a*) +. @a* 2 1- à* (1 4% 49, 
* 24 (1-28) +a? (1 - 24! 21-a* - (1 - 22?  à*(1 äer 
-4& (1 - at) (1 - 4); 
*. £ = 4 (1 - 2a’) + 2a (1 - à) = a (3 - 4a?) or - a. 


(157). J(z* - 1) (2-1) =, 
V - 1) (G1) +1} = 2, 

whence 4/(z* 1) (2°) = ° {y (2 + 1) - 1}; 

.. /- 1) HIE 1) 5 - &, 
or z* - 1 T ( 4 1) - 2z /(z* - 1) = a*, 

and zt 1 2 (25 - 1) T 0; 

^ MA = 1) S &, 
1475 


when a an 3, and 2? = 2 ; 


aos (IH). 


(158). */{(a + ep + V((a ef - 3 V (e 40 = 0, 
(a 9 24)" «(0-2 - (C14) (- 


* 
(61 405 = Sen G£4(5); 


www.rcin.org.pl 


Ex. 159—161, p. 37.] QUADRATIC EQUATIONS. 119 


A 4 (70 
e ): 
MOTOR 
SCENE be 
2 A 
(159). 2a” (à +2) - 22? (a + 2a) = a? (x - a), 
D A 
dra 2 (a? + 2°)” + a? = 4 + 4a2* a), 
Bez? 
whence /a + 2°) =- z” Le (2x +a) 
3 4 3 
= dr, or- De az); 
* a. * 2 2° + 24 4 a*z, or 92? + bar? a', 
aprire «ono 
35.385 1050049 d 
and the second part Tu" a cubic. 


(160). 14 M "le EE 


By Ak Bee) 
“3 E 2.10 033) 
c 
zT a „ 3) 2 a ar ad cx. 
1 
"a o a a 
EE ae Wen A 
% a a a m 


SZ 24 V *)- 4 (ax) 32 
3 32” 
whence . 4 S VG ) F 5 SE 
Ja 4 3 3a. 44 "WR GR 


Hr (s Eat s 4 1 4 arts a 
3 178 9 5 2 9 4 z 


1051 
from the first z = 8 SU EES VE) , 
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120 SOLUTIONS IN ALGEBRA. 


or let z = az, then the equation reduces to 

z (122 + 9* - 8}? = 64 (1- zy, 
whence i (122 + 9)° =8, and æ = d= ` {- 3-4 ). 
and the other values may be found from the equation 


122? 2472 + 25625 - 64 = 0. 
(162). /(3 + Vr) + J(& - Vx) = V2 y), 
3 ＋ 4z-t4-4z4-24(1244r-2)274242; 
. 4 (12 + yz -x)= ad 


COEM dei 


.. r = rf + (91), 
and z = = 5 494 + /(97)}- 


(163). (a + £) V + 2°) = 6 (a - 2)’, 
(a + zy. (a + ) = 36 (a? + 2°) — 144az (a + 2") + 144072", 
35 (a? + ap — 146az (aè + 2*) + 144a'z* = 0; 


e ( at - — ( + 2°) + e] 


144 b. —.— 280 ., 

35 T (35y ' 
T Dar  llar 18ar Sa 
PG Ee + 35 7 or 5 


; p ers e d ies, ene 
$ F 


— = — — SI zc 


Bour 16a? 16a? Qa? 
al Leg 2 TT. 
Ef H 25 25 25° 


* 7 4 3/1). 
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Ex. 164—167, p. 37.] QUADRATIC EQUATIONS, 


(164). dei 1) e- U- 100, 
Vat + 1) - J£ i 73 
— (P +1) (2 - 1) - (2 - 1) (41) = 2, 
or (2t 1) f 14 1 2/1) - 2; 
. 2(2* 1) {£ N 1) 225; 
. 2 (* 1) - 1)}, 
or z* 2 = z* J(a* — 1), 
az*-4xz*44-22*-a 


(165), 16 - 4 V(r) _ 88 + 33 (2) , 2? 5 411 
S-Syiz) 44 (x) — 18-934() I e 
464 %%) 11(8+3 %) z- 52411 
8-83yz — 4«yz — (8-3yz)(4 t yz)' 
whence 4 (16 - x) = 11 (64 - 9 r) T - 6z + 11; 
„ æ? 100 + 50l? = — 651 + 2500 = 1849; 
.*. & = 50 4 43 = 93 or 7. 


EN Zei _ 20 / c) + 4z 
ve-a (Qye-a-«z)  3-wv(z) 
41 (3 + 2) 2 465 +a) 


(5 = d + @ye-a)(@-ya) 3-ye 
41 (9 ~z) + 22 = 4 (202 - 2), 
ie 47 123 2209 1225 


F 
*. & 225.9 = 201 or 3. 
(167), 54 - 9 (a) _ Te- 3 4 4 23 - 46 y(x 


2 Z NTT {e+2y(a)px {6+ v(x} 6+ N 
9(6-Jz) 73 14 23 (2 2) 

* 1 2% ( 2 %) ( ir) (6+ v2) 

G 
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122 SOLUTIONS IN ALGEBRA. 


„ 9 (36 - 2) - T2? + 82 - 4 = 23 (2* - 42); 
.. 30a? 86 = 320, 
Si EAE 820 1848 11449 
30 30 500 900 ! 


[i 
^om $3 ad oisi a Y A 


0' 30 
(168). die + „ - 1)} - V(z - V(2z - 1)} = SA : 


d 2 r- 1) di - 22 +1) 2:009), 


D 


whence g? - 


orz44(227-1)-z41- 
+, Qe - 125. 5 V(102) + 1, 


90 6 90 10 
whence z - 2 die teg: Kee? 


^ Væ 8/10 + 10) 4 ge E 


a 6a? 
arc t Jara 2’ 
£ dE, eh, $ 
CET „(a T) 4 t3 4 
E 


(169). —— 


whence z* = 44 (a + x) or ga (a + &), 
or * „ 1s „ 


or z*- br n2 97 me +4a);. - e AE 4 4a)}- 


(170). Vi- - -— +af(#-3)- 0, 


$ 
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Ex. 171—174, p. 37.] QUADRATIC EQUATIONS. 123 


N 12 12 
5, 19 amem 2M -)* 2-5 


e whence z* - 12 - 2z J/(z* 12) + 2* = 0; 
ve r. - 12) = . 4 2 ort C9). 
(171). 2 + y£ 52 2x - Ja 


Ze Aë 15 2 TM) 
EE CHEN 


24z-11 15 2 % 1 225 225 
2 % n Poo gees 
FFT ag? 
nn 


a Ja - Lord, and «= 19 or 4, 


(172). "lent - 2. TE + 28) = 0, 
— 1 
1 20% % P3 SEP Ps i gubbi defteg 
epee ed Eph cy 
i-i 4 4 5 4 245 (atby atb 
We e. Poe arb. 


mat 
M 


qoe aan 55 


observe that 27 *-mn«umn — (mem? 
1 min 1 
(174). aba" 4 x (ab) x oe" = (a- bja", 


a^ - 4ab y (ab) atin 4 haba = (a + Dy z^ 
82 a 
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124 


(175). 


(176). 


(177). 


(178). 


* SOLUTIONS IN ALGEBRA. 


e aba = 2 (ab) + (a + b) = + (Vat Vd)’; 
4mn 
em Edid 1 yen 
Mew Vra v and æ = (52 X. d 
(aun + 1) (a - 1y - 2 (e+ 1), 
.. (am —1)z- 22 (% 1)2-a'^-142-- (a - 1), 


whence & 225 KK E i) = 4a^ 
(a 


a" — 1 av” — 1 (a 1) j 
B a 435 2a" (aen a nn am + 1 
. am — 1 be a" — 1 om F X 


Lacan 
ig; aii 
* -~a=2"(a+1), 
and z?" - az” - a = 23" O; 
I 
„ z^ (a^^ 1) - 4 (* 41) 20; . 4 ( 1)“, 


and Aë — z^ 14445 Wë U vasa J 


(1 ay" 0 ef. (1 af 
G N U- , (1 ef 
4 4 X 


gite. acia airot 


vh apr s 2 (i + ya)" +2"° 


a [(1- 2) V (24 25) - (14 2) / (2-2)] = V/{24+2V(1-2)}, 
az (1-2) ( (0-2) - V (T + £) = V(242w(1- 2) 
whence d (1 .) {2 2 (1-23) 22 + 2 (1 - ), 
or d (1 250 (I- /(1-2*) 213 4 (1 - 9), 
and d (1.- 40 2 = {1 +V (1 - 29); 
ear (1-2) EE d a5) 
or (az - 1* (1-2) -1; 
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Ex. 179—180, p. 88.] QUADRATIC EQUATIONS. 125 


. ar - 2a +1 - 2? (ar 1) = 
or a*z* = 2a = a*z* — 2aa* 4 1, 
(2+ SE à? - 4a 
RES? 


27 a 
or d- (2 +a) az? E EN 


K a) 
ES Sg yaa} 

or putting the equation under the vs 

az (1-2) (V(1- z) - W(142) 5 € V(142) 4 (1-2), 

and multiplying both sides by V(1+2)- V(1- ch we 

have 


V7 {(1 - 2*)}-(1- 2*)= 
whence 1.- z? - V (1 - a?) +3 


1 e 
^" 4 - 29 2 4 "a 


aden [552 VAI. 


(179). V/) dis: Motel - v2) = Va), 
by cubing both sides and reducing 
E 8 (a - 2) (ja x vel 1 yan yal) - a, 
or di 4 3(a - a)! à! ad; 
3 (a - P =- a, 
28a 


h 27 = =- 3 x =—-, 
whence 27 (a - z) 2 - a, orz 77 


2? 
214 VITA) 


vede E NO t DLL ya Fh) 


s$-4411424(2-4)2142, 
4(z-4)-10; . 2-8. 


(180). $- 2 = 
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SOLUTIONS IN ALGEBRA. 


(181). 42° + 12z /(1 +2) =27(1 +2), 
4 4 4 4 162° 
17 Mr T= FST er 


2z Ae 2z 2z 
*. h = r r saa ik 
A, 9 + 9 = 4, or 81 + 81z = 4, 


whence z = 3 or -i also x = {9 + /(97)}. 


2 i 2 
(182). (a + r) - 8x (a- 2°)? + 4 (a- a). = O, 
2 A. 25 2 
(a ) -5(d-2) + -7 ( 2)? 


2 2 
--4(a-2) + 2 (a- EEN 


es d or 1; 


& 
ote 
— 
E 
ll 
GIE 
I+ 
bo] Q2 


S SE Gl or 1, and z = “ or 0. 


ee 


a-za 
E AE 
(183). W 3 dE) dë 
a” p” 


1 3 1 1 3 1 
(a^ - 2") a“ - 2”) a z?"b , 
l 132 13 L 1 1 T ME RP 
or (a — a")* 2 a"z"b ^; A a^ —- a= gb m, 
id 2 
a" b» n ab? 
( ž ai 


2 "nup Cu 
an Dn (d + pn 


six C= 


(184). z 2 / + 2) 1 / - 82 4 2), 
(a 1) - 24(z + 2) 32 + 2) = die - 1) V(x + 2), 


whence z - 1 - /(z + 2) = J + 2) Lie - 1) + (a + 2); 
and dividing by /(z - 1) + V(z4 2) 20, (£ 1)! 2 z + 2. 
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Ex. 185—187, p. 38.] QUADRATIC EQUATIONS. 127 


3 + (13) 
Turre 
also die - 1) J + 2) = V (a + 2); 
* (x - 1f = 16 (x + 2), 
whence z = 9 + 4 y7. 
(185). V(x) / (2? - aè) - 2a* = ax, 
Aa of (2 - a) = z? - ga + 2a* (- a) (x - 2a), 


whence g = 


or s(t ale (x - a)? (& 24% . 4 = a; 

^om (2 ＋ d d = (x - a) (z - 2) = à? - 6az* + Boie - 445; 
e 
II DU wees CC 


es 12 {7 C47). 


€ 2 
(186). 1 , 


2 
- 2472-24120; 


1 1 1 3 
12% (%% 4244 ; 
E EFE gs. 
8S4 UN g" 


whence 2-2 {3 + V7), 4 14 E15). 
187). A . 1 
Ge) 11 ai 
14 27 1 or H TT n 1 
I a’ Ze I 4 
whence (1 - a) (1 + 2 4 2?) = àz, 
a. UE Sale 1+ 2a 12 Gu. 


l-a 2(1- a) TATE ay’ 
act teat v {3 (4a - 1). 


and 


20120 
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128 SOLUTIONS IN ALGEBRA. 


1 2 yes 
(188). A d d S Si aa 


F 
IT ITT 
. (1+2) Ik 2 = (14 + 9), 
or 2 (17 22) =a(1 + 2? + 2‘); 
ic Woe A — 4/2 
"iC EN PE 2 (a 4y 16-30 


2a a a a 


2 dë {(a-4) + V(16 - )J. 


(189). (£ +a) D 15 - 5) A V (2az) ( ! 3l a) 1 


z-wv(2ar)*a 
(e + a) - V (Qaz) (x +a + V (2az) 


— æ- A (az) + a = 0, and 15 „ 


*. 2=aV(-1), 
also {z + /(2az) + a} - 4a {x + /(2ax) + a} 4 4d 4d 1; 
„ æ + V (2az) + a = 2a + „(4d 1) =m, 


z + V (2az) +a + = 4a; 


and z + „a tim, 


ve e) 


. 2=at+m+ Va? + 2am). 

(142) (1-2) 

1-z42 Luet 

(1 4 zy (1 - "(i-am 

whence (1 - 4) + (1 + £F + 22* (1 + 2*) - a(1 — 2’); 
^24 82 4 22 = a(l - 22 + 4%, 


(190). 


=a, 


=a, 
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Ex. 191—193, p. 38.] QUADRATIU EQUATIONS. 129 


and aic E EN d n: a-2 Kl DEM 
a-2 


5 
. 4 — 2 


luat 1 
(19 
don. (TT 3? 
24+ 22¹ 1 4 4 J 6a* 4 + , 
whence o - 4z - 6-54 80, 
or z? 245-4 (242 SEI 12; 


h 224 200 


whence z? - 2 {1 + /(3) z + (1 +13) =3 + 2 / (3); 
2 14 7/3 + / 4 2/3). 


14K 
19 Se 
e (1 + z)* 


=a, 
14 4 (1 4 + 6 + 4 wf 
whence (a - 1) z* + 4a (x + 2?) + G +a-1=0; 


x 

1 4a 1 4a? 
1 
ge 4a? _2(a+ 1). 
6 17 I 


Doha cles V{2 (4+ Dy _ on, 


whence z = m+ 4/ (m — 1X 


193). U l 1 

Gier lye og 
CE (1 + ) 
142° IAT = +2 


S. 
55 


85 
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130 SOLUTIONS IN ALGEBRA, 
. a(l + 4 + 62° 442 425) 2-1-z42a*- EE 
*. (a 1) a* + (4a + 1) 2˙ (6a-1)2*+ (44 T 1) 14-120 


eee eee 1, LI 
1 a-1 a-1 


z 
ast] a tD Da pe RA 
+5 


4(a-1)° 


AE A (4a : 
* 20-1) Ze: * 1] 
=m + (m- 1). 
1 + 2 2x 
KE 40-2) a 


a* (1 + 22* + 2°) = 42* (1 - 2*), 
whence de + 42° 24% — 4z* + a* = 0, 


and at + Zen 5 (e - E) +2=0; 
1 4 1 4 4 1-a 
B. A 8 ect een ano d D 
z 25 ta He Zi 4x GC. 
1 2 2 
. gpt - d 2m; 


* whence z = Vm T - 1)}. 


V(l+a*)-aV(1+2*) _ 
(199). Aas 
. VITA - a (1*2) =ay(1 + 2*) - az /(1 +’), 
or (1 + az) (1 + a’) = 4a? (1 + 2?), 
à? (a° 3) x? + 2az (1 + à?) + (1 + a*) = do 
2ar(14a) (1+a*)* 
SE e Kg 


3 


„„ 4 (at - 2a? + 1) 
SE 0-9 


1- 3a* 


1 
whence z — — or „ 
a a(d&-3) 
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Ex. 196—198, p. 39.] QUADRATIC EQUATIONS. 131 


3 d E 

(196). (14 2)! 4 (1 - 2)! =(1-2%)’, 
2 M | 2 
(1 +2)’ (1-24)? +7 (1-2) 


yu EC 
=- (1-2) +g (1-2) "243074 ; 


_T+z 1, dä 1£4C 3 
Eae 
 ü£4C3)- 

1 Six 


(197). As - (a - 2)" = 6 (a? - 2°)", 


* ITE 
i 1 X 2 y? |P 25 A 12 
(a? d. eg MË (a Ka zy $ a * | 5 (a? a 4 * 


4 4 
i 4 
o LT ES, 
n T mange oe di 
a -z 
at aat gem  (C27-1 
om am SÉ Ken Ae) 
"uut or- 2", whence c (S1) o DC 
a -t 
* 
(198). 18x (e SÉ 9 7 - ot 48, 


2 A 
16 (x° + s +8 = 32 (24 2) - 16 (2 4 2)", 
E3 
whence 16 (2° + 2)? - 32 (2° + 2) + 16 (z* + 2) 
= 
- Sé 2) - (z* 4 dte 0; 


9: 1 lw 
o's {(274+ 2) - (242) y-(*42- (at +2)? Hi-- 16 * 4^ 180 
nata - V 2 -f er 4, Ba am 
whence z* 4 2 - yee +3) + bese hs N 
6 


A AN 
e, » 


«t 


MS SEV C 
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132 SOLUTIONS N ALGEBRA. 


ese dore 
23 or i 2: 


whence z = s 21 2 ; C T)or- ; viet 2 (2) - 5, 


or let z? = 2° 4 2, then 162 E 


9 A1 3 
„ 4 or 4, and 2 2 pos 10 1 / 2); 
en ET A 
TP ug dek: 
3 
N 
a 16? 


(199). 


at ka JO be) +5 be - LU - zb 5 — bz +B) 


EE LU 0 dia - bet 59, 


whence Je - 16 2 
a [). {a VU + ba) 2 5 Ve = be 0 


x Lech {a Tue (a? -bx + df 
Deo qu ES M 


5:91 A. 18 
- I + d& + t (Bx? — D 4 b')-ab 4/ (09 bac) (a*- bac 4 n] 
4 


whence 9a*b* = ai T &; .. ze. 
200). (1 4 2) / (14a) +(1-2) /(1- a) 324(1 + 2°), 
(IT z (14a) c (12 x (17a) 424 (1-8) (1-2?) 24 (1+4); 
3 y (1 -a) (1 - 2*) 21- 2az + a*; 
. 4 (1 + /(1 ,- 2ax =- 14 y (1 - à), 
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Ex.201—203,p.39.] QUADRATIC EQUATIONS. 133 


org 2e II-, 1-179. 
a 1 a 


ef 24 U = A (1 - d.)). 


Ze E EE 


4 dora e 
Eé az a? a 
e hie 
Ee HABE a} 
S 4b)} = 2m, 
TUM -zí a x dief + 46)} = 2m 


whence L 4 44m* = Ama; . * 2m (m + ya). 


(202). nyae + et (n - 1) v - 2 (n - 1) a’ z 2n - 1, 
n V. + 2%) — (2n - 1) = (n - 1) /(2* - 2 (n - 1) a°}, 
n? (a? +. 2°) 2 (2n - 1) n y(a* + 2°) + (2n - 1) 
= (n - 1y ( - 2 (n - 1) 45, 
whence (2n — 1) (a? + 2?) - 2n (2n - 1) Y 2^) + (2n - 1) 
(2 - 1) 4 (n 1); 
se @ a - 9n (a 40 +n? ( 1) (1 - a5, 
 V(a+@)=n+(n-1) YU -a, 
whence z = + din + (n - 1) vil 40% - «*]. 


bk 
(203). 3 t 637 * = 2201 x æ 4 49 y(x) - 1196 = 0, 


ES = 2 + 98 /a — 2392, 
at E 
441 126 
whence z — 98 det 2401 = —- - E +9; 


E * 


1 


e^ 40 * (A- Ty 


4 


3 
dE 
* z 


L » 
.. & f 7 = 0, and z = 2401, 
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134 SOLUTIONS IN ALGEBRA, 
i H zl- 2 QA S 
also z^ + 49z* + "m + 8, whence z = 18 Daa An, 
or 16 sU + 7661), 
or let z = z$, Cé 2 (2 - 49)? = 9 (2 Ty, 
gef e af + dl or - 1 (14 "um 


and z = z* = 2401, or 16 PIU + Y(37))* or 18 0 U * 761), 


(204). (a) - (b) e = (ary? d Gd 


az? 
Va) e 0). 
a-b (a - 7 
( P) = | =ab 4 S ey 
- (a - 5) ＋ Se D 


"i a+b 
iM baling m 2 5. 


(205). (£ + 2)* + 2 J(z) (£ 2) - 3 /) = 46 + 22, 
( 4 2) 4 2 / ( ＋ 2) 4 en Vie m 100 


—: 
D 


24 2 
„ & ＋ 2 ＋ N = =8 0r- 5, 
1 aig 
whence z * /£ *t 47 or qal 


1 
and z = 4 or 9, * 2 C33 van} 


(206). V(a + 2) + (a - £) =b, 
(a +a) + (a - 2) 2 U - a9) o ga 
4 (at air 27 fe +a) (72) 20 4 2 fg 
whence dé - e?) -WV - 2) bea , 
9? 


— Die - 2) = * ) 
ene Le MV. 
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Ex.207—209,p.39.] QUADRATIC EQUATIONS. 135 


(207). y(2a*- az - 2*) - (a + £) - y (az — a*) = /(2az + 2°), 
„a' - az - 2") - a) (2a + ; 
ce (a 2) + y (ax - 2") = y (2a + 2) (a- 2) - NI; 
. (@+ 2) + ax — at+ 2(a + x) (ax ) 
= (2a + a- 2 /(az - x*)}, 
or a^ + 3az -2(a4 z) /(az-2*) = 20? on - 2 (2a+2) A (az - 2?), 
or 2a Var a*) = a* - 2az; 
vi daz 4 = aè — 4d + 42°; 


or let æ az, then 2(1-2)° (/(242) 4 /(2)) -(/(24 2) t T 
* NETTE: O, and z = 0, 
or (242) 4s =2 (1 - £), 
1 
i. ERE az=- 3 (14 z) 
(208), z? - 4 25 = "2? (5 - 2), 


* — 102 A 25 + Tx? Ge 5) 4 E Se, 


d 
2 A. A 
ACC lt if, et A 132" 
s ee MCN 
4-1.9 5 
whence & = WË er 2 b 2, or æ è S E 03 + (49) 
5 


2 
ere 4, or æ 8 1209 + 13 /(249)]. 


(209). 4 — 27a + 12 y(1 + 4) = 27, 
27 (1 + x) - 12x J(1 + z) = 42%, 
ine V4 a) 4 = de 42 162° 


OT Bh Ss" 
22 dér 2z 2x 
1 Ee E ONE Zen 
A + 2) gig", -g' 
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136 SOLUTIONS IN ALGEBRA, 


from the first, 


41 


81 81 225 
„ 42? 9 ＋ 16 2941 16 16" 


eye (is 2086 4 


2 4 4 4’ 
42? 
also ST ez 41; 
En 81 SIE 81 ZE 6885 
ira. K 8] 64? 


LEM VOT) = P + VOT} 
(no. 1 a D vei (1+3 


a- SETS 0 20 JU 42) « der 1 


ke SC? 4 j-3) 


-2ü- -2 +2) («( (sz 0201 821 
or - ay da (1 33 


-2ü- -ava«a/(«( A )-2]«20- -2)50 
56-2250, prs $ 
and (a x (1 2*)) - 2 (1.- 2) 
- 9 4(1 + x) (az + (a- 2) a} + 22 = 0; 

a- (a 2) * - 2x - 9 (14 2) (az + (a - 2) ett 227 
whence az + (a- 2) 2 
5 2) a?) (1 +2) = (a + 1) (1 T 2) 

*. Maæ + (a- 2) = + x) (- 1 V(1 a}; | 
ZE 2) * {-1 T YU⁰ ,, x 20:49) 
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Ex. 211, p. 39.] QUADRATIC EQUATIONS. 137 


e yia eg 1 


ett y 
_ V0 a) - IP HM _ ft v(1 +a) - 17 (a- 1) 
a-2 (a - 2) (a - 2)* 


e EE K-10 
_{tv(i+a)- 1zvV(a-1-1) + V(1+a)~1 
(a-1)-1 T WMA 11° 


(211). a+b W (z) ο - V (2)) V(2a+2), 
a*bdzcz-2b(2a«z)- J(2az + 2°) 
or {a + z + V (2az + 2°)? = [b (V (2a + z) - deii 
=2 (a +2 - V (2ax + x*)}; 
e (atz4 V (2az toi = 20 {(a + 2)? - (2ax+2°)} = 2439 he; 
af V(2az +2*) =m, 
and 2az + z? = m? - 2m (a +x) + d + 2az + 2°; 


4 
„aotit -2am (m-a) d Dien 


2m 2m ` 2¾ö ) (4) 

or by this method, let (z +a)=2; then the equation becomes 

1 1 A A 
b cay - (z-a)?} = 24 (2-a) - (eta) + E-a}; 

i 1 
*. ((z T a) 1 (z a) P =4ab, 
i i $ 
and hence (z + al + (z— a)” = (4ab)” (a); 


d. (24 a)? -(s- a)? AIR. vm (8); 


i 
(4ab)* 


i L 
(ay + (BF E de 2 Gë? La (4ab*)° ; 


a7; 2 
2 2 d d D 
T T Vai 2 "M (0 * 
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138 SOLUTIONS IN ALGEBRA. 
(212). (z 42 Ha) -{x-2 oye = 2 (* - 4ay, 
z424(z)-*z-24(z) -24(z* - 42) = 4 (* 1), , 


whence z? + (2* - 4z) - 2z & - 42) = 4 (* 4z)? , 
or z (x - 2) = (x + 2) V (2 - 42); 


(z -27 _ * — Ee 
andz42-2t42z; .. ANNE 


(213). (z - 1} + (a - 1 - 2 (az 1) = {3 (z + a)? + daz], 
or (x - a)? - 2 (x + a) = „ (x + ay + 4az); 
.*. (-a) - 4 (2 - a) (za) 4(z 4 af = 3 (x + a) + Zon 
or(z-a)'-4(z-af(z*a)*2* -2az +a 20; 
„ (-a 20, andz-a, 
whence z? 2 (a + 2) x (a + 2 = 8a + 3; 
. z-2a42t (8a + 3). 


(214). (= + 2 y 6 " 3 ; y 6 E * N 


D 
„„ GA 1 
and 27 (z* + Z) = 212-1]; 


2 1 1 9.1 
Vi 3 ? — * = — — 
. 27 {at + (z ets) 2 4 30 tub: 


1 1 
— 2 — — o 
a1 (z +242) 4147 (245) 343, 
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Ex. 214, p. 39.] QUADRATIC EQUATIONS. 139 


2 
and by substituting x - 7 + i for 3 d +— 
x 25 


123 48 1 
a? - 48, 3 12 — — — — 
* + 123x 196 + p. zz 0, 


> ) we have 


2 
then + 35-48 (+2) +128 (2+2)=0; 


1 1 
D - bud d = 23 = NEA = E 
2 174 (70 5125 0; z=+/(- 1), 


2 
also (2 + ` - 48 (z ` gd + (24)? 120 + 576 = 456, 


and z += = 24 + 2 (114) = 2m; 


.*. = 2mæꝗ m =-14 mM’; 
Déi * m Vm 1) 
= 12 + J114 + 2 (257 + 24 y(114)}, 


or thus, by squaring, &c., we have 
ERE 
& 14 O, ( . 4 1), 
ae 
or 3 ( 1 ) (2 14) 
* m i 2 
(E +a ) ((r +e 731 (a). 


1 


OR ! 
Let x +x” =z; then, from (a), (z + 1} = 2255 


: 25 425 412 (0 
2 * 3 — +1l=2 R H 
2 -1 

At 1542 

& r fBefä In 

eh red 
( -z 7 =(2° -1)'-2 

H A 1l $ a 

^. 22^ = {(2° = 1)4 2)* + (2 - 1)*- 2] 


and z = sut - iyi (95 1) - 4] 1. 


www.rcin.org.pl 


140 SOLUTIONS IN ALGEBRA. 


EQUATIONS INVOLVING TWO OR MORE 
UNKNOWN QUANTITIES. 


IX. (1) 2a + 38y = 18, and 3z - 2y = 1, 


if 22 + 3y = 18; .. iie. also z = Z+, 


, and 54 - 9y = 4y + 2, 


. 18-3y 2y*1 

„„ 

whence 13y = 52, and y = 4, 
8+1 


also z = 3 28. 


(2). 1(e- 5) 2 y - 2, and 4y- 3= È (æ & 10) 


ge also z - 12y - 19; 
ae y + 33 = 84y - 133; ne HK Zb 


and z = 24-19= 5. 
E 
(3). 7 (2x - 9) y 3 42), and > (y +3) +E -2)=2(@-4) 
22 y = l4y 21 42; „ 2 42, 
23 
also 6y + 18 + 5y — 5a = 60x - 240; — z= lly ui ad 


65 
. 15y -42_ 11% + 258 
WE y 65 or 978/2780 = 253y + 5934; 


866 
„ 8664 12 and pu 190 42 138 


722 EE —35 "39 


= 12, 


X 32, also z= 00; 
apa 


— 


dh? & + 00, or 16y - 15y = 24 x 28, or y 672 
| and z = 5 x 84 + 60 = 480. 
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Ex. 5—8, p. 40.] | UNKNOWN QUANTITIES. 141 


(0), Ce Genee At —, and 3 (3 4 4) - 10y - 15, 


70x + 60 + 110y - 1760 = 2752 - 715 - 176y + 222; 
_ 286y - 985 1 10% - 21. 
e e also z- g 


| 10y- 27 280% -985 py 2786 
eg ee ae A EY Toga 


90-27. 63 


and z = SECH Sec 


=9, 


(6). 9x - 4y = 8, and 14 12, 
8 4y 100 Ty. 


D NE e Mee 


9 12 16 _ 31 
KEE also (2) > + 150 
and subtracting (1) from (2) 


16-9. 31-24. „ _ 7x16 


E T. 3 "iss 
B. 28238 
eid" EA ee | cm) BS — "S = 12. 
also $ "i8 m i" 


(8. (z + 5) (y + T) fe 1) (y - 9) + 104, and 22 + 10 = 3y +1, 


ty + Te + öy + 85 = ay -9z -y 49 41045 165 
Zu 9 - 
also a - ecl: ^. 24y - 72 = 78 - 6% and y = 5, 
15-9 
l mI — 29. 
also c 2 3 
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142 SOLUTIONS IN ALGEBRA. 


6x? + 130 — 244° 


Uy mr auci. ac 


(9). 


and l2zy - 19x + 137 _ 9zy - 110 ! 
4y -1 by — 4 
627 + 130 - 24y* = 8 14% + 11 + 6x? 24% 
127 - 14y 
1 
also 3627105411) 762-548 = 3627 -440y - 9zy + 110; 
f _ 658- 851y . 127 - 14y 
r 
whence 1344y* — 3895y + 2414 = 0, 
3895y /3895%  /3895v 2414 2193361 
quud: T D ES) i: Gel - 1344 ^ (2688) ° 
ney = 1995, 1481 2, or 1207, 
2688 2688 1344 
127-28 99 


. arn 


1 
V4 23. 


24 — 
(10). 4z + 5y 40 (z - y), and — 


2-09 LH, also z , SEH 


36 


1 
and =. 


(11). —- a TM 
Sr 5 "99 d 52 * By 80" 
ie ek, 1.45 
ata 30.57 7 8 
and by subtraction, 
8^ 4 36 19 9 
3y öy 30 30 "16 


(12). (æ + 5) (y+ D) = (z + (y - 9) + 152, and 2z + 10 = 3y - V 
ay + by + Iz +35 = ay +y - 92 - 9 + 152; 


7 
g’ 


y 22, and z = 3. 
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Ex. 13—15, p. 40.) UNKNOWN QUANTITIES. 143 


t= 


108 - dy 27-y _ YY — ict 
Mtn auras. 2 
SR 
e WE. aan -y-6y-22; . J, and z- 5. 


6 B 


28 + 4z 102 + 6y = 60y - 240; 4 = pete 


also 15y - 21 + 42 - 3 308 - 3025 „ £ = cibi 


7 
as. “$2 EY gy 12, ana *Y = = 7 4-3 _ 308 


. 268 - 55y 332 - 15y 


D ^ HE e or 4556 - 935y = 996 — 45y; 
3560 332 - 60 
3 835 Sa = 8. 
y 800 4, and æ dá 


1 
(14). 3 (2 ＋ y)* S (x - y) = 99, and dz = 33y, 
de + 4y + 3z - Sy = 708; „ 2 * 


whence 3540 - An 231%, or y = " = 16, and z = 99. 


3 


3 y% 5 NS St 

and (F+ 3" 9(5- 30 

Te 24% _ 6y +12- 3z+2_ 80-2 
20 5 ve `. D 


414 - 90 
. 28 + 96% - 6y + 3z - 142 400 — óz; Dd 


also 18z + 8y + 30 = 54x 36% + 18; v.x 5 B 
1, 
. 44y +12 = 414 - 90% and y = 


hence 


402 
154 3 and g = 4. 
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SOLUTIONS IN ALGEBRA. 


(16). sa Y -3y - 5, and 9/1 4275-3 218-52, 
128 - 6z 


hence 28 + 4z 10 + 5y = 60y - 100; . y= — 
also 30y - 42 + 8z - 6 =216- 602; . y= M 
. 128 - 6 264 68x 


144 


or 384 - 18z = 1452 - 3742; Co * 50 
110 
and y = 55 = 2. 
59 - 2z x gen 73 - 3y 
de ET e 
23-2 7 2 ` 
*, 482 - 27? - 1 2 — 437; 
437 - 4y -18y*y-83 90- side ta 
WEEE , also 77 z — 18 mg 
34 - Sly — 9 = 34% + 17 — 54y - 306; 
E 297 + 3y ` 437 - 4y 
RE Wy 17 


(17). z- 22 — 


*, 297 + 3y = 437 - 4y, and = T = 20; 


297 +60 357 - 91. 


[oye ue 1^3 
x 4 
and 47 3 92425 323, 
5 1 1 
12 - 20y 22 + 8y + 9 = 6% + 4 + 3; m 
y 4 32 y 192 | 
also r+ 245: ie : 20:21; 
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Ex. 19—21, p.41.] UNKNOWN QUANTITIES. 145 


; 20 345 + 28) = F 


31 
5 1 „(154 - 1016). 18319 
ge Dës ee e 
36 
and y = 7 4. 
(19). 2z + ‘dy = 1:2, and 3:4z 02% 01, 
20 + 4y 12; 4 , 
2y 41 
also 3402 -2y 21; *. z- T ; 
203 6'8 
— 204 - 68y = 2 22157 
2 8y = 2y +1, ory 70 2:9, and z 340 02. 
0-362 — 0:05 2-6 + 0-005y 
20). 2° 0:32y - — ————— = 08: + — r-o 
(20). 24 + O-32y Ss 0·8 + TL : 
0:04y +01 0:072 - 0-1 
Kate UTR. 


from (1) 1:6z + .32y 72 + ‘1 = 1074 + *02y; 
10.3 — 3% 1030-30y. 
OMS star NE 


also '08y 4:2 2:072 - 1; . 4 SE = Sak 


1030 - 307 E 30 A 4570 
whence „ Shia, , and y Ji EH 53 
_ 40 : 30. 10. 


b 
s+% 4 also æ - a + z (y - b) = b; 


therefore, g subtraction, 
-0% p 


ay — — ES eeng 
+a 20 5) a- 6, whence y = CH p mro 


E 
ab a 
and z = 44 — = — 


www.rcin.org.pl 


146 SOLUTIONS IN ALGEBRA. 


— 9 
ay Yao EM, cea , 
æ æ+y y y c c 


z- A i 
from (2) , 5. 4 19, and æ . 
also z -y = 0; . z= 2, 
1 2 f 1 MN. 
from (1) 3 5 e Syr y 27 35; and æ g · 
(23). 3a? + az =b(b +y), and az + 2by = a’, 
2 ty) d'—2hy ; 40 = Y 


a CER dile tte uch 
195, E et 
BEE rq AM TRE UE 
m n m n 

Mea — d—-4-25 
(24) Cat a, an j 4 

my m z ny n' 

b ee 


1 n an bm an' - am? -ar + bmn, 
Oy rene ee ee Tee ta 
z m m n= m m (n^ = m) 
SEL imi 
bn — am ` 


(25). z 4 y dg and az = by, 


_ by. _ by UD, ja a? 
from (2) f=; ea, Ee 
ab 
and - 
a+b 


* (26). az + by =m, and a'z + b'y =n, 
aa'z + a/by = a'm, also aa'z + ab'y = an; 
therefore, by subtraction, 
(a'b - ab’) y 2 a^m - an; 


. „am-an E Be ON 
did dou que d WS 
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Ex.27—29,p.4L] UNKNOWN QUANTITIES. 147 


27). 


* 


ir 1-2, and © 4 DIE 


EE 15, also z — a(t 9) - 2s 


(b-y)a ab(14y)-5 oh - ab? — ab? 
Say ee 2 E, whence y = r — 5 
a a di debe — ab? _ ab (ab + a - D) 
a TI bd(@+1) ie det- | 


7 


and g= 


(28). c (be + ay) = axy, and c (az - by) = bzy, 
acy bey a O ime 
= =, or ——_ = — |} 
ay -bc ac - by a- be ac- by 
CR AË AE wt, 
adio - aby = aby be; *. Mat 


o (a* + b°) 
and bez + acy = azy, whence z = ër: E RN 


(29). (a? - 5 (8z + 5y) = 4 (a - 4 2ab, 
oe » 
and a'z - zog + (a+b + e) by = Bie + (a + 20 ab; 


3 3 (4 - b) 
also = Lg ( 22) h 25 6 % 


*. Sab a 5y (- b°) = 3ab (a 25) + Batt —(a+b+0) 30%, 


b {3be - (5a - 8b) (a + b)} 
whence y {(a +b + c) 35 — 5 (a° - 0] = Sh Se 
; ab x Sbe — 5a? + 3ab + 8b? _ ab 
arb Je- 6a dab + 8 a+b’ 


GE, ab 8a-2b 5 a-b A ab 3 
ENEE . 
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148 . SOLUTIONS IN ALGEBRA, 


1 ER) 1 Set 
KE n 
T "un tm 1 ^" n 
—+—=—, also-+ — = 3» 
& ny a z my b 
whence, by subtraction, 
(2-2 1 m n mn ab 
n c oM mb = an mn’ 
m1 n m a m ab 
also —) -=-- = ; x Ss, 
65 3p a.b bn-ma nm 


(31). ax + by = m, and a'z - Uy - bm, 


eat -by bmi b „ m (a- 
IKE E 2 ^97 Sul)" 
m b x we? 5) 2mb 
NO EFT d. bai Ai a ( ) 


(32). a . 4 y!) - b (2? - y*) = 2a, and (a° - bai (a? — y?) = ab, 
(1) (a - b) z* + (a +b) y? = 2a, 
also (2) (a? e) a? (4 - b) y? = 4ab, 
multiplying (1) by (a + 5) and subtracting (2) 
(a + 575 y + (a? — b?) y? = 2a (a + b) - 4ab, 


ayet ei): and J (255): 


(33). (x + a) (y - b) + 2e = (zx - a) (y +b), 
and (x + b) (y - a) = (x + a) (y - b), 
from (1) z(y +b- y + b) = 2e + a (y - b) + a (y +0) 
Ze + 2ay _ € + ay 
2b E 


from (2) z(y- a - „„ 


te E 
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Ex. 34—38, p. 42.] UNKNOWN QUANTITIES. 149 
(34). ( c y) a - b (z - y) = 2a*, and (a* - b?) (x - y) = 4b, 


2a? - (a + b)y dek + (a? - EI, 
fr 1 ap — d xod LL 
om (1) z SR from (2) z= 755 


*. 24 (a+b) - 4 = 4a°b + (a - B)y; . Ms 244, 


(35). (x +y)b =a (z - y), and (z + y} = az - TUE v)» 


from (1) (a- b) æ = (a +b) y; = patently, 
by substitution in (2) 


E (a? + 5) . +B (a? + Py p. E vw 


(0-5) a-6b 16% 1645 4 TC 
2 3 7332 > 
2a ES 4a 4 7 


(36). a? — ac + by, and / = bz + ay, 
z-y-a(r-y)-b(z-y) * * 7 O, and z = y, 


1 f 4 4 
also æ y =4-b; .. „ T Sch 
1012, 147% 27 4 8/1 

(eq ee a — — à » ü 
). öx + 3y +3 and 2/6 + 2) 3 (6 y) 
202* — 244° - 28ry + 4a = 202° - Wary - 24y” + 17x - 21y + 3; 


vg US from B y.- kon 


whence 39z + 9 = 210 - 28x , and z = 67 = 3, 
and y = 2. 
(38). x +y 3% and zy = 18, 


KEE zl 52) 18, y=9; „ y 713 2510. 
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150 SOLUTIONS IN ALGEBRA. 


(39). £- y =a, and y (y a) + bz = O, 
4 = (Ta); . (% a) *b(y*a)20; 
. /a = O, andy = a, 
and æ = O, also y=- b; .. 22a — 5. 
(40). z- 1 2, and 3zy = 36, 
* piel *. 6y (y + 1) = 36; 


1 1 
TEE 


(41). e-y=2, 9 ct 


from (1) æ = y + 2, from (2) 15 (a - y’) = 16zy; 
therefore, by substitution, 


Ty e 15,49 289 
MEN RE - = 
y tla) 4 64 64 
Tome 5 3 
I SF 304, and æ = 5 or 4. 
(42). 5 ( - y) = 4y, and z? + 44° 181, 
9% . 8n 181 * 25 15 
N + 4% = 181, and y'= 181 31 % 0 
S and 4 555 . 


(43). x + 4/7, and z? + y* = 10, 
=7- 4y; . 49 - 56% + 16y* % = 10, 


56y /28½ 39 wës 121 
whence , - T + (52) rm) = 989! 


m n paren and z = 3 or - 117 


17 17 


(44). et+y 775 and zy = 21, 


Ai 4 1 1 

ee e MET 4; . 14, 

and y? + 4y 44-25; . 245 = 3 or 7, 
and ec 7 or- 3. 
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Ex. 45—49, p.42.] UNKNOWN QUANTITIES. 151 


(45). & 1% 1, and 2 - zy = 153, 
from (1) z21- . y-2y*1- y * y - 108; 
y % (Op 182, 9 1228 
Harf ) $7387 J6 


2 4 
nyciiq-9bo-8 and z =- 8} or 9. 
46 "TIT =9 
(46). Pet 127 and ey 294, : 
EEN 
from (1) 5 = 37g? r 6 
St 
from (2) = = 294; . y =6, and z - 7. 


(47). 3 and s- 2 = y, 


7 
from (2) 2 2; . (y 212 (% 2 75 
whence (4y + 4) 12 = Ty’ + 14y, 


nd y? Say UY aca ee 
rz Ie Gras 40 49° 
17 28 6 
e =—t—= -— l ex 4 — 
kk 1 6 or - 1}, and z 8 or 4 7 
(48). z ( + y) 2 66, and 2 - y* - 
66 - 2? 
from (1) y = ^W. 
* 2 4 
„ -, 
4 - 66˙ + 13227 zt 11%; .. 25 t0, 
6 — 36 
and y = t6 245 


(49). 4 4 % 8, andz- 1, 
* 5 =y 4 2% 4 13 
4158. 
i Aa ake WC RE SEN 
sS y=lor-2, and æ -2 or - 1. 
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152 SOLUTIONS IN ALGEBRA. 


50). & - zy = 6, and 2* + y’ = 61, 
SE at — 122" + 36 _ gy 
g? 


whence 2* — E 78v  .890 5329. 5041 
2 tery ee" ae 


1 1 
ee 1 = 36 or 33 ee dee ig. 


** 


and y=+5 or — 


vay 
s$-y 7 3 
Sont prof ee 
Ree E 
3: m m now me diet t 2 


and z? - 2zy + y? = 36 - 32 = 4; 
4 2-9y-2t2,andz4gy-260; ..2=4or2, and y = 2 or4. 
(52). & + y? = 35, and z + y = 5, 
r4yg 
tty 


=4 -zy +y =7, and z* + 2zy + % = 25, 
whence by subtraction zy = 6, 

and z? 2 + y? = 25-24; — z-y- tl, but 4% 63 
4^ 4 3 or 2, andy = 2 or 3. 


2^1 
"muli EE 
E ia x D roit p aue | 
f 2 de fat, al WE 
rom (1) and (2) = say tae i 5" 
e sd 8 QUA EE: 
ana at — — — 2 — 
2 tg and 2 z’ 


whence z = 3 or 6, and y = 6 or 3, 


(54), at — y' = 369, and 2? - y? - 9, 
at - yt S ; 
2 t 241, but * Aë 9; 


de 4 6, and us 4. 
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Ex. 55—58, p. 43.] UNKNOWN QUANTITIES. 153 


(55). z +y 11, and 2° + y? = 341, 
4 4 % 
Ty 


=& - ry t y! = 31, and æ 4 2zy + y* = 121; 
therefore by subtraction zy = 30, 
and z* - 2zy + y* = 121 - 120 = 1; 
"£-y-t1l,andz4y-11; 
. z-60ró, and / = 5 or 6. 
(56). z - y = 8, and æ = 14560, 
let æ m An, = mn; . 4 = 5 2n 8 . n-4, 
and (z° + y?) = 2 (m? + 16): * - y* 16m; 
ce ( - y') = (a? - y?) (2 + y’) = 32m (m? + 16) = 14560, 
whence m? + 16m = 459, 
and m? - 343 + 16 (m - 7) 20, orm=7; 
. £-11, andy =3, 
5 0, 
whence m=~ 253 2 211), 
also gom 65 x 7m; 


- 


2 
*. m. + 65m? + (F ) = = 490m? + 450m 4 2) 


e mo S (m x *. m= 7 as before. 


2 2 
(97). T+ ey +y = 14z, and z* + z*y* 4 y* = 842°, 
4 2,2 A 
ees ai fe 


also z? + zy + y*= 14; . zy = dp, and y =4, 
from (1) z? 10z + 25 =- 16+ 25 9 . 4 8 or 2. 
(58). æ +y 14, and a* - y' = 14860, 
as in (56) if z =m + n, and y = m — n, 
then z y = 2m = 14, and m = 7; 
^. (a? % ( + y”) = 2 (49 + n?) 28n = 14560, 


whenee ai + 65n? + 2 = 16n? + 260n + (F S) 


or 9 ( J) as above. 
H 5 
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154 SOLUTIONS IN ALGEBRA. 
(59). z' + y* = 641, and zu + = 290, 
from (2) z? +4? = m, . 254 22 * ＋ * (GM. 


ay 
and subtracting (1) 


84100 
2,,2 
2 7 = zi 
A AU p ORE E * * _ 84100 (6410 1083681. 
E Së rc en. 1 
` ey =- HL PE 1000 rot, . ay = 10, 


and . 2zy +y'=29-20=9; . 2-y- £8, 
and 2*42zy49'-49; ts t; . 4 45, and = £2. 
(60). (a? + %) ( + y?) = 455, and z + y = 5, 
Hy) HV) o - ty) - 91, 


but z? + y° = 25 - 2% and a? - zy + y? = 25 - Aen: 
*. (25 - 2) (25 - 3zy) = 625 125 + 6 = 91; 
COME CMT EL 
6 12 6 12 144 
i Br ge. 89 

12 12. [39 
from zy = 6, za -2zy 4 21; .. z-y-l, andz4y-65 

. 4 3, or -2. 


*. wy? — 


or 6, 


(61). 4 + y 2 97, and z + y = õ, 
from (2) a + 4% + 62°y* + 4ay? + y* = 625, 
whence 2* + 4zy (2* + Zen + y*) 2 + y* = 626, 
but zt + % = 97; 
. 4zy (25) - 2z^y* = 028; 
. £y? 50 + (25)? =- 264 + 626 = 361; 
. zy = 25 t 19 = 44 or 6, 
if zy = 6, & 22 13 . z-y- tl, but z 49 79i 
^ £-290r2, and y = 20r 3. 
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Ex. 62—60,p.43.] UNKNOWN QUANTITIES. 155 


(62). ai zy + 4% = 6, and 32* + 8y' = 


from (2) 4y? mom 225 + 22% + 11 - 32° = 12; 


2 (at + 22* + 1) 
a 


zb 


* ＋ 1 
e yet and Ae + 


Ta? Ey 
paci —;. AI 
dod: *. 5 + et 100! . I or 4 21 


7 
„ Less: 
(63). zt + % = 17, and z + y = 3, 
as in 61, 4zy x 9 - Heu = 
whence ay? — 18zy + 81 =- 32 + 81 = 49; de cy = 16 or 2, 
from zy 22, 4 22 4g! 21; H tl, butz4y-238; 
„ 2=2or1, andy = 1 or 2. 


(64). 2 + % 2 883, and z 4 y = A 


D aho. uA "T Mi) shed 
Sa S — | — — 4 = i 
in zy + ay- ay? y 11, 
but z* + 42% + 62*y* + 4% + y = 81; 
` xy + Sa*y® + Say’ = 70, 

or zy (a? + 2zy + y) - vy’ = 14; 


: 81 
say - 92y + (3) =- 9 14 . 4% 7 or 2, 
from zy 22, 4 2 9 . 4 / 4 l, and æ 13; 


"I "fe Ee 


et+ayty? 7 3 
65). — EE ZU 
(65), Pay ry 3, and = 2 
iy 5, E , , 2 
from (1) ——— Sa PL de pee SH . 4 21 


*, 8y 3/; — 1, and æ = 2. 
(66). 227+ 3zy + y* = 15, and As + 4y* = 
from (2) y -6- ==, from (1) 22° 4 Say + 6 = 15; 
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156 SOLUTIONS IN ALGEBRA. 


34^ 1 
s 4 as! 
274 Or 
; 2 156) 24, 


40 20 64 3 
ß A eet + E 
whence & 7 650 SE ECG) 


from z = 2, y=1. 
(07). 22? + / = 5 = 5 (2x + 3y), 


. from (2) ba" + 9 = (81 - 


from (2) z = tak A — from (1) 2(1- Gu + 9y*) + 12y* = 20, 


2 180.48 3 

whence y* - 2 + (3) = 55? andy -1lor-;, 
3 7 

from / = Il, z-- 1, and from y == 5, 4 25 


(68). at-a?+y*- y? = 312, and a? + 2zy + y* = 49, 
from (2) 2* + y? - 49 - 2, also 2* + y' = (49 - Quy)? - 2 U 
. 49 - 196zy + 22y? 49 + 2zy = 312, 


97 5329 X 
whence ZX - Tee t PE )- 505 *. xy = 85 or 12, 
from zy = 12, 4 - 2zy 4 y -1; ^Ac£-y-2l,andz4y-'; 
„ 4, ye 8. 


(69). a + y! + zy (z * y) = 13, and (x? + %) zy? = 468, 
from (1) (zy) (z - ay «y + xy) = (£ +y) (2?) (4) 218; 
(a? + 5% 4 468 227. 
D 13 


2 2, ,2\2 
and & + 2zy + y* = EJ P 3 - 2 ; 


*. from (2 655 2 = 18 


or 2 get? (36)? + cn = 13 x 36° + 36' = 36? x 49; 
. 4% = 36 + 6° x 7 = 216 or 2808, 
from zy? - 216, we have zy = 6, / 2 36, andaty=1, 
also z? - Aen + y? = 25; . æ- y= 6, and æ = 3, and y=-2 
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Ex. 70—72, p. 43.] UNKNOWN QUANTITIES. 157 


(70). 2? + zy* = y, and y? - z = z*y, 
* + a*y* - zy = 0, also / - °y? - zy = 0; 
. at — yt 2% = 0, and zt + 22*y* + y* = 2%, 
and z? = % (- 1 y2), or æ = y y(- 1 t y2), 
by substitution 
y (83242) «y (C14 42) - y VC 15); 


NE 
and y - 4/(5+ =): ad Ges . 


(71). 2? - 22% + 8y? = 9, and a 42% + 5% = 5, 
from (1) =y + /(9 - 2y*), from (2) z = 2y + V(5 - 4°); 
*. 1 / 9 =+ 9 - 2y’), or 5 + 2y 5 - y) = 9 - 24°; 
*. 6 - 4 4% , 
2 2 


whence y* — E WM 


1 1 
"WK: e Ze = EM 
and y* = 4 orgi „ y +2 or + V 

1+4 

| „ e=+8orl, eu 
(12). 4 2 - y! = 81, and 4 + 4% - 2y* = 202, 

by subtraction 
Wë Mi-y 
XU 
therefore, by substitution in (1), 

47% + 2826y* = 29241, 


9896 „ /1413\* 29241 (1413)? 3370896 
4 Fick EA . C 
A ETT: éi 77 Go („ dw! 
1413 1836 3249 
d = ; . eB 
ber abcr: qom dba geet ner 
gas 10-8 10. 
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158 SOLUTIONS IN ALGEBRA, 


(73). at + yt 32% - 2zy = 1, and 2° + y’ - 22 -2y - 2 =1, 
from (1) a - 22*y* + y* = zy + 22y 41; . a 2 A (zy +1); 
„ gy +y?’ = 2j +1, and 2° 4 y? = (2y* + 1) (2 +y); 
„ from (2) 2y'z + & + 2y +y 2% - 2 - 2 - 1, 
or2y(y-1)*9y-120; . y 2 1, and z-22 or - 1, 


2 1 à 2 ORC, it 1 3 
also y TACH H ae and z zea tyi). 


(74). tee and zy - z* = 8, 
a* + 162? 64 


from (2) yo ——— *. from (1) z242* 4 84 J =52, 
287 /14 4 
whence z* D (3) =53 
4 ens and x= + 2 or + 
Ne BET 


from z = 4 2, 4 6. 


(75). 2? - y? = 56, and zy (x - y) = 16, 
g-y ^ acuazryty 7. ergi ety 
5 ee ;79; „. 
ay (x - sutz Ai ey 2 (z - y) pit 
and z = 2y; .. from (2) 24° = 16, and y = 2, and z = 4. 


(76). & + y (zy - 1) = 0, and vi = z (zy + 1), 


y 4er. 1 
from (i) z ay ey sors aT 1 3 yay ty’ 

Ek ie Wer 
1:3) wier = DÉI 1 
from (2) 5 += EES 7 Sri * ay * By 704% +1), 

Sikhs pi Iaith on Oe 1), 

and 6% = /((4y + y!) (45? + 1)}; 
vd whence y - 2 4120, ory®=1; . 5 1, 


1 
and from (1) z = 2 (- 1+ 4/5), see VIII. (145). 
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Ex. 77—81, p. 43.] UNKNOWN QUANTITIES. 159 


(77). 24 y =4, and (x? + y?) (x° + y) = 280, 
since z +y =4; . 4 % 16 - 2zy, 
and z? - zy + y* = 16 - 3zy; 
*, from (2) (16 - 2zy) x 4 x (16 - 3zy) = 280, 
or 256 — 80zy + 62*y* = 70, 
„„ 40% /20% 93 400 121 
or & 2 ( J a a A 
from zy = 3, 2? 2% + 4° = 4; 
*. 4 - 2, and æ = 4; . & 3, 1. 


ais er 8, 


(78). 2 1 2 6, 12 - 24, andy t 2-2 2, 
from (1) - (2) z ^y -z-(z*2-y)22, ory -z- 1, 
from (1) + (3) y 2 4, and z = y - 1-3, also v=2%-y+6=5. 
(79). zy * 2229, x + 2y + 32 = 62, and 6 + 4y + 3z = 120, 
from (2) - (1) y + 22 = 33, from (1) - (8) 2y + 322 54; 
*. 2y + 42 = 66, and 2y + 3z = 54; . z= 12, 
y = 33 22 = 9, and «= 29 - 12 - 9 = 8. 


* WH iv 
(80). 54 - 11y^ 4 132^ 22, 4z + 6y^ 52 =31, and z -y^ +2 =2, 
| A. 1 X 1 
from (1) - (3) 4z^ - 3y^ = 6, from (2) - (3) 10% +2° = 23; 


* d 
223-10y*; . y^ =2, andy=4; 
4.22217, 22 1. 


i 
i 643y 
d 


(1. c4 2, y ez e 4l, and % 4, 


from (1) and (2) 
41 123 2 
a= 2 4282 2y; . EE ER 
130 
whence 1230 + 52 = 1360 82; .. seg E 


y = 84 - 2 = 82, æ - 82 - 64 = 18. 
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160 


(82). 


(84). 


(85). 


(86). 


(87). 


SOLUTIONS IN ALGEBRA. 


t 2 * 2 e £g 
ca ND 20 f nd 3520 157 
from (1) and (2) 
giy . 8y 8% äu z 122 
BLEU ioi die SIT IRE 
also 5 - y! e x 880 =~ x 3520; 
17° 17 


42268, y = 48, 2 = 128. 


(83). 242y48:2 17, 22 4 3y 42 - 12, and 32 4 l 222 13, 


from 2 (1) - (2) y + 5z = 22, 
also from (1) and (3) dy + 7z = 38; 


A 2266 75. and 1 4, 2 1. 
nn 
4 ＋ 0 * ＋ 2 His 
V 
eee F 
. 2z- 6 = 8246, and z=- 12, y=22, 2 Lë. 
141. 8 LIE TAA and 5, 141 
234708038, :801 7 w^. .8' 
Leen Vë: Kate 
HI == — == -= 23 
ek eeh : "OU tS ai 
a vn 
2$ 18! fo 2= 15, 
and y = 10, x = 20. 
4 ＋ = 15, 4 238, and æ -f 26, 


from (1) - (22226; . e+y=9, andz-y--1; 
"$-4, 9-60. 
e+y+2=31, zy -22 20, and z- y -z- 9, 
from (1) - (2) 223; . 4 % 228, 2-y - 12; 
4 2220, y=8. 
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Ex. 88—94, p. 44.] UNKNOWN QUANTITIES. 161 


(88. 2494229, z + 3y - 32z 2 7, and z — 4y + 82 = 8, 
from (1) -(2) 22-y=1, from (1) - (3) 5% - 7221; «. y= 55 
.*. 2 2, y=3, 2-4. 
(89). x 2% + 3z = 22, Ze ＋ z+ 3y = 17, and 3x + y + 2z = 21, 
from 2 (1) - (2) y + 5z = 27, from 3 (1) - (3) 5% + 72 = 45, 
whence z = 6, y = 2, z = 3. 
(00) 3a + 2y = 32, 3y + 22 = 25, and 2z 4 3z = 18, 
from (1) - (3) 4y - 9z = 10, and 3y + 22 = 25; 
8 2, 7, 6. 
(91). 2 1 30 = % 1 2, z 1 22 y +30, and 3z + y = z J 30, 
from (1) (2) 30 22 = z 30; .. 2 = 90, 
- from (1) + (3) 4 + 20 = 22480; „ 4 2-10, and y = 20. 
(92). 22 +y 3% 22 z = 120, 
27 t % -3y +z; Sr 2 (x-y), also y =z; v. KS 
„ 924 2-7 120, and z = 30, y = 30, z = 45 
(93). zy = 3 (x + y), «22 4 (2 + z), and yz = 6 (y +2), 


3y 4z 12 
=—, — 3yz- 12 ENG e 
* y-8 acd! yz — 12y = 4zy — 12z; ER e 
h CR ONE. Dn 
m ence gz yg! 412212, 
. 2 24, y= 8, z= 44, 
„ . and 16 
. fy 1 2 
LBWS ext 
from (1 8 
" OF 2 27 2 24 
4 19 
from (2) lu 15-9 


RA 795 . 8p Be 


4y 22 Pads Kä 22 65 
5. y=12, 328, 2=6, 
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AE eo, SE ai DL ep, is AL, ini. Lg adsis si Femme n Ka 3. gud én, 


162 SOLUTIONS IN ALGEBRA. 
2 8 1 d ien B o 
FFF 0 e Ale cds ec ia 1 
(95). = ea . 6H, and 62 Aë 124, 
2 5 ,1_ 85 
e Sy 2 27’ 
1 1 448 15 18 * d1 
RE E e 5 
* eh vis ny. IM 


CC 


„ E al nk d 
fon airs Ge ta D ee ag ae 
whence y = 9, z =6, and = 5. 

But ben Eengel i EAE MR 
RE w 249 E A 
gin bes vk) (EW Mäe 4 
from (1) - „„ ec IN ERR 
2.1 1 1 
CONG M EH 
M urs 2abe SCH 2abe Kä 2abe 
Y= ab + bc = de ab F ac - be ac J be- ab 


(97). 4x- 5% + mz=Tx-1ly+nz, and 3 
*. 28 - 35y + Tmz = 21, 
also 28x - 44y + 4nz = 12; ~. (Tm - 4n) z + 9y = 9 (4), 
from (1) ~ (3) 9y + (4p - m) z = 9 (5); 
*. (4) - (5) (8n - 4a - 4p) 220; . 220; 
. 4 = 6% = 3, and 4z 4/12; y - 1, and æ = 2. 
(98) x+y +z=0, (a4 b) z (a ce)y 4 (b 4 0)z - O, 
and abz + acy + bez = 1, 
(a +b) (z4 y 42) - 0, also (a 5) + (ac) y * (b. e)2 7 05 
. (5 e) / (a- e) z = O, 
also ab (æ + y + z) = 0, but abe + acy + bez = 1; 
. a(b-c)ysb(a-c)22-1, 


1 1 „ 
vis dui Can Sr pest Y (a -b)(c-)' 7^ Oe) (a-9 
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Ex. 99—102, p. 45.] UNKNOWN QUANTITIES. 163 


2 2 % p ET et iiis 
(99). 23 * 4 62, 31 4*5 47, and 2 5 tg A 
. 


2 
30 1 


from (2) - (1) 12 + ig^ 17, from (3) - (1) 


whence y = 204 - T also 210 - T ; 
de 2- 120, y = 60, t= 24. 


* 
Qu E iQ E e zi 
en 3 PU 


| as 
BOR eis ype wot: 
IW. 2L 7 161 
ord dp 730 P 
from (1) - (3) 
H De NH URL MM 
£. M AW 29 8). 0; 109. 10. 
56 27 143 
fa oy 10 7 
from A- Si and Nel ane 
ae „es- n EE Ae W Ss 
(101), emie = S , %. = 18, and zy* = 10825, 
3 18z 108 
from (1) 2 =  2'y, from GEN iuh pr 
Div? 18 27 108 
e "i-o SS or 2^y? = 8, also ydus . wy? 292; 


— aly? =4, and ay 2 £2; n 243213 


but 2=9= S, 49222; 7.22222, and z-1, and y= 2. 


(102) a =1, 351 = 3yz, and "zy = 152, 


* eu 
from (1) and (2) ye= > = = *. a2*29, and z = t3, 


from (2) and (3) + 35 = yz and t Ty 202; . 22 7, and 9. 
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164 SOLUTIONS IN ALGEBRA. 


(103). % = az, % = ba, and es = GH, 


bz bz 
f — * 
rom (1) and (2) 79 27 uq une ay’ 
cyz Kei pz 
from (1) and (3) 4 — ES fs Szen 
y? 2,3 
from (2) and (3) v = P m ny = (4), 
3 
from (1) and (4) 2* =$ x - Zya me 
(ac) 


. g= (a 5*6) 4, y = (abe) , 2 = (a bee) %. 


(104). x + 2y J 3z + 4u = 27, 3z + 5% + Tz + u 48, 
Oz + 8y + 10z - 2u = 65, and 7x + 6y + 52 + 4u = 53, 


from (1) - (2) (5) y + 2z + 11u = 33 y 
from (1) - (3) 2y + 52 + 22u = et whence z = 4, 


from (1) - (4) y + 3u = 9, also from (5) y + 11u = 25; 
16 
D * 22, 
and from (5) y = 33 - 22 - 8 = 3, and æ - 1. 


(105) & T T2 T1, 16 + 8y + 4z + 2u = 9, \ 
81z + 27y + 9z + 3u = 36, and 256 + 64y + 16z + 4u = 100, 
from (1) 2z + 2y + 2z + 2u = 2, 
also 16x + 8y + 4z + 2 2 9; . 14 + 6% + 22- 1 (A), 
also 3x + 3y + 92 + 3u = 8, 
and 81 + 27y + 9z + 3u 36; . 78 + 24y + 6z = 33 (B); 
again 4 + 4y + 4z + 4u = 4, 
and 256 + 64y + 162 + 4u = 100; 
*. 2522 + 60y + 122 = 96 (CY, 
from A and B 6z + y = 2, from A and C 28z + 4y = 9, 
1 1 


1 
whence #=7, At 224 u=0, 
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Ex. 106—109, p.45.] UNKNOWN QUANTITIES. 165 


(106). x - 9y + 3z - 10u = 21, 2a + Ty - z— u = 683, 
Ze 4 y — 52 + 2u = 325, and 4z - 6y - 22 - 9u = 516, 
from (1)and (2) 25y—7z 198641 
from (I) and (3) 14/72 162131 
from (1) and (4) 30y - 142 + 31u 432, 
hence 2y - u = 170 (6); 


} whence 11713510 (5), 


. from (5) and (6) u=- 2; EA 27 1 2. 170, and y = 60; 


s. u= -$x 60 =- 50, z=- 13, 2= 100. 


(107). 2% = 231, zyw = 420, yzw = 1540, and zzw = 660, 


231 420 660 „ „ 
F pec A 
T 
zw = 0, 20; 
yzw = 55 SET 1540, or w= 


. 2 7, 2=11, 2-3. 


(108). Ta - 2z + 3u 2 17, 4y - 2z + t= 11, 5y - 3x - 2u 8, 
4y — 3u + 2t = 9, and 3z + 8u = 93, 
from (1) and (2) 7z + 3u - 4y - t = 6 (6), 
from (1) and (5) 21x + 25u = 117 (7), 
from (2) and (4) 14z + 3u - 4y = 21 (8), 
from (3) and (8) 58x + Tu = 137 (9), 


ur s 137 - Tu e 3909 oe 
5872 1308 ^ .— 


"e y=4, t=1, 2=3. 


from (7) and (9) 


(109). 2 ay + a = de, x / bez =b, and æ - cy + , 
from (1) and (2) (a+b)z-y=a@+ab+0', 
from (1) and (3) (a 4 e) - y =a" t ac ^ e] 
(b - ez2a(b- c) (P6 - 8); 
„ 24 be, y 2 ab + ac 4 be, x — abc. 
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166 SOLUTIONS IN ALGEBRA. 


(110). bz (a - æ) = ay (e ) = ez (b - y), 
and zyz = (a - ) (b - y (c - 2), 
ayc _ ez (b - y) 


7 b(a-a2)+ay b(a-a) d 


cx (b — y) ez (5 - y) 
„ TURN 
whence yè + P (a — 2) ( yero er 


b (a - x) or N, 
a * 


also zy x 


3 


b (a — ) 


"cs {a - & r (a 4 = 


and y=- 


0 
if ay =b (a - 2), from ay (c - 2) = bz (a - æ), we have 233 


b 
also z = 7 and - a, and y = 5 or 25. 


(111). z +y 4 23m, ay + az 4 yz - 9m", and zyz = m’, 
from (2) and (3) m? + ( + y) = 35e (4), 
from (1) and (4) m? + 3 (m - z) 2 = dam 

so — 9mz-t3m*u-m*-0;..z-m, 
and z + y = 2m, and zy = m*; 
s d 2% +y 70; ^. 4 70, 
and æ = m, and y = m. 


(112). zè + zy 4 y! 2 97, à 4224 2 = 28, and y? + ys 4 = 19, 


; 9 
from (1) - (2) y - 2 + æ (y - 2) = 9; een 


from (1) (3) 42 + y ( - 2) = 18; . 1 l 
z42 
. 422/223 "c "Tg 
and z, y, z form an arithmetic series, let then 
m n, = m, and zm n; 
e (mn + n)? + (m° 10 + (m 1 = 28, 
also (e + y + 2) (y - 3) = 9, 
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Ex.118,p.45.] ^ UNKNOWN QUANTITIES. 167 


whence 3m* + n? = 28; .. mn = 3, and m= 


sio 


* 27 4 n* 2 28n*5 . n2 1, and me 8; 
"*£-24,59-98,2-2. 
(11. 249 422 11, 2* 4 y* « 49, and yz + 92 = Ars, 
from (1) - (2) zy + az + yz = 36; 
36 - — 6 
11 C- 5 (5 
*. from (4) and (5) ip ane are ans Yes 
or 33 (y + z) - 3 (y +2) = 108 - 3yz, 
also from (4) and (6) 33 (y 2) - 3 (% - 2) = - yz; 
„ 33y - 8y? - ya = 54; 
33y — 34? — 54 
REIN en, 


from (5) and (6) 2yz* - yz - 542 + 54y = 0; 


NON uisi o, s d 
, fe "ut ay % 324% + (54)*) (8), 


from (7) and (8) (134° 132% + 270)* = y* - 324y* + (54y, 
whence 7 — 1435? + 1032y* - 2970y + 2916 = 0, 
. and by trial y = 3; 
*. from (7) z = 33 - 9 - 18 = 6, from (1) z - 2, 
or let y = mz, 2 nz; . (14m & nf z? - 121, 
and (1 + m* + *) * 2 49; . (m+n + mn) z^ = 36, 


3n 

also mn = 3 (n - m); en 
3 deo d i 3 
and if 2 = 1, m4 if n= 3, m =, 


which latter values satisfy the conditions 


2 
(145 0) 40, s = = 526, 


also (145 432 =11, orz= (ER 2,¥=3, 2=6, 
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168 SOLUTIONS IN ALGEBRA. 


(114). z % T 210, % 4 2 = 88, and zz = y! +1, 
2 +y? +2 + 2% + 2 + 2yz = 100, 
* 4 % ＋ 2. = 38; 
SS TY + YZ +T = 891, 
but zz = 4° +1; ey +1 +y(e+z)= 31, 
or y? + y (10 - y)= 30; ~. / 3; 
S 2+2=7, and zz = 10, whence z = 5, 2 = 2. 


(115). 2 4 zy 4 y 13, * + zz 4 z2 = 91, and y! + yz f = 49, 
from (1) - (2) z (y - z2) + 4? - 7 - - 18, 
or (2 - y) (z + 2 + y) = 18, 
from (2) - (3) * - y* + z(z - y) - - 18, 
or (y - x) (x + y + z) 218, 
whence 2y = z 4 2, 


or z, y, z form an arithmetic series. Let therefore r be the 
common difference, and y - r, y, and y + r the series, 


from (2) (y - rf à y! - 1° + (y + rf = 81, or 3y? + * = 3b 
from (3), similarly, 3y? + 37 + 7* - 49; . ry =ô; 


Go EE whence y = + 3, andr =+ 2; 
^ 1, 3, 2=5, \ 


(116. 2 12-18, * «y! à z - 91, and y! = az, 
from (1) - (2) zy + yz + zz = 39, but zz = 4°; 
Vy % (2 12) 5 +y (13 - ) = 39; ET 
and z 42-10, and zy 9; . 228, and z - 9, and z=! 


(117). TY + 2-5, % = 4, and 2* - 2y = ui 2%, 
from (1) and EES = , whence = 4 ot 1, 
from (2) = (4) zy = 1; .. PERLE LE 


. 4 1, z 2 1, and y = 1, see VIII. (145), 
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Ex. 118—120, p. 46.] UNKNOWN QUANTITIES. 169 


4 a 25 9 
„ N 
2 ay 40 1; 


-. from SE 


*. % - 6%/ 9 25 . 345 = 8 or-2; 
ve 9 2, 222, 221. i 
(118. z+ y 42213, * 4 y* +2 2 61, and zy + zz = Qyz, 
from (1)* - (2) zy + zz + yz 54, but zy + zz = 2yz, 
3yz = 54, and yz = 18, 
from (1) and (2), . y* + 2% + (13 - zy, 
we have z* 134 = 36, whence z = 9 or 4, 
from z=4; *. y 42-9, and yz = 18; 
. % 243, and y= 6, and z= 3, 
and other values may be found from z - 9, 
for y 4z-4, andy - z = t 24/(- 14); 
y 24 C14), 2227 - (14). 


(119). zy + yz + 22 — 11, 2zy + Sez + Bus = 81, 
and jeu + 5 + Tyz = 71, 
from (1) 2zy + 22 + 2yz = 22, 
from (2) 2z9 + 3zz + 5% = 31; . 22 4 3% = 9, 
so from (1) and (3) 22 2 8; . yz=2; .". from (1) zy = 6 


whence z = 2; . He opze . g, 
and æ = 4 3, and 2 = A 1, and = 4 2. 


(120), 1 1 T2 14, „ 4 y! 4 2 = 84, and zz =y, 
from (1)* - (2) zy + zz + yz = 56, but az = y; 
y ty(ate)=y*t+y(14-y) 50; . 4, and 22716; 
«^. from (2) 2*- 222 + 22 = 84-16 32 = 36; 4 246, 
butz+2=10; . 8 or 2, 220r 8. 
' I 
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170 i 
SOLUTIONS IN ALGEBRA. 
(121), * ＋ 2 e 2 Te € = 2 
y 42-19, z* + 4y? fz = 133, and az = 4%, 
from (1)* - (2) zz + 2y (x + z) = 114, but zz = 4y*; 
*. 4y* + 2y (19 - 2y) 2 114; .. y = 3, and zz = 36; 
"C $42-19, andz-z2t0; . x=9 or 4, and 24 or 9. 
(129 
). „ in and zz = y*, 
6 36 
from (1) -(2) ay + ys Ur G, but zz = y*; 


19 
* y*y(e2-775; 


19 19 
TELI ul en oe y=1= zz; 


Di eiss éi F 


(123). zz = 9, (z +y} o z(zt y)-3, and (z494z)(e-z -y) 5h 
from (1) and (2) x? + 2zy + 4? - y* -yz + 3 = 0; 
£? + 2ry +3 
2 ———, 
y \ 
3 A 
from (Nr ran from (3) «(e e yt m 
whence < +y = 3; .. 22375124, and 2, 
and / T 4% 44216; . y=2or-6; . & = 1 or 9. 
(124). z -+y f= m, ax+by+cz=0, and a*z + by + c*z = 0, 
from (1) az + ay + az = am, also az + by + cz = 0; 
. (a-b)y + (a-0c)z=am, 
also dei a'y + a*z = dm, and de + By + cz = 0; 
. (@-B)y + (@ ce = dem, 
ab mac mbe 


m 
Han 37 (5-0) baa)? rette: C 
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Ex.125—129,p.40.] UNKNOWN QUANTITIES. 171 


11 4 1 
(% „ a at MM 
zy a b 4-58 9 Wë SET 
from (1) - o: phe . 
2 4 oe y sa A 
whence 
gabe gabe i gabe 


De + 2ac ab ab + 2bc ag ? = 3ab + 2ao % 
(126). ay + bz — e, cy + bz =a, and az + ez =b, 
acy + bez = è, also acy + abz = d; — her- abz = c d, 
but abz + bez = be; 


-a -*  a+h—e 
NER EC En 
(427). zy = a(z + y), zz = b(z + Y, and yz = e (y +2), 
supe bis os os abz _ 
pat. heb "| e eee 
2 2 
AEN wa 2abe S 2abe d 2abe 


ab+ac-be’ T. ab bo ac! 0 bo - ab^ 
(128), ZY + 22 - yn zy + yz-az 42 U zy 
a* b? e 
Ty -yz + gz a", also eut ue A= be; .. 9z2- 2% 2 a* E, 
but zz yz-zy-2c; Bess d +e; 
a +e _@ 5 


=1, 


~2(@-y) y 2 
es MORKA z=4/ td WI tc) 
E rr er as 2 (b? + è) d 


os LEI (P + ei (a? + c?) (aè + c?) 
egg ge (a? + 55 e M uen 2 (a* + b”) ae T 
(29). ( +42) = @,y(a+y+2)=0, andz(z* y 4 2) =, 
Ak aiias Ux t afar LR. ez 


r 
„ hom (1) (e E ei =a’; 
+a? rp 133 
OE RE SN 
12 
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172 SOLUTIONS IN ALGEBRA. 


(180). £ +y cz2a, £ 4 y! « z =a, and zy + zy = 222, 
from (1) - (2), zy + yz + zz = 0, 
also zy + yz - 222 = 0; 
. 922 2 0, and v= O, and z= 0; 
y=. 
(181). 4zy (y -z 2) 2 8, 2yz(z4 y - 2) 2 15, and zz(z42-y) =3, 
let y = mz, z= nr; ag A n) = 3, 


+1l-n_ un 
3 A — X 
and 2mnz? (n + m - 1) = 15, whence — npm- 4*319 


whence m = 10 5 x (n - 1), 


and if n 2 1, m=0, if n - 2, m=$, &o., 


which latter values satisfy the conditions Ps 
3 
day U 4 «S ( 1-2)- 38-8; 
„ 2 1, 13, 222. 


KS z A dei 
z-U and g= = 3; y= F: or ké 
ea’ SÉ gë E ab^ 
8 = Gees — — afer 
also y = -7 ; y Ah d gi * 2 CG 


E 
(133). 6 ** Ae = aay th and (y) dien) - 18; 


d äi Eer i * E and (ay) {z + 2 y(ay) + y) = (195 
. V (zy) {61 + 3 /(zy)) Vë, 


61 16129 169 
or ay D 1 ay) + e ) = ds 5" Vy) = 36 or - 75^» 


from (zy) 236, 2+y=97, and z- y 2 60; . 481, y=16 
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Ex. 134—137, p. 46.] UNKNOWN QUANTITIES. 178 
(134). 2? - 6 (2y) = 27, and x - 2 dai 3, 
from (1) and (2) /(y) = m uie wb 
„ LT (s %%% = 82" 9 N 
2 A " $ 
orz ( -3) +9 ( -3)-0; . 2^ 23, orz=9, and y=1, 
and 25 2-9; ss 81). 


æ - (2è - y’) z 172 
(185), m and - VEE) 
x 172 a (Lia 
er e e Le EECH 
1 ` 
a (ITD 
from (2) L. I-; y= — 
zw liz Tr 
X a dE 1 
"a (IT (tay 4 


(130). (az) + Y) = 5 (w+ y), and (e y) = 2 (a +), 
from (1) and (2) \/(ax) = (a + b) - (by); 
*. ax = (a + bY 2 (a + b) (by) + by, 
but az + ay = 2a* + 2ab; 
^ ay = a* - U + 2 (a & 0) (by) - by, 
or y -24(by) *b-a-b4b; 
o (y) zs (D) T Va); . y f dal, 
and z = (/(a) F Y. 
(137). (z +y) 2 2* 4 xy? + y', and &. + 4a Ban? 4%, 
from (2) z* 4% + 4y* + 4zy (a? 2%) + 4% = 0; 
es T- 2% + 2% = 0, 
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174 SOLUTIONS IN ALGEBRA. 


and z? + 2zy + y! = 3½ . 4 - 14 /), 
ey zy {- 1t /), 
and by substitution in (1), we have 
3y? = y* {83 F 18 4(3)); 


VITO s . 
and # =+ JC . 2 


(188). %% - (a - 2) = (y - 2), 
and y(y - x) + (a = z) : (a 4 :: 5:2, 


from (2) /(y - 2) die -2)::3:25 A V(y-2) = : vias) 


from (1) Al = dis - 2) +$ (a - 2) e U, 
ory- (a-a); 


A F , ee _ 5a 
^g [zv 4 SC 3 ee „ 


(139). yz + y (2 - y?) = a {y (2 + y) + V(e- 9h 
i and Ate +y) + V(z- y) =. 
from (1) y (2z + 2 /(z* - y) =y (( - y) + Ve +y) 
= 2a {y (æ + y) * de - y)}; 
ey Qe - y) + Vie + y} = 2a (3), 
from (2) Ae +y) + ds - y) + 2 V(* les, 


.. from (3) 2 U - „N15 
4% -y) K E 
from (3) 2 Ai - y = 2n, or 4y(2 - y)- d d 


4a? o 


*. y- d) cu SM 2-5 ray I (0s 
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Ex. 140—144, p. 47.] UNKNOWN QUANTITIES. 175 
: 2. 2 (^ Nen 167 
s v) = (5 + ay 2 wr y) 


whence y =a i 


a* 4 1/ 
242 o 2 
and from (4) z - +7) UOCE 
2 V(2) 17 4 
(140). zt + yt- 12 2zy + 32, and 2 4 y 1 = + 2% + 2 %, 
y y y y y y 
see (73). 


AA] 1 
(141). z* 4 y^ = 6, and æ + y" = 196, 


à 1 E 
from (1) z^ + y° + 8z^y^ ( + y^) = 216; 
therefore, by substitution, 


Rx MES 
ety? x 6 = 216 — 196 90; 


ES 


3 Pod OTT 
„. cy =5, whence z -y -t4,andz +y -6; 


ka 


„ 2 = 625, and y = 1. 


j 


2 


(142). ay 4 * = 116, and zy” + y = 14, 
from (2).z = = o *. 196 - 28y + y % - 116; 


4 
2 


y 
„ y! län +49=9, and y = 10 or 4, and 2 =24/(=) or 5. 


(143), V(a) + V(y) = 6, and z + y 72, 
RTE d 
x+y +3 y ( %) = 216; 


therefore, by substitution, 


X ii 
3z y x6-2216- 72-144; .. 4 / =8, and ry = 512, 


whence v - = 56; . x = 64, y= 8. 
(144), V (a) + V(y) =3, and z 4 y - 9, 


11 
as in (143) z^y^ 2 2; , zy - 8, 
and & = 7; a æ 8, and gel, 
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176 SOLUTIONS IN ALGEBRA. 


(145). % - 2) + V(y- 2) = 2% a), 
and 3 (2? - 6y) + 4 /(y* - 9x) : 4% - 6y) :: 7: 4, 
from (2) / % - 92) = de - 6y (A), 
from (1) 2 /(4y? - 5 + 2?) = 3y - 2a, 


Ok 10 Sy cin Ae, ^ y- T. 
and from (A) - 49. a EE 7 au 6 
Væ +y) ,V@+y) _ V(a-y) , V(r-y) 32 
B uU E 65 e 


from (1) (z +y) V(z4 y) = we 


from (2) (2 + y) V(z - y) = d ; 
e _ 9y 
„ vad 


15654 ët DO 5 m. 
from (1) ( j- e 08 1 „% 2, and æ 22. 


al 


(147). (* = lay + / + 4 /(2ay — y^), 
and a* + y* = 2ay + 8 (y) {x v(a) - y J(y) 
from (1) z? - 4a /(2ay - y*) + 4 (2ay - y*) = 25ay; 
„ æ= 2 y(2ay - y") t 5 y (ay), 
from (2) æ = 4 (ay) + 3 /(2ay — y*); 

. A (ay) = V(2ay - y); 

*. ay 22ay - y*, and y = a; 
„ x= 44 4 3a 7a or a. 


3 SS 
(148). K % = 20, andz 4% =6, 

+3 4 „4 E, 4.3 

z +y = 20, also & + 2 % +y° =86; En 8, 


3 3 $ 
whence r - 1 2; 4 4; ës É andy = 97 
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Ex.149—152, p. 47.] UNKNOWN QUANTITIES. 177 


(149). (2? % + Aen ( + y) = 1396, and z - y = 4, 
from (2) z* + y* = 16 + 2zy; 
therefore, by substitution in (1), 
(16 + 2æy)? + Aen (16 + 4zy) = 1396, 
ey + BY (F) = 85 say = 5 or = A 
from zy = 5, x +y =6; .. 225, andy=1. 


(150). SECH = 4, and ge 4 (2) 


(z) - (2 - y) 
z 25 16z 
PL) SG! oe wae EOD 
from (2) .. 2-0, y = 25. 


(151). z +y =a, and æ + y* = ,, 
from (1) a + 4zy (x* + 2zy + y") 2 4 yt- 95 
„ 4 (à?) - 225? = at - 0^; 
bt -a* 54 . 4. 
TESSIE 


S * Kate? Lois 


DEET EE 2 / (44 50% 
whence z? 22 + y! d 44 X : J( (at + 09)? 


NET y=- 3a but t + v0, 
nd - 3a? men] 
72 M 8a? = ; v (a! «a 


(152), 2% — äu = 216, and zy (2 - y) = 6, 


ey" (x - V) _ 36, or æy = i6; 
zy ( — y) SC? 
.. - =I, and æ y =＋õ; 9 
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178 SOLUTIONS IN ALGEBRA. 


(153). 2% + 4zy = 96, and z + y = 6, 
from (1) %% + 4zy + 42100; . zy 2 8or- 12, 
andz+y=6; . 4 2; . & = 4, and ) = 2. 


(154). z(z4 3 Geib 208, and d y + V(a*y)} = 1053, 


^a "e ZUM due 3 
2 gi?! V 2 
1650 j 
82 8y 27% 
2. (se + 3)" 208 ; 


, EN and 2 £27, and æ = LR, 
(155). * + zy = 6, and Sen 1, 
from (2) z =” 


"(fiy (y? +1) = 6y’, 
„75 1 or 285, 


3\1 
Be? 


(156). 2° + y* + zy (x +y) = 68, and æ (x 73) *y'(y - 3) 5.12, 
from (1) 3 (* + y?) 3% (x + y) = 204, 
also 2 +y’ 3 (2*4!) 2 12; . 2° + 327% + Szyf +y’ - 216, 
anda+y=6; . £ 4 y* = 36 - 2zy, 
and from (1) 36 - 2zy + 6zy = 68; . ay - 8, 
andz-y-t2; . = 4 or 2, andy= 2 or 4. 


(157). 2 4 y! - (x +y)=18, and z + y = 19 - zy, 
from (2) 2 (x + y) + 2zy = 38, 
2 1 225 
TEES (z*y)218; . (x+y) tetyt oes 
ee z-y-2Tor-8; * ay = 12 or 27; 


Wi e-y=tl, and z = 4 or 3, also y = 8 or 4, 
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Ex. 158—161, p.48.] UNKNOWN QUANTITIES. 179 


10 A, and zy = 8, 


from (1) æ? + y* - ee = O, but 2zy = 16; 


10(z +y) 25 25 169 


. WA — — — 
. (£ +y) 7 5 16 7 75 SC? 
» 2 7 6 61 f, 


from (2 + y) = 6, and zy = 8 . 2z-9y- t2; 
*. 4 = 4 or 2, and y = 2 or 4. 


(159). zy (x + y) = 84, and z? + y° = 36002 , 


from (1) a «y = 5 ee! - 2zy, and 2* 4 y US 


Pu enc and zy = 12; 
. 2 4% 7, and2-y=+1, and z-4 or 3, and y - 3 or 4. 


(160). z? + % , and n(x * y) me - y) 


5 S. ZË SS 


ge doe zi 


(161). y fe - V- y) = a bie + 9) + die - y) 


A A 
and (z +y)” - (£ - y). =b, 
let 1 +y =2r, z2-y-25; 14, y=r-s, 


and æ Le 


2i 
and from (1) (r - s) {r +s - 2 (rS) = a 2 (r^ tel 
TOME INE SHE: SA 
* (r - 8°) (r° - sy-(r-sysay2; 
Aeg Apo 
. 7 -s 2a 2 (A), 


2 2 3 
from (2) 2° (r^ = 5 (B); 
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180 SOLUTIONS IN ALGEBRA. 
B 9 65 5 
r ele 
t 3 
Y -s a2 


$5. 
and from (4) r - dee d 2.4 


e = 5 deel 
a 


1 
25 r42 (9) $02 20-9), 


a 
1 
1 6 fi i 
e 74874 „ and E jg DE 
a 
whence gë k rd b € 2 (ab -a) 
$1 vel 
a ut 25 a 
b x 2 „(ab - à? 
and so also s = TE eh 
2?g? 
f=r+s= bs 
Aa) 


and y Aa) x 4 (5 - a). | 


(162). 2 + zy c y^ - (x +y), and (2*- zy + y) 29 (e - y), 
from (1) 2° - y! = 7 (2° - y’), from (2) 2° + % = 9 (a? - y?) 
* + 9 
atn „. 4 = 8y", or æ= 2y; 
4% y) +y’ = 7 y 73, 2-6. 
(163). Verden and ZE 


* er EMA o whence (a* — b°) y* + 2ab*y = 24.05 


0 a)? y 
jets T , au gti Qe - D) 
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Ex. 164—166, p. 48.] UNKNOWN QUANTITIES. 181 


(164), ET and 1, ar 
* 


qu a 
1 l 2m 1 1 
Q ig nM goa Sé 
Mice e UR Y 
y 28 
e m m n m m Ze m 
ey WE c e WD 
1 T 
„5 „ 
S z 1 3 / - m) 
I e d 2:404 
EE e 
m? -n n — 1 
142 l-y 4 112 lty 9 
1 a a ert EE aes 
( wage p^ e eae 
Lote 4158 hee o9 he 
1-9 . 181-y' 1 13 1+y’ 
eap Cae Se lus La 18. 
(oy cag re CM quove 
. 18(1 * 2) | 18 i09 
R 8 131-2 13 
*. Whence x = = + e. b 


169^ 169° 1069 ^ - 


166). ZŁY - (2 * y) Ze RN 
Me rore rs Er y) 7 y (a * a), 


from (1) 4E 1 42 1 2 


O) a - 2 
fro He aes: .c:-w aty 
m ( y a-y’ D 


Ca : az | 
a dree | 


orz-y- 


zu 2 22% 1% (at Be 
Again, DUM a C Zei E 
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182 SOLUTIONS IN ALGEBRA. 
. 22 Sar E AC dt A 
(T (022) (z4yf (a+ Zh 
SL TE uo cd ll A) ae 
(ar D (a+ Zz) * (2a T (a+ 2 
h Ales 121a" 121 153a° . me -11 t(153). 
phone ma At a ` ea al 
rh, 


and y = 


et ES PS 
(167). s 7722 T. and S D 


PHAP .£ 
(aida By ae 45 7g 
x tyy , but & + y? = 4 + 22y; ee zy = 8, 


whence & +y=+6; . 2-4 0r - 2, and y 22 or - 4. 


däs) oy (zy). d 84 ‘ 
(168). 2 2 KE 20, and zy -54=7+y, 
3 2/3) . . e 
zty e UE TE UE 


21 9 
e =—+ —e — — 
* 4 * 6 or 


4 CH 


from (2) 22° - 04 = 3z; - 


and y = 12 or - 9. 
(69). v(e) - Vy) = Vy +2) and 225 = v(y + 2), 


a 2 
TEL 
^. from (1) z - 2 y(zy)+y =y 2; A 2-24(zy) = 2, 
and z!-4z44- day = T 1 42; 


ve a = 64, and z = 4, and y=. 
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Ex. 170—172, p. 48.] UNKNOWN QUANTITIES. 183 


a 1 
(170). 32* + 4y* = "zy, and z? - yz? = 2y 


2 
Sie 
7 e ` 4 
from (1) e - FU (40 = 9. 4 g or 


3 3 
from z =y, (z eis 22; 2-0, andy = O, 


4 i 9 f/, /A 
ee e 


(171). daa 12% (a - x) = 0, and z? + @ = y’, 
bax 
12 (z - a)’ 
from (2) (2? + a?) x 144 (x - a)’ = 26a'z*; 
. 144 (2° + 4% — 288az (a* + a”) + 144a*z? = 169225; 
(12 +13)az 25az ac 


from (1) y = 


ee CET 


F 
hence z = Ze or Es and y = Ze or = 
^ OI C Ga engt Mot eS 


(172). zy - 4 4% del - £ „ and {/(x) - /(y)} y (£y) = 2 - 3, 
from (1) zy ae = ay + 4y (o) +4; 
$ 
ea uio o + yv) * 2) 
or y^ + 22 (y) - 2y (a) - 4 - 0, 
and z? - 3-2 U + y (2) - 0; 
E 3 
vy — 3y Vd) + 82 (y) - 2° =1, 


+ 2 
and y^ -2 =1; .. from (2) z^ + (zy) - 3 - 0, 
and by substitution, 


2 H 
e ＋ / (& 1) 2 8, or & 4z442-9-0; 
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184 
SOLUTIONS IN ALGEBRA. 


a 
deis 4 A ) 4 1 0, ½ 10; 
ee 4 1, and y = 4, 
1 
alsoz42 +2=0, 
"M 
Vhence a» 1.3 J(- 7), and = 3 C3 t VC 


173). 22 
e WAT =a’, and z + (zy) +y b, 


"Sie: RE n 
+3 
. from (2)249 = Cer 2b ' 


Rm. * _ 3 (6% - à*); 
«E E [2* + a + y {4a -3 (- 4*5]; 


and y = l at ur - 3 (0 TH 


(74). ( + y?) (a3 y) = 455, and z + y = 5, 
from (1) (z? - zy + y) (x£ + y) (2? + y) = 455, 
from (2) z* + y? = 25 - 2zy; \ 
therefore, by substitution, e 
(25 - 3) x 5 x (25 - Qay) = 455, whence zy = 6 or ei 
` & - 1, andz=3 or 2, and y 2 20r 3. 
(175). 3 (z* + y") y = 26z, and 2z (2* - y*) = 15y, 
4 ＋ % 522° 
Bay” ay whence 52z* 97 = 45% 
TAS = T 
and & ae or 13 ` 
from 2 = +52, ra -y= 10 x x. = 83 


1 and æ = 4 8. 
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Ex. 176—179, p. 48.] UNKNOWN QUANTITIES. 185 
(176). del - V(y) = x + de, and (z + Bi -22(z- yy, 
1 1 ane 4241 
from dere ee * a CS? i y=(3+2/2)y, 
by substitution in (1), 
(3 +2 y2) + Vy + (Vy - 1) (1 + y2) =0, 
whence y = 1 or 3- 24/(2), and æ = 8 + 2/2 or 1, 


(177). (f. 2) y - 2y° + æ = (xy) (4° - 1), 
and zy (zy - 18) = 4 (J(zy) - 12}, 
from (2) z*y* - 14ry + 49 = 4zy + 4 J(zy) +1; 
"2y- 1-2 t(24(zy) + 1); 
* zy - 24 (zy) - 129, and (ry) 2 4 or - 2, 
from (1), if zy = 16, 3y° + y* - 10y - 8 =0, 
whence / - 8 + 24° (y - 2) + 5% (y 2) 0; . y 2, 


Ee EE 4 
and y + -y G 36! Sym Sets el d 
and zr 4,8, 16, 12, 
and from ay = 4 other values may be obtained. 
ANN 
WEE e 

EESE A — LES 
ga yr from (2) s E 

z- rzty 

; =. „ whence = y (1 t 4/2), 


2 4 2 
(4 £2 2)y! 
. 1 1 
“YFG and 2 4 (1 + /2). 


from (1) 1 + y2 +1 F y2- 


qs Ae ER oe m an-. f. 

bn VE uy )- vc -y) 5-¥(7)’ and ds 16' 
Jr + y) ty) 5 328 AN 25 
de A0 yq H ag 
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186 SOLUTIONS IN ALGEBRA. 


from (2) Č - 22 416 =4; 
.. 4 = 24 or 8, and y = 18 or 6, 


(180). {/(2) - 3) «5-2 (4 D= x; 
and 7 - 10 (zy) = y (x - 16), 
from (2) zy + 10 /(zy) + 25 = 16 (y + 2); 
«z. V(zy)=- 5 +4 2) (3), 
by subititation ! in (1), 
249y46(05—-44(y + 2)}4+5- 2 +2) = 9% 
169 92° eg 


whence 9 (y + 2) - 26 4(y + 2) += o4 7 £v 
4 
and ayy) K (F. 3) % 9871 
e 
and y= 4 1; 


and by substitution in (3), we have 


We-. O- 1 


* s ut 
nd tg ee , ets *. @ = 64, and æ = 4, 
1 

and y =7- 


(181). a(1 - 2y)=2/(1-y*), and /(z) (1 - zy) = y - z, 
4 


+2" x 


from (2) y ei = t 3 


whence 1 - zy = ————,——— s >- 
2 
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Ex, 182—184, p. 49.] UNKNOWN QUANTITIES. 187 


o e * WER E (a 2 
i 
( +1) (* - z +1) 
*, from (1) - 2 y(x +1)=a(1 +z), or-z=ay(1+2); 
. £--1,andy-- 1, 


1 
also 2*=a*x+a*, whence z= 2 (à a J(a* 4 4), and y= 5 Sg 


(182), z” + y" =a", and zy = V, 
4 + 22^y" + y" ds gy’ = b"; 
SEN 4 y" = a - 4b”; 
of gf y" =+ dn 2 45”), 


and z^ +y” = d *. 4 VE (a^^ + Man — ay | ; 
and y = "IE ler x A ay | 


(183). z 4 dës -11+ 22) = 7+ 2y-y°, and V(8y - 241) , 


-9 
from (1) 3y? + 2z - 11 + 2/(3y* 4 2z- 11) +1= y! + 4y + 4; 
. / + 2 — 11) = + (y + 2)-L=y+1 or - (y 3) (B); 
„ 3y? + 2z- 11 2 y* + 2y+1(A), or y! + 6% + 9), 
from (4)2264y- y^; 
therefore, by substitution in (2), 


A (y 4+ 2y 41) =P oy 41, 


whence y = + 2, and v = 4, also y = 0, and z = ô, 
and the other values may be obtained from (B). 
(184). 25 : (x-y) :: 61:1, and zy = 320, 
from (1) æ? + zy + y? :z* 2% +y; 7. 61:1; 
* ey = but zy = 320; 
— @-y=4, and ai 2ry + y° = 1296; „ e+ y= +36; 
. x= 20 or - 20, and y = 16 or - 16. 
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188 SOLUTIONS IN ALGEBRA, 


(185). 2 (z* + y^) ( + y) 152, and 4 ( - y*) (2? 4 y!) 76 
(2è + y’) (2° -y) x 52 
Lë + y) (£ + y) Kat Gd 


A 
or (z* + y?) (x -y) A (4); 
zc 
*. from a 3; . g= 2y, 


from (A) 5y* x y = ; =. y=1, and z = 2, 


(186). (* - ^) (r-y)- 3, and (* - y*) (a? = y*) 45 %% 
(z* - y^) (z*- 9") 15 e n 4 
Lë - y") (* - y) TY, or Lë y") (2 + y) = 19zy (A); 
Ff!!! ape WEE E 
'"* (ey) (2 - y) Ge H ( = 3 
whence (=) = 9, and pius ap 3; * 4 2y, 
* — * — 


and from (4) 5% x 3y 30%; . y 2, and æ = 4, 


(187). dat + V(2) : V(y) - V(a) :: V(z) +221, 
and V(y) + 2 - V(x): V(x) :: 3z 4 (a) + Vly)? Ay) 
1 

Ga 3 $38)a° 
from (1) //: /z :: V 3: V £1; o y sore 


by substitution in (2) 


H 2 1 i 
„Er ) A. 3 + ör f 4. 24 
Be LJ WEE eene n 


2 E Mae T H 
e +1 ^73 44 1 +1 
on? i 1 
whence 2x“ +1, 7 £3 ge 4 gi +4; 
t 41 ` 


W i 
*. 2 (2 + Te 43)- 3 + 8 4 9 +43 


2 1 
*. 37 44z-6025.220j 
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Ex. 188—189, p. 49.] UNKNOWN QUANTITIES 189 


} 3 4 
+, 3 ( -1)+ 7 ( 1) T 2 ( -1)=0; 
. 1, and y = 4, 
e i 
and 3z 42 +2=0, | 


whence z = = or 4, 92 r 2 


(188). 2 8y /(z* 9% = (9 - 162) y', and 52 - 4 = 26y7, 
from (2) æ = 5y’ + 


from (1) z - 97 - Sy (x (a - 99) + 1623? = 0; 
4y /(x), and a - 9y* = 16zy*; 


„ de - 97) = 

ER A 91 99 1 1 
= = = d 4 —— — 2 — wem — Z 
Ne Y'=- 200 f 200 ^ 25 7 ^ 4? 


1 1 
y-tgort 2 VC D and z = lor-55" 


189). Ap Vle) 4) = 10- EVE) V,, and a* +y* = 215 
5 


from (1) Va + vy + V5 VZ+ vy) +$ 21043 
Ke T teg 
„ % + % = r 2 2/0 0 - 55 


*; V + y = 20 or 5, 
taking the latter value, we have, from (2), 


& 5 
3 » B 1 13 
219 amay + ay-aty’ c y o 55, 
2 2 
x+y i 

55, 


or (x * yY - oy (vz + vy) + ay = 


or (25 — 2 Atert - & Së x 25 + zy = 55 
whence zy — 25 /(zy) + 114 = 0; 
» V- 4 5 = 19 or 6 
ze 9, and y = 4, 


and from J(zy) = 6, /z - yy = 1; -* 
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190 SOLUTIONS IN ALGEBRA, 


and other values of z and y may be found from 
(zy) = 19, and ya + yy 20, 
and v = 361, and y = 1. 


(190). 2 / /(z) 6 V(y)) + V(z) =18 - %), and e - y = 12, 
from (1) de + vy + 246 %%% + vy) t 67 243 
„Ge + Vy) - £2 y6 = y6 or - 3 V6, 
and a + yy = 6 or 54, 


from /r + yy = 6 we have Te take * % 2 


2 
whence z = 16, and y = 4, also /z -VY * 
64 


100 
whence s= T? andy = FI 


(191). J((14 2) r V (1— 2 + y*) - 4, and (4 z?y + 4y* = 18, 
from (1) (1 + 2 *  -16- 8/(1- 2) + y) + (1- 2 « y5 
es BI ef yl 
or 2? -8z + 16=4(1- 2z + 2?) + 4y; 
*. 4y? = 12 - 825; 
<. from (2) 16 — 827 + 2* + 12 - 32* = 18; 
121 81 
1 \ 
. 2 10 or 1, and z 2 1 or + /(10); 


3 1 
ee s4- — 21. 
y £5 or * % ;) 


Site 0. e/a - yn) 
FETTE? MEET EP M 

and æ (z + y) + /(z* + zy + 4) = 52, Së 

from (1) {x° + ds - y) + (x - de -A, 


17% 25% 5y 
4a? = 2 * — — © H = un 
er y + 4 4 3 eg * c 4 , 


from (2) e + ay +44 (ay 4) U 45 
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Ex. 193—194, p. 49.] UNKNOWN QUANTITIES. 191 


y O % 44) T or - 8 
. £? + xy 44249 or 64; 
oy oy 45) 


ge JOE Jg + a) mm 


and V(x) + /(z-y - 1)- do EEN 


NI VU = KC s Vx WEE 
fom Mee e 


2)? +1 4(y+1) 1 
„„ 
s-y-L y ^ - e 1 


vi 
ES 
E 


2 


1 
from a) 25 t3 CR 4 


— 763792 9595 x „ = 
"(y +27 (y - 1f 2 4%, or WC 2 = 4 2y; 


Lie 
“Pry tgogi Are, 


1 
also x= 4 or . 


(194), (@ - 2) y N (y^ 1) = 2y*- e, 
and zy (zy — 18) = 4 V (zy) - 48, 
from (2) zy? — 14zy + 49 = 4% + 4 / (xy) +1; 
. æy -y= + {24 (zy) + 1}; 
` y - 2 (0 4 19 . V(ay)=40r-2, ¢ 


from V (ay) = 4 in (1) 16 - 2y 4% +4 =2 ZH 


JD 
3% +y- 10-88-20; y. 
SE kb Es 2) - 4 (y - 2)40; 
"y-72, and z = 8; : 
4 


4^ 


= 


3 o` 
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192 SOLUTIONS IN ALGEBRA, 


gw DP. | 
also y + (5) = 36? 


" y- e and v =- 16 or - 12. 


(195). zy + zy? = 12, and z + ay’ = 18, 
sz) Lu? 


"aure y M 
12 
whence y =242=2or5, WË T Y er ar 


2+ „* -y) 17 2-V(2*-y') 
z-4(a3-y) 4 z«w(z-y) 
and 22? + 6zy — V (2° + Aen - 21) = 162, 


see (192) from (1) z = 25 


(196). 


*. from (2) 
1 1 961, 
1 21- 5 / + Say - 21) + 16 t 60 16 Sch 


15 
"V (a? 34 - 21) = 8 or ; 
N- 4 42 


ES va 


5 
whence z + 5, B \ 
(197). 2x + y = 26 - y (2x + y + 4), 
4 16 22 - / (y). 


=v) LM CEA 
1 121 
—. Wwtyt4- % % 3044 
SE ACC 36 or 25; . y 2 82 - 2z or 21 - - 2%, 
from (2) (ZVY) - 16 2z+ Vy (Gr 13 250 
Ze — Vy) 15 = (5) 7 225 22 
. 22 Wy 5 r? e 
SCH 3 or 51 „ 2 ys, 
2 4 / =32-y, 
Ter? or 64, and z = 8 or 16. 


„ æ? 3% = 85, andy = 
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Ex. 198—200, p. 50,] UNKNOWN QUANTITIES. 193 
(199), 2-99 ow nr ec Ud ( n aji 


zt (2 - y') y 2u-y 
ES Art a (I5) 
V(@-y*) 1-z' “'at-y M-a 
a 
soia 6 y 
md a ae cy T Ep 
27 1-2 
"om (0D e A : 
4 
$ CH WAT e F 
^B = yt Met = (5 ~ Bx") ATs 


41-2242! = 10z - 625, 
whence 62 ( - 1) T (x - 1) -(z- 1) 2 0; 
ee = land ysl; 


also 627 + Tz - 1 = O, whence z = ep {- 7 + V(13)). 


(199), V(z) + V(y) = 4 {v (2) - V(y)}, and a — y? = 544, 


V ＋ _ e D 5 . 
e 
2 

e s e 0 ond e + 95 


81 81 


(00), yt y Ce" 214 m. J C2) i Vest) 


* [2-9 
EE 


let z + y = 2m, 2-y=2n; 
. r mn, qm n, 

+ 3 
and 2 (m* — n°) + 2 (m - n) (mn) = 14 (m^ +n”), 
+ 3 2 d 
or (m^ - n^) (m +n + J/(mn)) =m -n om, 
2 "A 
also m^ +n” - 9, 

2 3 : 
and m' -n 27; . m^ - 8, and m 4 and n = 1. 


. 4 6, / 3. 
K 
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194 SOLUTIONS IN ALGEBRA. 


(201). / - V(y) = 21, and %%) + /(y) = ', 
(Ve - Vy) (Va + Ny) = Va + Vy x 1 21; 
„ Vy | 7 
J % 9 
^ 25 / 4% = 21 x 4; 


and V2 = ŽW, 


. y = 16 and z = 625, 
(202). ay + deng - y') = 8 IE + y) e - y)} 


i R 
and (x +y)“ - (2 - y) -20, 


let æ + y 2m, = An; . c=m+n, y-2m-n, 


and y (z + de - y')) = 8(/( +y) + dis - y), 
or (m - n) {m + n +2 /(mn)) = 8 4/2 (m? 4 n°); 


r 
n - n°) (m* n 8 (2) (4), 
We RUE 
from (2) 2° (m - n*) = 26 (B); 
TA „ut dom) _ 16 
CS EE he? 
whence m? = 3n! 3n” and 3m* Mu 
2 (m? — n*) = 2? x 26n? 263 gend sg, 
1.9 
“tamtnesto=5 andy=4, 
(203). Vw + y) - V(z - y)= a, and V(z + y) + V(z - y) , 
from (2) 22 + 4 / - -V)t( +9) + de -y) «2 t ei 
- 2V(a* - y*) = bt; 
. 22 4 4 / - y) (5) - 2 y(t - y?) bn 
etd ` 
. 45 7% - y’) =b- 


- 
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Ex, 204—207, p.50.] UNKNOWN QUANTITIES. 195 


4 — a’)? a 


from (A). V -y+ T= t3 


165 


dide ie ( ` 2) : es) : 


06 — 9 a? E T a 
whence o = >ra t STEE $) 


(204). 3% 4 y) - traean’, and (a + y) + (a - y) = 5, 
4 4,10 
ore 0^ 9 
1 16 
. MXT) = 2 0or 53 . Vr - 522 3 or . 


whence g + y = 4 and z -y = 9; 3% en and y - - 5. 


from (I) +y- J 4 


(205). 3a* + 4% = Tay, and z? 57 wë 
Tay (Ger. e, 

2 (50 67 is 
from (1), 15 5 7 20 and z = 0, 


3 
: Be 4 
1 7 =, - 1 esl . $24 andy=3, 


from (1) y* - — deser, 


(206), qii 5% = o d and az" + by" 2 c +d, 
1 ax” — bey?” 
and az” + by” =c¢ +d; 


= az” -by"-c-d, 


1 = 
"L= (a"e)", y= (di, 
(207). 2? 4 4 V(zy°) = 208, and y! 4 y Y (z*y) = 1053, 


Am À 2 4 
x° Ge ) 208 $ 81 
e Wit e or 


= H ES 
$ 2 1053 16 
y (c +y") 
whence y ==, v at + È a = 208; 


*. 4 48 and / = 4 27. 
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196 SOLUTIONS IN ALGEBRA, 


(208). 2 (a* - y) * 2 4 y - 2 (e - 1), and pinu 347 


3 
from (2) 2° - ~ Mey (= 2251 ne neen 
from z - S in (1), Z Za (IT 5), 


„ 
from ene Š (4y(-1)-1} and - 15 E- 


(209). i ag. and (x 4 yJ = 2(z - des 
from (1) . ME fesse 


0 va 7 4 
e e a stt yg 


orte vasis Ves je Y2- 1; 


^ £298-24(2)asndy- (2 - 1). 17 - 12 y (2). 
(210). ( +y)” - (z +y)" =a, and z - y = b, 


from (i) (e * y" -a(z «yn 1 
(^0 (ey e,, 


— 73 6 N and z - y =); 


UL (t N 4]. 
a3. M see A. 


* y"b^ = 2 /{(ax)™ (by)"}, and zy = ab, 
from (2) y - 25; 


(211). 4% 


from (1) a" 24 T De X +( Cf ep e "y 
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Ex, 212—215, p. 51.] UNKNOWN QUANTITIES. 197. 


A m = Dr GM) £ Ve- ít), 


SZ 
and y = [a" {y (8"™) VTT - amy, 
(212). ay” = (ac)"b", and nun = (bc)"a", 
e achy * = bedny ^ 


mä ug mn m-n 


mm b ts 
ye y mn — b m a n x or D = (aim, 


andz =e (arb). 
(213). a'y — 4y (a) 4 - 2 U, and 2 - (y) e) - 
see Ex. (172). 


EN "EI Det: 
(214 y 
) y * Jo) -920- 


3 and 4y — z = 8, 


+y+- SES, 144 
$m dx A A 


whence + Vy - 4 or — 5; 


3 
„ dä / =4y-8; Ms d sndz-8, 


E 1 
also 22 5y- y^ 2 4y - 8, whence y (y^ * 1) 3 8(y- 1)- 
S. y 1 and æ 4, 


* 
also y + 8) + 162 8 + 16 = 24; 
oy =(-44 2/6) and z = 34 F 16 y6. 


(215), 4 y =a, and z* 4 y* - d', 
(x + y)! = at + y' + 4zy (E + zy + y’) 2 % =a, 
or * 4 y* + deinen — 2 = a', 
but & + y* * bf; 
. 22*y* — Aa'ay = - oi, 
bY at 


or z*y* - 2a'zy + a* = a! 
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198 SOLUTIONS IN ALGEBRA, 


sa ee OE, 


and z - "rne Eta as A): 
4 [a V- Sd x 2 (Qa + 00), 


and y = 1 [a F =- 3a F (2 (at + 05]. 


(216). /) * V(y)Y + (/ (2) + VY = 210 + 7 (zy) C/ + 1], 
and VC) - / (yf NV )- V (y) = 126 - 70% (V (ay) +1} 


by subtraction, 
f Aven = 84 + yi V(ay) + 2 V (zy), 
whence 4/(zy) + /(zy) R i^ 42 4 i= = T 


^ 5 


from ^/ (ay) = 6 by substitution, 
* +y +x = 168; 


. (Va gy deht en 240 . 447, 


4 
. (e+ Ny = 16 or - 16, 

from (2) * (y) 15, Vz-/y2 £9; . 2-144, and y=9. 

eryty(e-y') _ 
ei ds: -5€ dis 

and (z* + y) +æ- y = 2z ( + y) + 506, 


(217). 


from (2) (a* + yy - 2z (à +y) tà - (2*4 y- r$ 1.3 


4 
"2 +y -a= 23 or- 22 (A), 

4 1 7 8 ee tay C, 
Je - y") 9 ’ Ek? Heiu 
x 162 + 3242y + 290% 

whence , . 288 4286"? 


from (1) 
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Ex. 218—221, p. 51.] UNKNOWN QUANTITIES. 


199 
2 * 1024 5 29 
and z? .. <7Y SC * aci Te, 
Te Ga deg 
from the positive value in (A), 
26y Qy 1 576 
7$ 3'z^s5 . 9 8 and æ 2 5 
at+y-V(eiy*) 2x * az 
218), ——á:—— = — =< bas 
ae ztyty( +y) a’ T VA. 
z+y 2 1 22 
Dt) 5055 3) ae sa ). 
* zy z 
from (2 = md ipm 
om (2) n c; dE TTL 
d La 4a? a (ala) 


(2a 4 zy NOE 4 2zy n 2a* + 2ax £ Sam 
S CGT (a- 22 `" (Qaa) (af 22)" 
114 /lla\* 153a? 
whence z? + —— + Ge = 956 ! 


8 
114 (158) 13 + (103) .. 
8 


from (A) 


n'e X NEA. T Y NES xa and y= - 


1j 8 1 
219), = {1 --}+-(1--}=1 
0 = (1 SIE :) i 
PIT SET. 
y 4.12 


Ti’ 


from (I) « i-i fro m (2)= 5 
*. 2y? - Wy + 5 =y? + lly - d 
soy 22% + 121 = 104; ny = 11 + 2 (26), 
and z = 11 F 2 (26). 
(220). zt + um - 32y’ - 2zy = and 2° +y? 2% - 2 = 2 , 
see Ex. 140. 


1 E 1 

(221), stoei, and 7; + „ m 
ERE | a 
Er A 
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200 SOLUTIONS IN ALGEBRA. 


137 Am? — nè 
whence -- -= (= à 
x1 y mn? ) 
and 
1,1,1,,2,1, (my. (Sn) (4m -n). 
x y m! ee P = m ( BIV ) m WEINI 3 


np 2m (3n?) Y 2mn 4/ (3n) 
V (8n?) + y (4n? = në)’ y S VM) x y (4n? - n°)" 
(222). ees mz + ny, and y* = my + nz, 
va -y'-am(z-y)n(r-y) 
4 2-920, and æ = y, 
and =m +n; = Vn A 1) 15 


» let e ys; 
mæ n 
m + n 
.. 2-120, and z - y, 
also n (2 + 2-424241) + mze(2+241)=0; 
en(Pee4ts zz lr alba iz Set 
s g 2 
2 2 2 , 
6% eeu. - 2mn + dn 
2 n 2 2n 4n* 
2 2 
24 lu hn, V(mt-?mn + En’) _ 
2 2n 2n d 
r a a@-4 .  a,wX(ad -4) 
eM m dj d 4 DE tome 0 


es zt = 


» whence mz (2 1) + n (2 - 1) =0; 


By substitution in (1) 
atyd-4 , a, a 4) ` 
„ 


sy MV N]. 
and z = VEE + v-a) . 
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Ex. 223—225, p.51] UNKNOWN QUANTITIES. 201 


(223). Ap d, and ( Y by t (z-y bj =ë, 
from (2) 22* + 2y* + 4bz = è - 20%, 
from (1) 22* - 2% = Las; 

. 4r? + 40 + b= 2a +c? - 05; 


SIZE ETE 
and y =+ 5 ND - 20 + y(2at + è - 05). 


(224). a (1 - ay) o e d 0, and (e) (1 - zy) + £ = y, 
zi dii /e 


from (2) y= — ni 7d 
14% 1 Ep 
Gr 1 E) T) — (142)(1- 255 
nA eo MEA sc, 
(1-2 +2) oat + ay 


Jungs Bae Are 9 

(1- z^ +2) dE 

KEDLEN ati TE 
1-z^iz 1- M tz 


1 
hence & -1-20, zs 1, and y = 1, 
also (x +1)=0; . z2- 1, andy = - 1, b 


* 
also a (1 + 2) 22; . d c atz- 25; 


4 4 2 H 
e: 2 a „ A. 44 ta“ 
C ES ER er 4 3 
„ 3 {at y(a + 4)} =m; 
. Vn 
2 
(225), Y -x + V(2xy - 32%) (2y - Bx)" tt 
3(v-2 E cl P E 
A is (2y - Sei" — 


K 5 
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202 SOLUTIONS IN ALGEBRA, 


and $+ {x — (2) - EE = = G9) -v, 
{/(2y - 82) + x Pe (2y - 32)* 4 25 
from (1) e ge WET 3 
(2y - 32)” - x 
. UN - 32) + (zr) _ 2y - 2x - V Gay - Ld 
99 * (2y - 32)* - E 
(2y - 3x) -x 2(y-2)-4(92zy - ) 
MM 50% az) % a)r virg - 38) 
5 * aright non 
2 
from (2) di. 955 @ V2 - l)*gi = (2 yz-1ř= = , 


whence D. : Fi 29%, or e 6 r) = 9 42), 
from the latter 


2-202424 (4 24 1) and y = 2z. 
(226). (2 + 1) y= (y* +1) *, and (y* + 1) z = 9)? ( + 1), 
from d 15. from (2) (r+ 0-8 (2 +2) 
1 
oot 543(y4 "E ESCH 3x8 
1 
Ze 242 
Pr (z+ =) ¥@) = 14 ; 
i. 10) and z? + 1=0; ..2%=+/-/(- 1) 
also 2* £242 = V8) +35 
TE = + (3 V3) 
and so also z -1 =t yi1 VQ 


. 4 = S C+ 53 +73) 4 „C17 (3)]; 
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Ex. 227—228, p. 51.] UNKNOWN QUANTITIES. 203 
"San =) V68) = + (3 + 73) x V3, 
whence y = 3 20% + V3) x V3 + (8 78) - UL 


(227). a* + Gx V/(y*) + V (y*) = 128, and dei (y) +y (c) = 32, 
from (1) 2* S 6a M + V (y^) = 148 (4), 


from (2) & ty * ty() = 32; 


: ai 10M 
vat 42 V (y) + VY) Se 
1024 
1 7 

42 (y!) - 128 V(y*) + (82)? = 
. 4 (yf) = 16 and from (A) 
sa? 2 (y!) + % = 0, and z = V); 


* * = 16, and æ = 4 4, and / = 8. 


from (A) . de / % = 128 - 


3 
(228). a> + y = (x+y) x " and y* v(x) = (£ +y) *, 
ai a- aytiy - . 
Up z*42xy + y' 
or z* 22 - a*y* - 2ay’ + y* = 0, 


7 2-261 DE 4; 


zy, 


* 24¥%2142=80r-1, 
y æ 
a W Be 9 9 5 
multiplying by 2 3 
3 + (5) 


LJ VN 
* 4 — 2 Y, 


8 +45 bead 
from (2) zy* = (z + y) or Sr xy = (5 + y5) t 
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204 SOLUTIONS IN ALGEBRA, 


y (5 + v5) zu 5 t5 5 
* (3 + v5) 93 2 70 26 £75); 


e 6 U, 
mà e f [855] - VE ee 


- : /(10 + 2) 2 (10 + 245). 


229). z*y* + xy* = 156, and 2y? — zy? = 144 
( y y y , 


let & ry: CH, el ^. 147* - 13r = 12, 
and t- 27 I 2 80 14 (is) " as? ^ra 
in td 

w=, and g 5) 7 - = 156; 
. % 8 * 4, andy=2 and z = 3, 
from r - 2, y'=- 13x 156, 


and y = Vc 11 and 4 las). 


230). (2° + %% ay = 78, and æ + y* = 97, 
( y y 


from (1) zt + 227 + y* - y and si 4 y* = 97; 
Dia (978 2418 119 
s g thg) = (GZ) so ey = 86 or i 
. = + ô, 


and 2* + 227 + y* 2 13 + 12; 
S r 5 anda-y=t1; 
. 4 3 andy=1, 


Ex, 231—233, p. 52.] UNKNOWN QUANTITIES. 205 


(231). zt + y*=17, and 2zy (2* + y?) + 3a*y* = 32, 
from (1) + (2) z* + 4z*y + Geng + 4% + y'= 81 

. 1 = 3, T +y? 92; 

^. 22 (9 - 2zy) + 3. = 32, 
zy - 18zy + 81 =- 32 + 81 - 49 
zy =9+7=16 or 2, 
whence z* - 2zy * = 1 or - 55 
x2-y=+1lor + y(- 55); 


* 20 1 86 (C03), yo t Lorz (£3: C 55) 
(232). (z + y) (2° + y?) = 76, and (z + y) = 64 (z - y) 
lt&z-men y-mc-nmn;..zty-22m,z-y-2n; 
2m (2m? + 6mn*) = 76, or m* + 3m*n* = 19 (A), 
also 8m? = d Sms pé 


^. from (A) 10 afn + 3n? DEET - 19, 
| 121 


whence n? + ne peys 71 
4* 9 * 2° 
$ Ear 1 19 
De n? — 3 4 = e or — ; 
6* 2 2x2 6 x 9? 
1 
T tea and n 75; 
5 3 
from n=5, m= 25 52 35925 
and other values may be SC from 
K GI. 
hn 16 x 2 


(233. 5-2 /(y +2) = E - Mie - 3 Vy) 


00 10 „/ 16, 


„ 25 32 16y 
from (2) 2 +104/(F)+ 5 SRL 
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206 SOLUTIONS IN ALGEBRA. 


„ (ay) =- 5+ 4y(y + 2) (A), 


from (1) 2 + 9y - 6 (zy) - 2 /(y 2 5 


. 2 4 9y - 26 / + 2) + 35 = 75. from (A), 


y+2- 0% +24 GI, 2 „ 10 


61 9 81 
z M 2 2. 17 
E . 
% +2)= y (F 508 1 (5-0). 
28141 and Jeu) = 5+4- 622-1; 
g 1 
D | hd inert 
me eee 
whence 64 f 4 CA .*. 4 2 4 andy=- 


(234). Be %% + 92'y) =( 5055 and 6 %: /:: 4 1 5:3, 

18 

z2 

. On (x + 2) +2 x 9z (Az + 2x (x + 2)} = (83x - 1) 182, 

or 2 /(22* + 8x) = 5a - 4, 

art nas 36 1024 Sod Ze 
Gia": 17 


from (2) 6: /:: 12: 3:7 


whence & 


and y =12 or $, 


or from (1) y + 9z + 2 (zy) y (y + 9x) + xy = 4zy; 
- V(y + 92) = y (zy) or - 3 (zy), &e. 


(235). se -24/(F-2y+8)=2-y, 


apg Viet 9), Be Bens ou 
from (1) Ze 4 zy) Bel 
(52 - 8y +32) + 4z (52? - 8y + 82) + 4z* = 9a + 24 + 16; 
*. V(52 - 8y 4 32) = - 2z + (3 + 4) 
=g% 4 or 4 5, 


Ex. 236, p. 52.) ^ UNKNOWN QUANTITIES. 207 


from the first value 
5z? - 8y + 32 = 2? + 8z + 16, 
* 2 +4 
whence y = FEN ECH 


2*44) 32 (2e-3)/2 3 3 3 
*. from (2) uai qiu 
whence 4 — 772? + 12x = 3 (x = 2) 4(2) / + 4), 
or 3 (x - 2) y2 V(z* + 4) + Tx (x — 2) + 2 (x - 2) = 0; 
. 2 and y -2, 
also 3 42 V(z* +4) + Tz 4 2-0, or Tæ 22 3/2) V(a* + 4), 


34 1446 
whence 31z* + 28z + 76 O, and eran: Y= 961 
a Ba 
d apt agg Se 
and in (C ur 55 ( &c. = (1°25), 
3 
ORE PA am P Ver 
57% 
25 Oy , 2 6 +4/(21) 
at- boty? + DL. T Wurm ECH 


1 yf /et+y-1y2. 
from (2) (1 - ~ =) -( SET ; 


EE . 21-6, and æ = 5, 


y! {3 + (21) + 20% = 50, 


vien yt- 582 /GD)y pç p S08 (v. auo 


D y= Civ), s. ARR 


GABINET MATEMATYCZNY 


Towarzystwa Naukowage Warszawsklogg 


and z = 8 Zm F 2705) t ¥(21)}. 
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208 SOLUTIONS IN ALGEBRA. 


—— — — 


DT 
(237). * 4 zy +y’ - d,, andz+ay 4y-b, 
a + ry +y? 
zrwy(xy)*y 


and æ . (n) +y -bi E 2 (y) =" ^ 


| and yz + /y= KE? ) Vx - N= /Cs =); 


DEE p Léi: y/{(30* - a°) (3a* - 50), 


ee 


and y = g; [0 +0- SE - a) (3a IL 


l 1 
d (238). ay € - 56 (2 y - (zy), 


$ $ $ 3 $ $ 
and 2a° + 16% +42(2y) = 4 (zy) (5 + 11y^), 
A 4 
let z = my; — from (2) * 2° = my', 
UNE ES ES 
, we have 3m'y +16y + 42m*y” -20my + 44my’, 
and by trial 
m? (3m 2) - 6n? (3m - 2) + 10m (3m - 2) - 8 (3m - 2) = 0; 
j e Ud ne 
i #3 
1 from (i) ay +y - 56x y - 1200 = 0, and if z = n'y, 
y m^? — 56m*y + m'y? = 1200 = 0; 
ji therefore, by trial, 
1 m'y? (mèy — 12) + 18m*y (m*y - 12) + 100 (% — 12) = 0; 


i my = 12, and y = 12x 2 =27; „ Ze 8, 


also mty? + 13m*y + 100 = 0, 


dé of which the roots are impossible. 


Ex. 239—240, p. 52.] UNKNOWN QUANTITIES. 209 


$ i A 
8 3 8 
qa €: rd V (9,8 4y „„ „J OY 
(239). CN c Ium 0112, 
y x z z 
$ 
and . 2 22 133 1 2 y 
von Lema m CE 1 €T 
y y y 36 yos a 


for af, p write z and y, 
then z* (2* ~ 1) + y? (22* - 1) = 4y* ( + y) + 3y' + 22y, 
or 2* + 22y! + y'= 2 . . + 4% (E +y) + 4% 
orz'4y'-z4y*2y, 
orz'-y'-z4y; -. 88 and v - y = 1 (4), 


from (2) 2° - 22*y - 222^ = se ry - - Beni - y’, 


or (2° - y - 22y (2° - ey RET, 


WW: 
and dividing by (4) 18% 
Eve seis ts „* 
OCI 13 0 63 
. 14 = 4 5, and æ = 3 or- 2 and y = 2 or - 3, 
and the cubes of these values are 
27 or - 8, and 8 or - 27. 


(240). zy 2 a, zz = b, zu = o, and zyzu = d, 
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210 SOLUTIONS IN ALGEBRA, 


"tiis 
: x V- eg 
en Meere -: 


* + 3y? — 
and 32? + SÉ + i = 4 den) oe + 11y), 


from (2) 32* - 20275 + 42 — 4425 Cé + 16y? = 0. 
Let æ = my; — 3m* — 20m? + 42m? - 44m + 16 = 0; 

ij ^. (8m - 2) m? - (8m - 2) 6m* + (3m - 2) 10m — (3m - 2) 8 20; 

d Tu 3? 

i also a — 6m? + 10m - 8 = 0; 

i *. (m — 4) m? - 2m (m - 4) + 2(m - 4) =0; 

| "meg, 

and m- 2m + 2 = 0; 


whence z = 4 or -L and y = 9 or SC 


^6 4 


i “m=1+4(- 1), 

ji which is an impossible value; therefore substituting in (I) 

d cubed 

n y= Hr 

"i ined 

i s 

Du 5 3 

i we have 82? — 542° - i, 
and taking the cube root 

dh A 

ii 2 

) 215 

i 1 

i| _ 9a UR 1 

i 4 Ch 


Ex. 242—243, p. 53.] UNKNOWN QUANTITIES, 211 


(242). 2 (2° +y°) = 2z + a, and in 2) + 6yz(z-1)4 y'7 T , 
from (1) 2«1 zti 2 (da - 47 ) (% ö 
from (2) z=} i bane 18 2 (25 + NEE + 1)) CB), 


equating (A) and (B) and squaring and arranging 
16y* - 4 (2a + 1) y? 4 — 2a - 25, 


| ERR 
whence 44° = “ate pe ic ana 


and y = 4 4a 24 2 /(Ba* — 4a - 8b + 1)} 
24 Vida + 2x 2 (Bd - 4a - 8b + I). 
(248), (1 - 29! (14) - dd Gn y) = det y!) 
pV d- ch 


and 1 


from (1) 
(1 - 22* + 2*) (1 + y?) - (1 + 22? + z) (1 - 9) = Az? y (1 4 y), 
whence y* (1 + z*) = 22* (1 + (1 + y')} (A), 
from (2) (1 - 2) = dy 
‘ — 5 22* (1+ y^Y 
putet AR z+ 2 = 1 y» 
8 ër +/(1+y'}} from (4); 
y H 


, Qr yy Lrd ti 
sae E 
en 3y° + 6y* = 1, 


Vë) 
X 7s ees y Ua vs 77 
and 2 „ ae wf 


whence y* = — — — 
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212 SOLUTIONS IN ALGEBRA. 


m 1 ` 
andz--5t5wV(m - 4). 


(244). m*.n* =a, and z :2:: 7:5, 
z* logm + z logn = loga, 


and 2 ; 
r 
s? 
Gi (Iogm +a logn) = loga; 
* r (loga) 
-— V/(7* logm + $ logn)’ 
and z= s V(loga) 


A (r* logm + sè logn) ' 
(245). (2 + 4zy - 32?! = 2 - Az*y* + 32%, 
and (2˙ 1) = (2y* + z* + 1) (2y* - - 1), 


from (2) we find 
Bei + geleet 


Then, by (1) and (3), 
(2 + 4zy — 32*)* = 3z* - 4% + 2 (2y* - r 
ax = 4 A 4%; 
„ 24 44% - 923 = + (a* Out, . . . . (4). 
Taking - in (4) gives 
: =I. duse au 
Substituting from (5) in (3), we get 
2 (z 3 1)'! - x =1, 


1 2 
or (2 +5 +4) =6; 


[4+ /(6) + /(18 Ak 


ee z = 


nol 


and y= ; [2 + /(6) + /(18 + 8 (6)]]. 


Toking 4 in (4), other values may be determined. 


13 
Ex. 246—247, p. 53.] UNKNOWN QUANTITIES, e 


— 2 Nes 2) 2 Nea 

a e ee AA m 

from (1) 2 9 - Ba'y? = (2° 9% té + vy) 7 9 

we have z = + 3 Vy, or æ = t y(- vY) 
by substituting 2* = 9 yy in (2) 10; 
we have y*+9y=10, or y* - 149 (y 1) 03 „ 
d e, 
WT 


20. Q/G)- JB) * v (io - 22) 
70 %% - 


SEN 


from (2) 9z + 3y = seier y 
21 Ate. 4949 Ty 1 


1 /Ty TE 
228 lf - 1)- V) or 92 (4 ) 
„ 


Së j i 
from () -E - 4 4 712 


PA es T æ vy) 3 v(y) 
700 3*3 % ys ya” 

from the latter value 

z4(2 ` 8 y(22)4+1 


J(z) * 48 een" Ry - from (.4), 


y= 
eulos 19.15 1 
whence TL &ya^ V? "euer 


. * = 2 ur = and y = lor. 
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(248). TP 14 40% = 140 - Ve- 
30... m 


3 
and & = (162 + 9 
y y y» y’ 
from (2) a*y* 30 - 6 = 30 + 5%; 


` ay? - 85zry 36 = (ay + 1) (xy - 36) = 0; 
<. ay 36 or - 1, 


by Substitution in (1), 
648 + 4 40% = 140 - y /(1024), 
or 5y* - 4y - 64-0; 
24 (y* - 16) + y (y - 4) = 0, and y = 4, and z = 9 
ot ias be n ee, 
5 4 


(249). x° (b - y) = (y - n) ay, and y*(a - x)= (x - n) bz, 
by addition, 
xy + % = (a/ + bz), 


or a*y + (y* - 1 - d S uos 
From (1), 2* = Se? ? ay; 


Nk 


Y iin in (A), 


ay* x Se (° - - nb) n ) vy) - nay = 0, 


or AG nd) He- 9-9) V(ay) - naby + nay? - 0 
ay (y* nb) + (y* - nb) dia - n) (65-9) v (ay) = 0...(B); 
* ub = O, and / =+ A (n), 
and the corresponding values of z are 
A (nb) - n V(b n 
dée bin eem aie 
Again from (B), ay + /((y - n) (b - y) Jay} = 0; 


“ay = (y - n) (b - y), 
or ay = — 4? + ny + by - nb, or y? + (a -b -= n) y =- nb 


whence y = E 2 ( -b- H tl 4 2 * - b - ny - 4nd} 
and æ = 26 b-n)il g V (a - b - n)? - 4nd}. 


| 
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Ex. 250—251, p. 53.] UNKNOWN QUANTITIES. 215 
from (1), - ay - bz, 
from (2), z? = az - by; 


y 

DEE 

Cs echt 4 VE 
Ce 

at — 5 

Let =t; elim Tak 
ar AS EN] ca: 

„ 1 Less 0, and¢=1 ory=@......... (A); 


also bt + G a)@+(b-a)@+(b-a)t+b=0; 


N fa EN a+b 

whence (¢ + 3) - - (5) GHE Sr wi 
2 

neple itve gab tm. " 


then ?? - mí =- 1, IERCH LR 
from (2), if z = y, then x = ab; 


GE - 1, 24 = bn + (m* - 4); 


and y = tt = (a - 3) (m x y(m - 4)) (m x V(m? - 4y. 


sp, $3979 247 a(t- gy, and (22? G -3) = 3, 


For z* write u, and for y* write v, 
from (2), 4uv - 2(u v) = 2, or 2 - (u 4 v) 2 1... (4), 
from (1), 4w? - 2u - 3 = v (2v - 1) (- 1), 
from (A), e(2uv - u - w + 1) = v (2 - v); 
. Au! 4 t v 2 1, and v 2 t 1 ...... (4), 
and substituting in (4), 


v -2u - 1, ue Zor 0, 
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or v = 2u 4 1, 44-9422; 


whence u = be VATS) ; 


2 — 


and z= +5 v5 or 0, y= tz ; v6, Are, &c. 


(252). ab + ah ( + y)’, and yè (2) = (£ IN. 
see Ex. (228). 
(253). a {y(x * y) * V(z - y) = zy - y (2 - y") 
and V (z +y) + V(z - y) =, 
letzr4y-22m,z-y-2n; . = mn, and / = m u, 
from (1) and a 4/2 (m* 4 n?) = m? - n* — (m — n) 2 y (mn); 
H 1 2. a 
`. a y2 = (m° - n*) {m + n 2 (mn) = (m° - n°}; 


1 1 11 P 1 Ba i 1 
. m = =a 2°, or (m + 150 x (m* - n*) = a2’; 
gë 
a2 


A 
from (2) m -n = “pat 


A 
but m +n" =b; 


r Dë ; 1 5 + b}, and "PSG zf n de) y 
S^ p 16 fs : VUON, and T 50 F Vien 


and by expansion and addition and subtraction, 


* m — 16 o + 4% V(4a) +6 (44) + 5 +a SÉ? + pt 


2 $ 
eee 


mn = day ge 
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(254). 2+ 4zy 34 „2 — 44% +32‘), 


and 52 + 1 57 = SEY 2% +1, 


from (1) 
4 + 16 + 162*y* - 122” - 24% + 9 = 2 — Az*y* + Act, 
whence 1 + 8zy + 10a*y* — 6g? — 122*y + 3z* = 0, 


2 
or at - daly + 4, - 2( ay) 12 207, DÉI 


_2 2 
= z (æy +17, 


ope tdem SE (A), 


and from (2) 27 - 9z*y 4 m me 55 
- Bau + n EM 4 36% Ds 


e — 2 = NE x (zy + 1) - 2% - 1; 


. 3 2 42’ 4, and z = 4 2, 


from (z= 2)in (4) 4 4y=1 Nä 


ER 2 
3 1 
dch 2 (y2 + 249) 4 


(255), ty Mey kih SÉ 36, 


ai 2 a * H 
mato V n 


from (1 -5, 15y - 1 2107. 
om (1) z* - 15y - 14 - u - 15y - dE Eer 


97 47 
*. r - 15y - 14) 10 410 xod uide 
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* - 114 


*. & - 15y - 14 = 100, and y = 15 


Let x = my, 


(A). 


m* 
then from (2) = v ＋ * 


2m 1 Vs 
38 3 el 
zk 
* (Ji (37150 gi? ss 0; 
m* 
Kë 
2 
whence m= 6 or f, 
by substitution in (A), 
43 19 
36y* - 15y = 114, and y= = + 24 =2 or- z5’ 


12 A. 


(256). (z - 2) y +æ 2% ) (y’ - 1), 


and zy (zy - 18) = 4 (/(zy) - 12}, 
see Ex. (194). 


1,3 3 
257). (ry! T r tre -y(z49) 73, 
and æ ei + Ty = 4(9y° + 16), 


a DE XQ EN 
from (1) 7 101 V(y* + 1) - Ee V(a + 9) - 3’ 
y a 


r DDI „s 
and multiplying this by (1), 
(o 1)1 _ V@+9)+3_ 
du I) i w(z-9)-3' 
E a 97 492249, 


or z 9, 
from (2) 9y* (y* + 2y + 1) = 865? + 64; 
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Cd emt 64; ö 8y(y-1)=+8; 
8. 1. 35, 29 
LE 9 94235 a E 19! 


Ab- ch EVE} 
and æ = 97 : (19 + 4/(105)}, or 3 (48 „JC 87). 
(258). ( +y) + V(z-y)- ^ Un y» + (a? - y» dat 
cubing (1) Ze + 3 / % ( + e +e" di a, 
or 22 A 84 die ) ei . J -y)- 


ius 
. from (1) moy $ a- E 
300 345 


. K ER za (a + ey + (a - 22), 


whence 22* = z (98? + 18a*x + 36a2*), 


4 

, 7 sais DS et Ze 
. 4 U N 
(3 (¥3t+ 1) a* 

e ; 


(10 + 6. (3) a? 
„ Tu * 24(3); 


(2 N 
M ow SCH ays) m 
(059). (et yr eet e (og -G, 
and zy = c(z - y), 
from (2) 2ex — 2cy - 2xy = 0, 
also (e - y + c) 2 2! +y? + c+ 2ez - 2cy - 2zy 
L2 


www.rcin.org.pl 


220 SOLUTIONS IN ALGEBRA. 


.. S T= (- Ayo; 
^^ from (1) (z -y + c)! = 4% = 40 (2 y), 
and (z -y -ef = 
.*. & - e, LY=L-C, 
and from (2) y = —— =2- 0, 
* ＋ 


whence 2 5 7 2 {l + /(5)}, and y = 5 (- 1 45) 


(260), $ VQ) MEN dh 5, 
84005 


5. 9 16 or t, 


e AAEN ANE S- Ah PN EL " 
y 6Jy 144 144 J 2 

* / = dëi or 92’, 
if y = 4z! = 16z, then z = 4 and y = 64, 


if y = 92° = 162, then z = > and y 205 


(261). U + V (ay) (^ + Vtt = a, and zy * 3 Y(bay)=" 
„ „ 
from (1) Y e *y ) *v(y e *y )- 4 

„ 

. dis ry e *y )=@ ty) zg 

| I NES. 
EX ah, 
i 
UV iy vun e e? 


*. from (2) 25 + S = 3°, 
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2 
3 


4 (ek, 
anda 42(zy) +y =b ; 
iu 4 $ PB oic 
2 (xy)? b - a", and z” - 2 (zy) +y 24 -b ; 
a A 2 i 2 2 
, ef y 2a 205); i. ds + V(2a° - 05); 


x Aë Em, 


Cl ra 
Ss 


1v 2 A 
— 8 (b? + (24 - 0 and y= 


(262), 6 - z /{5a* - 8 (y - 4} = 2 (2 - y), 
aa we Se eee ae 


see Ex. (235). 
e T vH o 
263), 4 / [8 - ME Ce 
0 Vs 18 + Ty) is VOV - 2) = a. 10" 20" 


and y YC + 9) - y(ay*+ £) = 2° EE 
from (2) ^ " 
zy + 9y = ay? A & + 9% 6 / 2 / + 2) Le - 3y) 
A P 
e - 3y = - V 1) (2° - 3y); * 29% 
andy’ +1=1; . y=0; 


from (1) iy! - 18 +2 - 20 (ny! - 18 + c) 100 = 05 


à Pies i210. 
EC 18 4c) 10; 


"Ty - 18 + = = 100; 
eo 2 118 9 1125 
„ ir (28) ^ 7 + 58^ 786! 
8.15 , 599 


e rz 
= 59 + og 14; 


59 
* = + H 
y ESAE 


531 
.*. 4 = 36 or n 
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(264). 9% E 
and de *l ey | x gi * 16 A (a* + ZA 


_ 125 - 216 (2? 750 
e 216 , 


24 2 
from (2) 328% + Seu + aa ty Sy 16 


Zë 3 125 
+ Be y + 34 47 16 U Af = 8 


and z? 


$ Zë, 116281 
et +y) d GN + (3) - 4827 


91 341 125 
e 3 Atert Au eege? - e. 
E =- a 1 432 216 D! 


EA. dut d. 
*. 4 +y = zg OF 1 (4): 


22 
3 


5 $, $ Eos 3 
rom (1) 30(z +y )440zy = 241 Ale +y ) xo y i 
. from (2) DS + d0zy = 24125 y EL 


25 + 48zy = 2412 y, 
and by trial 
£3 22 


25-24! 48 y (5- Sete): 
AE zy? E and zy = 126, 
14 ii 
also 48 / -z'y =5, 
14 2 Lid 
from æ Y = 5 in (A), * - 22?y? 4 y? =- 305 


1 
. Nat 835) (B), 
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4 e 
e 25 1 961 
48 (56) 48 (96) (96)! 
x „ 
» ahy = 9696 3 716! 


and other values may be ane from (B). 


PROBLEMS PRODUCING SIMPLE EQUATIONS. 


X, (1). What number is that, from the treble of which if 48 be 
subtracted, the remainder is 42? 


Let z = the number, 


then är 48 = 42; . 4 = = 30. 


(2). To determine two numbers, such that their difference may 
be 5, and the difference of their squares 75. 


Let z and æ + 5 be the numbers, 
then (a + 5)? = 10 4 25 = 15; . x= 6, 
and the numbers are 10 and 5. 
(3). Find a number such that its third part being added to it, 


the süm is less than 9 by as much as the number itself is 


greater than 5. 
Let z = the number, 


then 9-(2 4) 2 2 - 5 


or 27 - 4z = 3x - 15; . 5 76. 
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(4). What number is that, the double of which exceeds four- 
fifths of its half by 40? 


Let z = the number, 
then Se ix A «40; 


2 
*. 10z - 2% = 200, and z = 70 = 25. ; 


(5). Find two consecutive numbers such that the half and Git. 
part of the less may together be equal to the sum of the 
third and fourth parts of the greater. 

Let z and z + 1 be the numbers, 
z c “£+1 241 
then 3 4 5 toa 
. 30 + 12 = 20 + 20 + 152 + 15; . z= 


.. 5 and 6 are the numbers. 


(6). To find two numbers with these conditions, viz. that half 
the first with a third part of the second may make 9, and 
that a fourth part of the first with a fifth part of the second 
may make 5. 

Let z and y be the numbers, 
2y 


prn Anar RM 2 
2 3 9; „4 1 3 = 18, 


W 
also 4 65 "24 . 20, 
4 2 
whence (=~ 5) y= 2; y= lbs... 228. 


(7). Of 3200/., 4 has 4007. more than B, and B has 200. more 
than C: find the share of each. 


æ = D'sshare; — æ + 400 = A's, x- 200 = C's; 
*. 3 + 200 = 3200, and x = 10007. B's share, 
A’s share = 1400, and C’s share = 800, 
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(8). Find two numbers in the proportion of 9 : 7, such that the 
square of their sum shall be equal to the cube of their 


difference. 
Let 9z and 7% be the numbers; 


. then (162)* = (22)*, or 256 = 82°; .. 2 = 32, 
and the numbers are 288 and 224, 


(9). Required the number of which » - and : together are as 


much greater than 233, as 5, S and ; of it together are less 
than the same. 
Let z = the number, 
NR E domo 
then at 3 4 223 2235 67 


then, multiply by 12, 
62 + 4 + 3z = 446 x 12 - 22 2 177, 
and 1óz x 35 + 84z + 60z = 446 x 12 x 35; 
2 446 x 12 x 35 
669 
(10). To divide the number 2 into two such parts, that a third of 


= 280. 


the one part added to a fifth of the other may make 5. 


Let x = one part; . 2- x = the other, 


then 24 =$, .*. 5 ＋ 6 - 31 = 93 
3 T 
Ke and 2 is the other. 


(11). A and B began to play with equal sums; A won 11. 10s., 
and then their money was in the proportion of 13: 7. How 
much had each when they left off playing ? 

Let zs. = sum each had, 
then x + 30: z - 30 :: 13: 7, 
org: 30:20: 6; „ 2-207 20 _ 1006, = GL; 
^. A had 07. 10s., B 31. 108. 
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(12). The ages of two brothers differ by 20 years, and one is as 
much above 25 as the other is below 25; what are their ages? 
Let z = age of younger, and z + 20 of the elder, 
then z + 20 - 25 = 25 - z; . ëss 15, and the elder is 35. 


(13). Find a number of which the cube root is + the square root. 


Let z = the number, 
i 3". E 
then z? = $ (z)', and 2* x 6°= 2°; .. 2 16625. 
(14). Find a fraction which becomes ; when unity is added to its 
numerator, and i if unity be added to its denominator. 


Let : be the fraction, 


whence y = —74—^, and y = 4z - 1; 


*. l6z-4=5r+5 and z= iD, 


EN Se 11 25 
d ras 
(15). To find three numbers, such that the sum of the first and 
second shall be 7, the sum of the first and third 8, and the 
sum of the second and third 9, 
Let z = the first number; . 7 - x second, 8 - z = third; 
„ 15- 21 = 9; . x= 3, and the numbers are 3, 4, ö. 
(16). Divide 647, among 3 persons, so that the first may have 3 
times as much as the second; and the third, one third as 
much as the first and second together. 


Let 3æ = sum of the first, æ of the second, = of the third, 


4 d Bär 
dës, mS SET 
then 32 +2 + = 641. ; x 15 12i., 


and the sums are 367., 127., and 160. 
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(17). 


(18). 


A person, dying, bequeathed his fortune, which was 2800/., 
to his son and daughter, in this manner; that for ever; 
half-crown the son might have, the daughter was to hav 
a shilling. What, then, were their two shares? 
Let z = number of half-crowns and shillings, 
5x 2800 x 40 


T + 2 = 2800 x 20s.; .. & eau A 16000s. = 8007., 


and 7 = 400 x 5 = 2000. = son's share. 


rep 1 ; 
A gamester at one sitting lost $ of his money, and then won 


10s.; at a second, he lost $ of the remainder, and then won 
3s.; after which he had 3 guineas left. How much money 
had he at first ? 

Let z = shillings he had at first, 


then a - 5 ＋ 10 = + 10 = money he had for second start, 


and 2 E + 10) +3 = 63s., 
3 5 


whence 2 + 10 = 90s., and æ = 100s. = 50. 


(19). Three persons, A, B, C, make a joint contribution, which 


(20). 


in the whole amounts to 4007. ; of which sum B contributes 
twice as much as 4 and 207. more; and C as much as 4 
and B together. What sum did each contribute? 

Let z = A’s contribution; .. 2z + 20 's, or 3z + 20 = C's; 

„ 6z + 40 = 4007, and z = 601, 
B's = 1407, C's = 2007. 

A person being asked the hour of the day, answered thus :— 
If 5 of the number of hours remaining till midnight be mul- 
tiplied by 4, the product will as much exceed 12 hours, as 
: of the present hour from noon is below 4. What was the 


hour after noop ° 
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Let the time be z hours past 12 o’clock at noon, 
3 * 
then 4 {= (12 - 2) - 1244-2, 


18-2 124 5 — 4 =2 o'clock. 


(21). Two coaches start at the same time from York and London, 
a distance of 200 miles: the one from London travels at 92 
miles an hour, and that from York at 103. Where will they 
meet, and in what time from starting ? 

Let x = number of hours till they meet, 
37 | 49x .200x4 ` 


then ut ub ur 200, orz = uds n^ 10 hours; 


. they meet m = 921 miles from London. 


(22). A person paid a bill of 1007. with half-guineas and crowns, 
using in all 202 pieces; how many pieces were there of 
each sort? 
Let z = number of half-guineas, y = number of crowns, 
then z + y = 202, 
and 2 5% = 100 x 20 = 2000; 
*. 5 + dy = 1010, 
21 990 x 2 
and 77" - óz = 990; — — AI 


and y = 202 - 180 = 22, 


= 180, 


(23). A and B begin to play with equal sums; A won SL, and 
then three times A's money was equal to eleven times Bs. 
What had each at first ? 

Let £z. = the money of each, 


then 3 (z + 6) = 11 (z - 8); .- z= = 81, 15s. 
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(24). 


(25). 


(26). 


(27). 


Says 4 to B, If you give me 10 guineas of your money, I 
shall then have twice as much as you will have left. But 
says B to A, Give me 10 of your guineas, and then I shall 
have three times as many as you. How many had each? 
Let x = A’s guineas, y = B's, 
then æ + 10 = 2 (y — 10), also 3(z - 10) 2 y +10; 
y 140 
D e 
A messenger starts on an errand at the rate of 4 miles an 
hour; another is sent an hour and a half after to overtake 
him; the latter walks at the rate of 42 miles an hour: when 
will he overtake the former ? 
Let z = the number of hours, 


*. 4 27 30 „ whence x= 22 guineas, y - 26 guineas. 


and gain per hour - mile; 
* 26242 . = 8 hours 
A garrison of 500 men was victualled for 48 days; after 15 
days it was reinforced, and then the provisions were ex- 
hausted in 11 days. Required the number of men in the 
reinforcement. 
Let x = number of men in reinforcement, 
then z x 11 + 26 x 500 = 48 x 500; 
„ (48 — 26) 500 
11 


A and B together possess 1507. and C has 50/. more than 
D; also A has twice as much as C, and B thrice as much 
as D. Required the money of each. 

Let 2z = .4's money, 150 - 2z = 's, 
150 - 2 : 
——- Dis, 
then z - 50 Tg Gi 


A's = 1901, B's = 30}, C's = 60l, D’s = 107. 


= 1000 men. 


x = C’s money, 


, or x = 601, 
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(28). 


(29). 


(30). 


(31). 


SOLUTIONS IN ALGEBRA. 


What number is that, of which the half, the fifth, and the 
seventh parts are together equal to 59? 


Let æ the number, 


then ZA 2 47. 5o, obt, sd 


2 5 7 59 * 


In the election of a Member of Parliament, 15 of the con- 


stituency refuse to vote, and of two candidates the one who 


is supported by 40 of the whole constitueney is returned by 


a majority of 5: find the number for each candidate. 


5 S 
Number of voters = 16 of constituency = = $ 


then Ze = E - 0 = 
40 16 40/ Sy 


and the numbers are 190 and 185. 


5; . 2-400, 


Required a number from which if 84 be taken, three times 
the remainder will exceed the required number by a fourth 


of itself. 
Let x = the number, 


then 3 (x - 84) =a +5 whence z = 144. 


A person spends 2s. at a tavern: he then borrows as much 
money as he has left, and spends 2s, at another tavern: 
borrowing again as much as was left, he spends 2s. at a 
third tavern; and repeating this, he spends 2s., all he now 
has, at a fourth tavern: what had he at first ? 
Let zs. = money he had, 
4 - 2 = money left; 
*. 2 (x - 2) - 2 = money left in second case = 2 ((z - 3)), 
or 4 (x - 3) - 2 = 4x - 14 = money left in third case, 
and 2 (4 -14)-2=0; . z= 38. 9d. 


www.rcin.org.pl 


Ex. 32—35, p. 57.] SIMPLE EQUATIONS. 231 


(32). The greater of two numbers is equal to four times the less, 
and the excess of the greater over the less is 24; required 
the two numbers. 

x = one number, 4z = the other; 


542-2224; . 2 - 8, and the other is 32. 


(33). A person pays an income-tax of 7d. in the pound, and a 
poor-rate exceeding it by 221. 10s., and has 4867, left: find 
his income. 


Let £z. = his income; . his income-tax = a 


; : 240 " 
x z 
. 
then æ 240 240 221 = 486, 
226 1017 1017 x 240 
whence Sg p sommo o M 540“. 


(34). Required a number such, that if it be multiplied by 11, and 
320 be taken from the product, the tenth part of the re- 
mainder will be 20 less than the number itself. 


Let z = the number, 


^ 11z - 320 
10 


*. 114 - 320 = 10z - 200, and z = 120. 


the -z-20; 


(35). There are two kinds of coin, of which a and b pieces re- 
spectively are equivalent to 17.: how many pieces of each 
kind must be taken so that c pieces together may be equi- 
valent to 17, ? 

Let æ and y be the number of each kind of coin, 


then = s. and T s. = their values, 


then bz + ay = ab, and z 4 y — c, or az + ay ae; 


_ac-ab_a(c-b) b (a -c) 
z 
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(36). 


(37). 


(38). 


(39). 


SOLUTIONS IN ALGEBRA, 


If A and B have between them 12007, A and C 1400ʃ., 
B and C 1500.; how much has each? 
Let z = A’s money, then 1200 - z 's, 1400 - z = C's, 
then 2600 2 = 1500; .. x = 5501. = A’s, 
B's = 650l., C's = 8501. 


A tradesman, after expending 100“. a year, augments the 
remainder of his property by one third part of it, and at 
the end of 3 years his original property is doubled: what 
had he at first ? 


Let z = money he had, then x - 100 = money left; 


2. @ = 100 4 5 E: =4 C =) = first year’s result, 
and tur E — 100 + ad c = second year's result, 


and 27 5 (162 - 3700) = 2z = third year’s result, 
whence x = 1480/. 


A common of 864 acres is to be divided among three land- 
owners, A, B, C, so that A's share shall be to B's as 5 to 11, 
and that C shall receive as much as 4 and B together; re- 
quired the share of each. 

Let 5z and 11z be A's share and P’s respectively, 


then 16z = C's; 
ish d 864, and Bie T be Bir 
*. A's share = 135 acres, B's = 297 acres, C’s = 432 acres, 


‘Divide 30 into two such parts, that one oe be the square 
of the other. 
Let z = one part, then 30 - æ = the other, 
Mer Kee . 
and 30 - t= a ^ FT? Wik de and æ 4 F 5 
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(40). A farmer engaged a labourer on condition of paying him 
1s. 4d. a day for every day he should work, and of charging 
him 9d. for his board every day he should be idle. Now, 
at the end of a year (313 days) the man was entitled to 
191. 10s. 3d. How many days did he work? 


Let zc number of days of work, 313 - z = number of idle days, 
then z x 3 - (313 - x) x i- 39015., 
whence g = = 300 days of work. 


(41) Find two numbers, the sum of whose squares is 100, and 
their product 48. 


Let z and y be the numbers, 
then z? + y* = 100, and zy = 48; 
— @ + 2zy + y? 2 196, and 2 - 2zy * = 4; 
.0.£49y214, andz-y=2; . 2-8,y - 6. 
(42). Find two numbers whose product is equal to the difference 


of their squares, and the sum of their squares to the diffe- 
rence of their cubes. 


Let z and y be the numbers, 
then zy = 2*- y’, and Lui 2 - y^; 
WS, 1 
fi a 4 U = ZS 8 z = z (l tv5) y, 
and 5(8 + d) y + y! - (2 + V5) yf - y's 


5 6 t 45 
SE and zs . 


(43). A general after detaching 5 of his army to take possession 
.of a height, and 18 of the remainder to reconnoitre the 
enemy, had 1280 men left; what was his whole force? 


Let z = his army; . æ- 15 = first remainder; 


VADAIDAI rei nm 7 iran | 
WWW. CH J.D 
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5z A Ba 
EE kä wh = 1280; 
13 . 


. æ = 2880. 


(44). Divide 10 into three such parts, that when the first is 
multiplied by 2, the second by 3, and the third by 4, the 
three products may be equal. 


Let z, y, z be the parts, 
then z + y + z - 10, 
2x = 3y = 42; 
2z 60 40 30 
bé 247 +5 =10, or & 13, Y 713» 215 


(45). Let 10 be divided into 4 parts, such that when they are 
respectively divided by 2, 3, 4, and 5, the quotients will be 
in the same proportion as 6, 7, 8, and 9. 
Let æ, y, z, and w be the parts, 
„„ 

Ve 8z 
E a also = 2'4 2::06: 8; ots - 4 , 
lia 

SÉ x A 


LÉI BT ee 2 
then, :2::6:7; . y 


9; 


Te 8x 15 
whence +7 + S T 7 — 2 10; 
12 21 32 45 


KR estes Ka 7 11 aab ifa "TT. 


(46). Find fraction which, if 1 be added to its numerator, be- 


but if 1 be added to its denominator; becomes 4 


$ 
Let? be the fraction, then e411 Sr but 5 
y y ES 4 


whence y = 384+3=4¢-1; . 4 4 and y = 16. 


comes 
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(47). A person distributed p shillings among persons, giving 9d. 
to some, and 15d. to the rest; how many were there of each ? 
Let x persons receive 9d. each, then n & receive 16d., 


then 92 + (n - ) 15 = 12p; . £= i (dn - 4p), 
and n - 2 => (4p - 3n). 


(48). A cask, which held 60 gallons, was filled with a mixture of 
brandy, wine, and cyder, in this manner, viz. the cyder was 
6 gallons more than the brandy, and the wine as much as the 


cyder and 5 of the brandy; how much was there of each ? 
Let z = gallons of brandy, z + 6 = gallons of cyder, 
£46 tes gallons of wine; 


. 3 + 24 12 = 60, and z = 15 gallons of brandy, 
21 gallons of cyder, 24 of wine. 

(49). A cistern is filled in 24 minutes by 3 pipes, one conveying 
8 gallons more, and another 7 gallons less, than the third, 
every 3 minutes; the cistern holds 1088 gallons: how much 
flows through each pipe in a minute? 

Let z = gallons per 3 minutes by third pipe, 
* + 8, x- 7 gallons by the two others; 
x 24 = 1088, or 34 = 136-1; . v = 45 gallons; 
. gallons by first pipe = 53, by second = 38 gallons. 

(30). A farmer buys a sheep for £P, and sells ö of them at a gain 
of 5 per cent.: at what price ought he to sell the remainder 
to gain 10 per "n on the whole? 


Price per sheep == 8, price that b sold for = b e = saa)? 


, 9241 


20a 
to gain £10 per cent. on the whole, price = P * 10 = 456 K. 
11 21P 


* = price for (a - b) der 
P 22a -21b n 


204 a-b 


10 204 


.. price of each = 
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(51). 


(52). 


(53). 


(54). 


SOLUTIONS IN ALGEBRA. 


A general, disposing his army into a square form, finds that 
he has 284 men more than a perfect square; but increasing 
the side by 1 man, he then wants 25 men to complete the 
square; how many men had he under his command ? 
Let z = side of square, 
then 2* + 284 = number of army, also (æ + 1) - 25 = army; 
. * 4+ 21 — 24 = z? + 284; 
.. 2 = 154, and number of men = 155? 25 = 24000. 


A boy at a fair spends his money in oranges; if he had 
received 5 more for his money, they would have averaged 
a half-penny each less, if 3 less, a half-penny each more: 
how much did he spend? 


Let x = pence he had, y = number of oranges bought, 


Le i) EE SC mod 
ER Sec pul E ECK ya SEH 


o? 
whence z = 2215 A. 2^ , and y = 15, and z = 30d. 


The stock of three traders amounted to 760/.; the shares of 
the first and second exceeded that of the third by 240/., and 
the sum of the second and third exceeded the first by 360/.; 
what was the share of each ? 
Let z, y, z be their shares; 
„. ©@+y+2= 7601, also x + y 2240-42, y 122 z + 360, 
760 — 240 760 - 360 


whence z = nos xu 260L, x = 2 


A sets out from C to go to D, at the same time that B sets 
out from D to go to C; A arrives at D a hours, and B at C 
b hours after they meet: in what time did each perform the 
journey ? e 
Let x = hours till they meet, A = distance of Cand D, 
z + a = hours by A, z + b = hours by B; 
JETA 
"gra! x+b 


= 2007., y 300. 


= speed of each per hour; 
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(55). 


(56). 


(57). 


Ve dist. by A in æ hours = 7. = by B in ö hours = m 
* ＋˙ a * ＋ 5 


or z* + bz = bz + ab, whence z = + ab), 
and times = a + ab), and b + (ab). 


A garrison of 1000 men was victualled for 30 days; after 
10 days it was reinforced, and then the provisions were 
exhausted in 5 days; required the number of men in the 
reinforcement. 


Let z = number of men in reinforcement, 
æ x õ + 1000 x 5=1000 x 20; .. x= 3000 men. 


What are those two numbers, of which the greater is to the 
less as their sum is to 20, and as their difference is to 10? 


Let x and y be the numbers, 


then &: :: 1: 203 z= 


also &: :: 1 : 10; . aid 


He 15, and z = 45. 


To find three numbers in arithmetical progression, of which 
the first is to the third as 5 to 9, and the sum of all three 


is 63. 
Let x - y, x, and x + y be the numbers; 


*. 92 = 61, and z = 21, 
then 21 -y :21 49 :: 5:9, 
or21:9::14:4; „ y 4 6, 

and the numbers are 15, 21, 27. 


. There was a run, during the late panie, on two bankers, 


A and B; B stopped payment at the end of three days; 
in consequence of which the alarm increased, and the daily 
demand for cash on .4 being tripled, .4 failed at the end 
of two more days; but if A and B had joined their capitals, 
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(59). 


(60). 


(61). 


(62). 


SOLUTIONS IN ALGEBRA. 


they might both have stood the run as it was at first, for 
7 days, at the end of which time B would have been indebted 
to A 40007. What was the daily demand for cash on Ze 
bank at the beginning of the run? 
Let x = daily demand on A at first, 
3z + 62 = what he paid = 7z 4 4000; 
. «= 2000“. 


What two numbers are those, whose difference, sum and 
product, are to each other as the three numbers 2, 3, 5? 
Let æ and y be the numbers, 
then & - y : x +y : zy :: 2: 3: 5, 
whence &: :: 6: 1; . 225y, 
also Ar + 5% 3 /; . y - 2, and æ = 10. 


A bill of 26“. 5s. was paid with half-guineas and crowns, and 
twice the number of half-guineas exceeded three times the 
number of crowns by 17; how many were there of each? 


Let z = number of half-guineas, y = number of crowns, 
then . 4 by = 525, also 22 = 3y + 17; 


2 2 ne whence y = 21, and z= 40. 
One-third of a ship belongs to 4, and one-fifth to B, and 
A's part is worth 10007. more than B's; required the value 
of the ship. 

Let æ = value of ship, 
z zc 
3 5 


A person sets out from A, and travels towards B at the 
rate of 3} miles an hour; 40 minutes afterwards another 
sets out from B to meet him, travelling at the rate of 
41 miles an hour, and he goes half a mile beyond the middle 
of the distance before he meets the first traveller; find the 
distance between A and B. 


+1000; . z— 75001. 
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2-5 ft 

Let 22 = the distance, ue hours of A, NT = hours of B, 

Ze = Ste + A whence 2z = 29 miles. 

(93). It is required to divide 252 into three parts, such that one- 
third of the first, one-fourth of the second, and one-fifth 
of the third, shall all be equal to one another. 

Let z, y, and 252 — (x + y) be the parts, 
MS A8 202-(z-y) . „ 3) 
8^4" Boc rut 

whence z = 63, y = 84, and the third = 105. 


(64). Two labourers, 4 and B, received 5/. 17s. for their wages, 
A having been employed 15, and B 14 days, and A received 
for working four days 11s. more than B did for three days; 
what were their daily wages? 

Let z = A's daily pay, y = 's, 
then 15 + 14y = 117, also Ae = 3y + 11; 
117 —14% 3y+11 
t MES Du sd 

65). A person expends half-a-crown in apples and pears, buying 
his apples at 4, and his pears at 5 a penny; and afterwards 
accommodates his neighbour with half his apples and one- 
third of his pears, for 13 pence. How many did he buy 
of each ? 

Let z = number of apples, 75 = number of pears, 


but 


, whence g = 5s., y = 3s. 


pw e Z= 
gt 3 30d, also = 8 11513, 


whence x = 7 ei y= p 
36), To find a number such that if it be multiplied by 10, and 
the product be divided by 13, the quotient, increased by 
the number itself, and by 80, will amount to 1000. 
Let x = the number, 


then 77 + æ 4 80 = 1000, Whence z= 520. 
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(67). 


(68). 


(69). 


(70). 
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A person travels a journey at a certain rate; had he travelled 
half a mile an hour faster he would have performed the 
journey in : of the time, but had he travelled half a mile 
an hour slower, he would have been 23 hours longer on the 
road; find the distance, and his rate of travelling. 

Let x = number of miles per hour, and y = the distance, 


Y - number of hours, W TRY - (2), also FE BE Ei E 
z KAF l1 "M 2 
* WË 


whence z = 2, and y = 15 miles. 


Required a number to which if one-half of itself, one-third 
of that half, and one-fourth of that third, be added, the 
sum will be 287. 
Let z = the number, 
a 4 s. 
2 6 24 
A person had two casks, the larger of which he filled with 
ale, and the smaller with cyder. Ale being half. a- crown, 
and cyder 11s. per gallon, he paid 8l. 6s.; but had he filled 
the larger with cyder, and the smaller with ale, he would 
have paid 117. 5s. 6d.: how many gallons did each hold? 
Let z = gallons in larger, y = gallons in smaller, 


5 
then T 


rft 287, whence g = 168. 


+ 11y = 166, but 112 + = 2253, 


whence z = 18, y=11. 


A father bequeaths to his three sons 78007., in such a manner 
that if the share of the eldest be multiplied by 4, that of the 
second by 6, and that of the third by 8, the products are all 
equal; what are their shares ? 
Let z, y, and z be the shares; 
S ©+y¥+2= 78001, and 4z = 6y = 82; 


444 = + 7 = 7800, whence z " 36007., y = 24007., z= 18007, 
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(71). A person rows from Cambridge to Ely (a distance of 20 
miles) and back again in 10 hours, the stream flowing 
uniformly in the same direction the whole time; and he 
finds that he can row 2 miles against the stream in the 
same time that he rows 3 miles with it; find the rate of 
the stream, and the time of his going and returning. 


Let x = hours in going, 10 - x = hours in returning; 
20 
10 - x’ 


1 20 
. respective speeds are T and 


20 20 
but :19-2 . 4 = 4; ..10-2=6 hours, 
1/20 20 1 10 5 e 
rate of stream => KE x)*3 Sen 6 of a mile per hour, 


(72), The number of a gentleman’s horses is two-fifths of the 
number of his black cattle, and for every four of the latter 
he has 11 sheep; required the number of each, the number 
of the sheep exceeding that of the horses by 141. 


Let z = number of black cattle, = = number of horses, 


= = number of sheep, 


then Hz 141, whence z = 60, Ze 24, HE - 105. 


73). A gamester lost, first, the 6th part, and secondly, the 10th 
part of a certain sum of money; he then gained the third 
part of the same sum: supposing that his gain exceeded 
his loss by 3/., what was the sum ? 

Let £z = the sum; 


fot 1108, whence z = 45l, 


Lë CA 10 4C 


(4). A pedestrian finding that he could walk four times as fast N 
forwards as he could backwards, undertook to walk certain 


Y Y 
distance G of it backwards) in a certain dine. But-the 
< wë 


Ñ 
Ka » 
* ^ 


D € A 
WWW FCIn. GO Nl 


Lë 
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ground being bad, he found that his rate per hour backwards 
was ; of a mile less than he had supposed, and that to 


have won his wager he must have walked forwards 2 miles 
an hour faster than he did: what is his rate per hour 
backwards? 
Let Ae = his rate forwards, and v = his rate backwards, 
and 4.4 = distance, 


94 A 3.4 


j A 
We whence z - 1. 


$ 
5 


(15). A farm was rated at 3s. an acre, and the tenant, on re- 


ceiving back at his rent-day 10 per cent. of his rent, found 
that the sum returned amounted to 67. more than the whole 
rate. The next year the rates were doubled, and he received 
back 15 per cent. of his rent; but he now found that the 
sum returned only just paid for the whole rate. What 
was the rent of the farm, and of how many acres did it 
consist ? 

Let x = number of acres, y = £ per acre; . £zy = rent, 
34 3 
20 16 
whence y = 2L, x = 120 acres; — rent = 240/. 


and — = — 4 6, also 


(76). Two women, at the distance of 150 miles, set out to meet 


each other—one goes 3 miles in the time the other goes 7; 
what part of the distance does each travel? 


Let 3æ and 7æ be the distances, 
then 10z = 150, and 3z = 45, and 7x = 105. 


(77). Two persons A and B, can perform a piece of work in 


16 days. They work together for 4 days, when .4 being 
called off, B is left to finish it, which he does in 36 days 
more: in what time would each do it separately ? 


99 IET po pe 
Let 47s daily part ==, masa 
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tng 1571 3 
is 7 ie and the remainder after 4 days = 45 
Co * 2 whence y = 48 days, and z = 24 days. 


78). A company of 90 persons consists of men, women, and 
children; the men are 4 in number more than the women, 
and the children exceed the number of men and women 
by 10. How many men, women, and children are there 
in the company ? 

Let x = number of women, z + 4 = number of men; 
. 2x + 4 + 10 = number of children, 
and 4z + 18 = 90; — x= 18, number of men = 22, 
number of children = 50. 
(19). The owner of a balloon calculated that if he filled the 


enclosure which he had hired for the day for 5/ with 
spectators at 2s. each, and two persons ascended with him, 


he should gain : of his outlay. The gas and the weather 


proving bad, he pays but half the price of inflating, and 
ascends alone from the enclosure a fourth part full, and 
Loses 3 of his outlay. He ascends on the next day with 
a full balloon, the enclosure 2 filled, and a companion with 


him. By the whole speculation he gained 107.: what did 
it cost him to fill his balloon? 

Let 24 = number of persons enclosure will hold, 
£y = price paid by each companion, and £z = price of gas, 


then 4z + 40y = 5 (100 + 202), or z + 10y = 60 + 122; 


162 - 
== 3 


again, z = = = (100 +10z), whence 10y = 


also 3z + 20y = 100 + 20z + (100 + 10z) + 200, 


M 2 
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(80). 


(81). 


(82). 


(83). 
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whence 3z + 20y = 


a CS, and 10y = 5 oz 


WEE 201, price of gas. 
11 
A farm of 864 acres is divided between 3 persons. C has 
as many acres as 4 and B together; and the portions of 4 
and B are in the proportion of 5:11. How many acres 
has each ? 
Let oz and 11z be A’s and B's share; — 32 = 864, 


and z = 27; the shares are 135, 297, 432 acres. 


There is a cistern, into which water is admitted by three 
cocks, two of which are of exactly the same dimensions: 
when they are all open, five-twelfths of the cistern is filled 
in 4 hours; and if one of the equal cocks be stopped, seven- 
ninths of the cistern is filled in 10 hours and 40 minutes. 
In how many hours would each cock fill the cistern ? 


Let x = hours by equal cocks, y = hours by the other, 
A gallons = cistern; 


wherefore 16z - 20 = 200 + 62; . z 


.4 A 8 4 6 
72 7 and * gallons per hour, then zt 9 12 
32 32 7 
also oor Sy 9° whence z = 32, and y = 24 hours. 


A labourer is engaged for 48 days on the following con- 
ditions: for every day on which he works he is to receive 2s. 
and his board, but for every day on which he does not work 
he is to pay 1s. for his board. If at the close of his en- 
gagement he receives 27. 2s., on how many days must he 
have worked, and on how many has he been idle? 
Let z = days he worked; 
. 2x - (48-2) 2 42; . x 30 days’ work. 

A merchant wishing to buy a certain quantity of pimento, 
the price of which he calculates at the rate of 87. for 5 bags, 


transmits to his foreign agent the requisite sum of money. 
Before the order arrives, pimento has risen in value, and the 
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(84), 


money is sufficient only to buy a quantity less by 18 bags 
than that which the merchant intended. It appears also 


that 5} bags more than $ of the original quantity will now 


cost 107. 7s, more than they would have done had the price 
not varied: what was the quantity intended to be purchased ? 
Let 5z = number of bags; .. £8x money sent, 


and S £ price per bag intended, 


and óz — 18 = number of bags bought, 


8x 
bx — 18 
öz 8r 8| 207 
Sid: ch = 212 — 
whence (= s 2 ü (z 18 i) 30 ' 
or (202 + 63) x 144 = 621 (öz - 18); 


^ BE = = 450 bags. 


then = price of bags bought, 


A charitable person distributed 5“. 14s. amongst some poor 
women and children, giving to each woman 6s., and to each 
child two; and the number of women was to the number 
of children as 4: 7; how many were relieved ? 

Let 4x and 7z be the respective numbers, 


then 24z + 14z = 114; SE 


and the numbers are 12 women and 21 children, 


Some hours after a courier had been sent from A to B, 


which are 147 miles distant, a second was sent, who wished 
to overtake him just as he entered B; to do which he found 
he must perform the journey in 28 hours less than the first 
did. Now the time in which the first travels 17 miles added 
to the time in which the second travels 56 miles is 13 hours 
and 40 minutes: how many miles does each go per hour? 


Let z = miles per hour by 4; 


C yl 
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MT = hours, and 147 - 282 = hours by B; 
zx * 
d 147 
147 — 282 
17 56 41 


ie EHE n - — Acl 
then — + 147 (147 - 282) = 138 = >, 


= miles per hour by B, 


whence g = a = 9 miles per hour for 4, 


147 x 8 


nra ut 


and B's speed = 
(86). The sum of three numbers is 70; and if the second is divided 
by the first, the quotient is 2, and the remainder 1; but 
if the third is divided by the second, the quotient is 3, and 
the remainder 3: what are the numbers ? 
Let z, y, z be the numbers, then æ + y + z = 10, 
then y = 2 + 1, z = 3y + 3; 
^". by substitution, 
æ+ 21 41434 3(2z 1) = 70; 


sau 16, 48. 


(87). A and B start to run a race to a certain post and back 
again. .4 returning meets B 90 yards from the post, and 
arrives at the starting place 3 minutes before him. If he 
had returned immediately to meet B, he would have met 

1 

6 

place: find the length of the course and the duration of 

the race. 


him at = of the distance between the post and starting 


Let x = length of course, 


then æ+ 90 : - 90 :: .4’s speed: B’s speed, or A’s= OS B's, 
also 2z + : 2¢ -$ :: A's speed: B's speed, or A’s= 75 ; 
116 490) = 13 (2-90); — 2 = 24 d 29 1080 yards, 
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A's whole gain: 180 :: 2160 : 990; 
1 E S EAS root 
*. 4’s whole gain = iw which B does in 3 minutes; 
irn ABT ON EE Weeer? 
„ B's whole time = mou c web. Yn 164 minutes. 
(88). A and B begin trade, A with triple the stock of B. They 
each gain 50/4, which makes their stocks in the proportion 
of 7 to 3. What were their original stocks ? 
32 = A’s stock, x = Da 
then 32 + 50: x + 50:: 7:3; 
200 : $ 
SX E dx 1002. B’s stock, and 3007. = Ais stock. 


(89). Two loaded waggons were weighed, and their weights were 
found to be in the ratio of 4 to 5. Parts of their loads, 
which were in the proportion of 6 to 7, being taken out, 
their weights were then found to be in the ratio of 2 to 3; 
and the sum of their weights was then 10 tons. What were 


the weights at first ? 
Let Ar and dz be their original weights, 
and 6y and Ty the weights taken out, 
then 4z - 6y : 5a - Ty :: 2:3 or æ 2y 
and 92 -13y 5% = 10; . y = 2 tons, x = 4 tons; 
„original weights were 16 and 20 tons. 
(90). Two canal boats are despatched from the same place, the 
first at 6 o'clock in the morning, the other at 4 in the after- 


noon; the first goes 4 miles an hour, the second 9. How 
many hours will the second boat take to overtake the first? 


Distance gone by first boat in 10 hours = 40 miles; 


„. second boat overtakes it in 7 = 8 hours. 
(91), The upper spokes R and r of the hind and fore wheels of 


a carriage are vertical at starting. After r has made one 
revolution, its direction is at right angles to the spoke next 
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before R; and when R has made S of a revolution, 7 as- 


cending through its second revolution makes the same angle 
with the horizontal line through the axle as the spoke next 
before it. Given that the diameter of the fore wheel : diffe- 
rence of the heights of the axles as the number of the spokes 
in the fore wheel : 2; compare the magnitudes of the wheels, 
and find the number of spokes in each. 


Let 4R and 4r be the number of spokes, and y the radii; 
then 3R 1 4r; 


also 2y : & :: 41: 2; .. entity; 
e 171 
circumference of large wheel = 27y. Tt 
. distance of spokes at circumference = et a ^ p ; 
lerre or 
On 3 111. 37% eil 
by first condition, 27y = ri * 2. . Ss iér+4' 22294 


whence 8r = 16, r = and R = 3; 
*. number of spokes are 12 and 8; 


© of larger wheel: © smaller :: 27y SÉ 2 Bau 


19:8, 
The second conditions in the problem are unnecessary for 
the solution. 


(92). There are two numbers in the proportion of ; to 2) which 
being increased respectively by 6 and 5, are in the propor- 
tion of - to d required the numbers. 


Let z and y be the numbers, 


then z . f 3 22 8 24, and z = 


elë 
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2 

5 

*. Sy +24: 4 (/ + 5): 4: 5 
*. y = 40, æ 30. 


(93). A gentleman gave away a certain sum in charity to 14 men 
and 15 women. Had the sum been less by 12s., and only 
half the number of men relieved, the rest being divided 
amongst the women, each woman would have received 2s. 
more than each man did; but if there had been only 8 
women, and the rest had been divided amongst the men, 
each man would have received twice as much as each 
woman. How much money was given away? 


also 2 4 6:7 1 5:: ET 


Let zs. = sum, 
ys. = sum for each man, zs. = sum for each woman, 
then 14y + 152 = z, 
but Ty + 15 (y + 2) = z - 12, also 14 x 22 + 82 2; 
i 3 
^ £290, and 14y-z- 1022212; «. y= S, 
and 22 2 6 - 42; . 2-14, 


NE IMG 
T rdi 


(94). The garrison of a town threatened with siege abandoned the 
town, and retreated at the rate of 27 miles per day. Two 
days afterwards a corps was sent in pursuit, with orders to 
overtake the fugitives in 6 days. How many miles per day 
must the second party march to accomplish their orders? 

Let x = miles per day, 
then 6z = 6 x 27 + 54; .. x= 36 miles per day. 


= 24 guineas. 


(95). A farmer’s rent was 50/. a year, and his annual expenditure 
e i 1 A 
(including the assessed taxes, which amounted to 6 of his 


expenses) was such that he was able to pay his landlord 
only 30“. The year following his rent was lowered 20 per 
MO 
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cent.; the taxes also were reduced one-half, and agricultural 
e e : apt 
produce increased in value zi in consequence, he was en- 


abled to pay his rent and former debt, and to lay by 6“. 
What was his expenditure and the value of his produce 
each year? 
Let x = his yearly expenditure, y = value of produce, 
then z + 30 =y, 
second year's rent = 407., 
3 ër Lg 


and expenditure and taxes = 5 12 12 
1 
then 1g, 40 4204 5 aye, 


whence z = 607, and y = 904. for first year; 
*. 120]. is value of produce for second year 


A person engaged to reap a field of corn for 5s. an acre, but 
leaving 6 acres not reaped, he received 27. 10s. Of how 
many acres did the field consist? 


Let x = number of acres, 
then (x - 6) 5 = 50s.; .. z = 16 acres, 


When wheat was ds. a bushel, and rye 3s., a man wanted to 
fill his sack with a mixture of rye and wheat, for the money 
he had in his purse. If he bought 7 bushels of rye, and laid 
out the rest of his money in wheat, he would want 2 bushels 
to fill his sack; but if he bought 6 bushels of wheat, and 
filled his sack with rye, he would have 6s, left. How must 
he lay out his money, and fill his sack ? 


Let x = bushel of wheat, y = bushel of rye, 
then óz + 3y = his money, 


37 - 2 
and 7 2 


=a+y-2, and / = 12, 
but 30 + (x + y - 6) 3 = 5 + 3y - 6; . 2-9. 
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(98). 


(99). 


From the first of two mortars in a battery 36 shells are 
thrown before the second is ready for firing. Shells are 
then thrown from both in the proportion of 8 from the 
first to 7 from the second; the second mortar requiring as 
much powder for 3 charges as the first does for 4, it is 
required to determine after how many discharges of the 
second mortar the quantity of powder consumed by it is 
equal to the quantity consumed by the first. 


Let 7z = times the second was fired; 
*. 8 + 36 = times the first, 
then (8r + 36) 3 = 28z; .. = 27, 


and 7z = 189 times the second was fired. 


Two persons, A and B, start at the same time for a race, 
which lasted 6 minutes. Now after galloping 4 minutes 
at the same uniform pace at which each started, the dis- 
tance between them is a of the whole length of the 
course. They continue to run for 1 minute more at the 
same speed as at first; and then B, who is last, quickens 
the speed of his horse 20 yards a minute, and comes in 
exactly 2 yards before A, whose horse has run at the same 
uniform pace throughout. What is the length of the 
course ? 
Let x yards = length of course, 


4 — 2 


and 


= A’s speed per minute; 
. distance by A in 4’ = pa e ; 
4 4 


; i 2x 
sud by B JJ” K 
Manse op rm EAE 7379 1949. 


ù 877x 1 
ee " d M ATA. r3 
B’s speed per minute PO s 
877x 1 ; 
Sr (5280 3 92072 *. £ = 3 „ 1760 = 3 miles 
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A stage coach carries 6 inside, the fare outside is 13s., and 
one-third of the sum of the outside fares exceeds one-sixth 
of those inside by 17. As, 4d. An opposition arising, the 
coachman loses three outside and two inside passengers, 
and also reduces the inside fare by 5s., and halves the 
outside; and then the whole loss is 77. Os. 6d. Find the 
number of outside places, and the fare inside. 


Let x = number of outside places, and ys. = inside fare, 


then 13z + 6y = sum of fares, but M ey 
again (2 - 3) x Ë + 4 (y - 5) = 182 + 6y - 1401; 
101 132 
oe 13x + 4y = 202; ee ENEE 


^. 2=10, and y - 18. 


In a sea fight, the number of ships taken was 7 more, and 
the number burnt 2 fewer, than the number sunk; 16 
escaped, and the fleet consisted of 8 times the number 
sunk. Of how many did the fleet consist? 


Let z = number sunk, x + 7 = number taken, 
z - 2 = number burnt; 


25.924254 150 5825; . 2 24, and 32 = number in the fleet. 


A gentleman being asked the age of his two sons, answered, 
that if to the sum of their ages 18 be added, the result will 
be double the age of the elder; but if 6 be taken from the 
difference of their ages, the remainder will be equal to the 
age of the younger. What then were their ages? 


Let x = age of elder, and y of the younger, 
then z + y + 18 = 2z, 
also x -y -6 = y; 


Së 5 1625 *. c 30, and y = 12. 
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(103). 


(104). 


(105). 


A cistern is filled by three pipes, 4, B, C; the pipes 4,.B 
together fill the cistern in 70 minutes; .4, C together 
in 84 minutes; B, C together in 140 minutes. In what 
time will each pipe fill the cistern, and in what time will 
it be filled if all three pipes are open? 
Let z, y, z be galls. per minute respectively by A, Band C, 
then 70 (x + y) = 84 (x + z) = 140 (y + z) = galls. in cask =m; 
oy + 2z 

3 3 
whence y = 2z, and z = 4z, 


S £ = 5 - 6z = y 22 = 


butz +y+2z= EE 


140 * 168 * 280 7 


2=~——.— = —;; . . time by C= 420, . 


by B = 210, by 4 = 105, and by 4+ B+ C = 60. 


A entered into a canal speculation with 14 others, and the 
profits in this concern amounted in all to 595/. more than 
5 times the price of an original share. Seven of his former 
partners joined him in a scheme for navigating the canal 
with steam-boats; each venturing a sum less than his 
former gains by 173/, But the steam-boats blowing up, 
A found he had lost 419/. by them; for the company not 
only never recovered the money advanced, but lost all they. 
had gained by digging the canal, and 368/. besides. What 
were the prices of shares in the two concerns originally? 


Let £x = price of original share; .. 6 + 595l. = first gain, 


each man's second venture = det NET ER. Se E à 
un e 3€ 1 — 595) | 968 = 8 x 419, 


a - 400 


whence z = 7007, and = 100/. 


To find four numbers such, that the sum of the first, second, 
and third shall be 13; the sum of the first, second, and 


www.rcin.org.pl 


a MS 


254 


(106). 


(107). 


SOLUTIONS IN ALGEBRA. 


fourth, 15; the sum of the first, third, and fourth, 18; and, 
lastly, the sum of the second, third, and fourth, 20. 
Let x, y, z, w be the numbers, 
then & 1 T 2 = 13, 4 12 1 18, 
etutmue 15, / 2 1 0 = 20 
„ W—-Za 2 z-y= 3; 
*. 9y220-w-2522-3; .. 0 23 — 222 272; 

.*. 92221 or z 2 7, w=9, 4, 222. 
Supposing that 32 Ibs. of sea water contain 1 Ib. of salt 
how much fresh water must be mixed with these 32 Ibs. 
in order that 32 lbs. of the mixture may contain only 2 oz. 


of salt, or of the former quantity ? 


GEET .*. = 16 x 16 = 256; 
.*. 256 - 32 lbs. = 224 lbs. of fresh water. 

Two clocks are striking the hour together, and are heard 
to strike 19 times. There is a difference of 2 seconds in 
their time, and one strikes every 3, the other every 4 
seconds. What is the hour they strike; it being observed 
that, when the clocks strike in the same second, the sounds 
cannot be distinguished, so as to determine whether one 
or both strike in that second? and that this is the case 
with the last stroke of the faster clock ? 

The clock which is 2 seconds the faster and strikes 
every 3 seconds, strikes first, and it will in 6 seconds strike 
the third time and the other will strike its second at the 
same time. Let it be z o'clock, then when they first strike 
together, the faster has æ - 3 strikes to strike, and they 
will strike together every 12 seconds after the first time, 
and z 3 strikes is the number remaining to the faster 
2-9 

E 
wil be the number of times they strike together, but 


2 - (ez + 1) = 19, whence z = 11 o'clock. 


clock, after they first struck together; therefore 
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(108). To divide 48 into 4 such parts that the first increased by 3, 
the second diminished by 3, the third multiplied by 3, and 
the fourth divided by 3, may be all equal to each other. 


Let x, y, z, w be the 4 parts; . & y 4 z 4 w 48, 


thenz432y-3-22z- 3 theny= 4 ＋ 6, 2 «dus d 


t E vo 
„ 46, y 12, 32, es 2f. 


(109). A number is expressed by 3 figures; the sum of the figures 
is 13; the figure which expresses the simple units of the 
number is triple the figure which expresses the hundreds; 
and if 396 is added to the number, the sum is the number 
reversed. Required the number. 


Let 100z + 10y + z be the number, then z + y + z= 18, 
and z = 32; .. 100z + 10y + 3z + 396 = 300z + 10y + z; 
. 2007 — 2x = 396, or æ = 2, 2=6, y= 5, 
and the number is 256. 


(110). The gas contractors engage to light a shop with 5 large 
and 3 small burners; but having by them only one large 
burner, supply the deficiency with 5 small ones. The shop- 
keeper, not finding this light sufficient, procures two more 
small burners, and at the same time agrees for the lights 
to burn double the usual time on Saturday nights, for 
which additional gas he was to pay 14. 11s. How much 
did he pay a year altogether? 

4 large burners are equal to 5 small, let then zs. = price 
of large, 4z = price of small ones per night, and for 1 large 
and 8 small ones for 52 nights, and 2 small 1 52 weeks 
he pays 31s. extra; 


*. G x 52 J 32 x 52 + 8z x 7x 022 315. 
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*. whole sum paid = ö x 6 x 52 + 32z x 6 x 52 + 315. 
= 10 + 64 + 318. = 5l. ds. 


A cistern is to be filled with water from three different 
cocks; from the first it can be filled in 4 hours, from the 
second in 10, and from the third in 15, How soon would 
they all Bebe fill it ? 


The first fills 2 —, the second = SÉ the third = 15 Per hour; 


* GE E d 


10 15 

60 12 
e sn e Ah 24 mi " 
or z 25 5 ours 24 minutes 


A and B are two towns situated on the banks of a river 
which runs at the rate of 4 miles an hour. A waterman 
rows from A to B and back again, and finds that he is 
39 minutes longer on the water than he would have been 
had there been no stream. The next day he repeats his 
voyage with another waterman, with whose assistance he 
can row half as fast again; and they find that they are 
only 8 minutes longer in performing their voyage than 
they would have been had there been no stream. Re- 
quired the rate at which the waterman would row by 


Let z miles = distance of A and B, 
and y = miles per hour of rowing, 


then "PT: and y - times of going and returning, 


and T = time without stream; 
z x 2z 39 13y 
8 . 2 (y*-16 
774  y-4 y "Macte 640 V » 


RS 


and miles per hour by the two = y + 2 2 
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SESS Masa. 4 2 org l9 y 
P 3y 4 äu 15 LN WM 
2 2 


whence 13y* - 13 x 16 = 9y* - 64; . y - t6, 
and the rate = 6 miles per hour. 


(113). Three brothers, 4, B, C, buy a house for 20007; C can 
pay the whole price if B give him half of his money; B can 
pay the whole price if A give him one-third of his money; 
A can pay the whole price if C give him one-fourth of his. 
money. How much has each? 

Let x, y, and z be the money of each, 


y. = t s. 
then z +5 =2000 =y +z eti 


ee Jap te als Soe 
~. æ 2000 —4 = 6000 - By = 32-25 . 


yn 5 (1000 4 sl L - (6000 — 32); .. 2 = 12801, 
y = 14401, æ = 16801. 


(114). Shew at what periods the hands of a watch will be together 
between 7 and 8 o'clock. 
At 7 o'clock the hour-hand is 35 divisions before the 
minute-hand, and the minute-hand moves 12 times as fast 
as the hour-hand; if then the hour-hand be z minute divi- 
sions past seven at the time 
122723042; . & 11 = 9j, minutes spaces; 
.. the time is 38 21 minutes past seven. 


(115). A farmer sold a certain number of bushels of barley, and 
ten bushels of wheat, for 7/7. 19s. Now each bushel of 
wheat cost within 3 shillings as much as two bushels of 
barley. He afterwards sold as many bushels of barley 
and four more, and fifteen bushels of wheat, and received 
two shillings per bushel more for his wheat and barley 
than he did before; when he found that if he had received 
17, 48. more, he should just have received twice as much 
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as he did before. How many bushels of barley did he sell 
the first time; and what were the prices per bushel of the 
wheat and barley ? 
Let x = bushels of barley sold, 
and y = price of barley per bushel; 
*. 2y - 3 = price of wheat per bushel; 
*. ty + 10 (2y - 3) = 159; I CAN 


again (z + 4) (y 4 2) 4 15(2y - 1) = 318 - 24; .. — 777 


whence y = > + E = 7s. for barley, 11s. for wheat, 


and 7 bushels of barley. 


H 


(116). A farmer laid up a stock of corn, expecting to sell it in 


six months at three shillings per bushel more than he gave 
for it. But the price of corn falling one shilling per bushel, 
he found that by selling it he should lose the price of 
five bushels. He therefore kept it till the end of the year, 
and selling it at two shillings per bushel under prime cost, 
found his loss to be ten shillings less than his expected 
gain. Required the quantity of corn laid up, and the price 
per bushel, allowing ö per cent. simple interest. 
Let x = bushels of corn, ys. = price per bushel, 
then price at six months’ end = z x (y + 3), 


expected gain = zy + 3x - zy - SE ILU ; 


200 
also zy - EE ae 2 y 


price sold for = æ (y - 2); 


0 
. loss = zy - z (y - 2) + 20 p 2 
40 + zy 120 - xy 400 „ 
then 20 = WT Sie es whence g = 40 37 ' 
D 2 
e Dig” 40 - By’ whence y = 10 and z = 40. 
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(117). 


(118). 


Two men, A and B, set out from the same place to travel. 
A goes in 6 days twice as many miles as B goes in 5 days, 
but does not arrive at the end of his journey till 5 days 
after B has arrived at the end of his, when he finds 
that he has travelled 259 miles more than B. But had 
B gone 2 miles per day more than he did, and .4 stopped 
6 days sooner, 4 would then have gone only 37 miles 
more than B. How many miles did each travel per day, 
and how many days did they travel? 


Let A's rate = x miles per day; . B's rate = Ze i 
Ə 
and y = number of days of travelling of A, y - 5 of B, 
then zy = 2 (y - 5) + 259, 


vinos $ a EECH 
pL 
i 3z +10 s 151 + 135 
Ké =~5)48 33 
again z (y - 6) 5 x(y-9)437, or y iie 
59 — 2 
dy ane sail Szt E whence z 235, y = 11; 


*. A travels 11 days at 35 miles per day, 
J travels 6 days at 21 miles per day. 


Baechus caught Silenus asleep by the side of a full cask, 
and seized the opportunity of drinking, which he continued 
for two-thirds of the time that Silenus would have taken 
to empty the whole cask. After that, Silenus awoke, and 
drank what Bacchus had left. Had they drank both to- 
gether, it would have been emptied two hours sooner, and 
Bacchus would have drank only half what he left Silenus. 
Required the time in which they would empty the cask 
separately. 

Let x= hours in which Bacchus, y= hours in which 


Silenus could have drank it, a = contents of cask; . ` and 
are the hourly consumption of each; .. n = hourly 


consumption of the two; 
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hours by the two, 
ery 


and S x ji = quantity first drank by Bacchus; 


pu quantity left by Bacchus for Silenus; 


az 3 
a xy : : 
. = quantity consumed in second case by Bacchus; 
r ei 
1 3a - 2ay 
(and by problem) = 1 
- y | 9z-2y r 


ein Be C 
. Gry = 32° - 2zy + 32% - 2y’, 


and z= + 2 - gy. 
xy 2y 3x- 2y 
Then ada + 2 3 + de 7 


whence y = 3, and z = 6 hours. 


(119). A silversmith has three bars composed of silver, copper, and 
tin, mixed in different proportions. The pound (avoir- 
dupois) of the first bar contains 7 oz. of silver, 3 oz. of 
copper, and 6 oz. of tin; the pound of the second contains 
12 oz. of silver, 3 oz. of copper, and 1 oz. of tin; and the 
pound of the third contains 4 oz. of silver, 7 oz. of copper, 
and 6 oz. of tin. How much of each of these 3 bars must 
be taken to form a fourth, the pound weight of which shall 
contain 8 oz. of silver, 32 oz. of copper, and 41 oz. of tin? 


Let z be the oz. of the first bar, y of the second, 
z of the third, 


then silver in one oz. of first = bs in second = z : 


in third - i oz., and so for copper and tin; 
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7 3y — m 
16 1 4 8 (1), 


> +, 72 
MT - 7) 
3c y, 
"19^ 16 -4 0. 

La Ee i from (3)- o $4 Faas, 


E: _14 6z 86 Där 
ie ENT dI o Tr, 


"$28,223,9y26. 


from (2)- (Usa 


(120), Two master bricklayers undertake to lay the foundation 
of a new court, each taking a certain part, and begin at the 
same time. If they had continued to work together until 


the whole was finished, it would have required only S of 


the time it actually took; and in this case B would do 
enough to occupy 4 3 months, and 4 enough to occupy 
B 12 months, which is 36 yards more than 4 contracted to 
do. How many yards did the foundation contain ? 
Let z = A’s work in 1 month, 

y = B's work in 1 month, 

z = whole time they were about it = B’s time, 

v = time A worked. 


Then 5 (@ $Y) B= e . . . . (I), 
T N (2), 
4 
595737 e e» (9), 
4 
gt 36 = zv. (4), 
from (2) + (3); ee 92? = 12y*; t= 2y; 
4 
"ne 5 2 6, 
15 
E 
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liy — 
from (1) 6 (x + y) = xv + d and z - 2y; 


„ CG? 


4 
from (4) 6x - 36 = as, e de 48; 
Déi y = 24, 
and whole work = zv + yz 


48 21 24 15 
TT T* 2 432 yards. 


A labourer engages to work for 38. 6d. a day and his board, 
but to allow 9d. for his board each day that he is un- 
employed. At the end of 24 days he has to receive 30. 28. 9d. 
How many days did he work ? 
Let z = days he worked, 24 - x = days he did not work, 
Tz 24-2 3 


then SE A 622, whence x = 19 days. 


A and B playing at billiards, A bet 5 shillings to 4 on 
every game, and found that after a certain number of games 
he had won 10 shillings. Had B won one game more, 
the number won by him would have been to the number 
won by 4 as 8 to 4. How many did each win? 
Let x = games won by 4, y = games won by 2, 
32-7 
4 3 
and Ar - dy = 10, or 16z - 15a + 35 240; . 4 = 6, y=2 


theny 41:2-1::3:4; y= 


A revenue cutter observes a smuggler g leagues directly to 
windward; and gives chase, sailing at 5} points from the 
wind, and making tacks of 4 p miles. The smuggler im- 
mediately lies off on the other tack at 22 points, making 


tacks of a miles, its rate of sailing being to the cutter's 
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as1:4,/3. They sail half the above distances before the 
first tack. In what tack will the smuggler first come within 
range of the cutter's guns, which carry r miles? 

It is obvious from the conditions of the question, that 
they both tack at the same time, and that the smuggler 
is directly to windward of the cutter in the end of each 
tack; moreover, in each tack the cutter goes to windward, 


2p miles (= 4p cos60°), and the smuggler S p miles 


cos30*). Hence, from the commencement of the 


tx VG) 
chase to the end of the first tack, the cutter gains 


S p miles on the smuggler, and continues to gain the same 


from this to the end of each succeeding tack: and there- 
fore the number of the tack at the end of which the 
cutter will be within r miles of the smuggler, is the integer 


390 — 1 2 27 

Lo or = 35 

-p p p 
2 


124). Three workmen are employed to dig a ditch of 191 yards 
in length. A can dig 27 yards in 4 days, B 35 yards 
in 6 days, and C 40 yards in 12 days; in what time could 


they do it if they worked xen 
Daily work of Aaa, of B= 2 of 0 yards; 


„ daily work of all = 81+70+40 191 


B V MS 
*, time = —91 * 12 days, or if = number of days, 
191 
* N d2 = 191; = 12, 


(125). A besieged garrison had such a quantity of bread, as would, 
if distributed to each at 10 ounces a day, last 6 weeks; but 
having lost 1200 men in a sally, the governor was enabled 
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to increase the allowance to 12 ounces per day for 8 weeks. 
Required the number of men at first in the garrison. 


Let z = number of men in the garrison; 
. € x 10 x 42 = oz. of bread, 
but (x - 1200) x 12 x 56 = oz. of bread = x x 420; 
1200 x 8 


. (2-1200)x82602; 2 3 


= 3200 men. 

(126). A man who is not aware that his watch gains uniformly, 
engages to ride from Cambridge to London in 9 hours, 
and sets his watch by St. Mary’s at the time of starting. 
Upon looking at his watch after having gone half way, 
he supposes it necessary to increase his pace in the ratio 
of 4:3; in consequence of which he arrives in London 
a quarter of an hour within the time agreed on. But if 
the watch had lost at the same rate, and he had looked 
at it at the 14th milestone, and then regulated his pace 
accordingly, he would have been in London too late by 
7 minutes. Find at what rate he set out, and the distance 
from Cambridge to London by the road he travelled. 


Let z = miles per hour, 
y = distance in miles between the two places; 


5 25 = time in going the first half way, 


then second rate: æ:: 4:3; . second rate -f ; 
- y . By _ 1 1 H 
x ih KE time in second half; 
d y 3 uu 3 ech = 
ds (1 +3) "d 82 hours; . y = 10z. 
Let his watch gain ?" per hour; 
"n nau M f os ty _i, 
^. in first half way it gains 2 80 120 45 
oe t2 908 Lo. 
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(127). 


: : 14 
In the second supposition, the time of going 14 miles = E 


and in that time the watch would lose Oe 
e^ 2 71 „ 2¢=6 miles, 


and y = 10z = 60 miles. 


A and B travelled on the same road, and at the same rate, 
from H to L. At the 50th milestone from L, A overtook 
a drove of geese, which were proceeding at the rate of 
3 miles in 2 hours, and two hours afterwards met a stage- 
waggon which was moving at the rate of 9 miles in 4 hours. 
B overtook the same drove of geese at the 45th milestone, 
and met the same stage-waggon exactly 40 minutes before 
he came to the 31st milestone. Where was B when A 
reached L? 


Let z = miles per hour of A and B; 
since the geese travel 1} mile per hour, 


0 i 
there were 5 hours between 4 and B passing them; 


A was Ga - 6 miles in advance of B. .. (I). 


DUE S vs 
The speed of the waggon is 7 miles per hour; 
and when A met it, it was 50 — 2x miles from London; 


the waggon had travelled, when B met it, 


01 + 3 z) - (50 ~ 22) = E ^ 19) miles; 


and the time between 4 and B meeting it, was 
8x 4 
es = 19) 9 hours; 
and A had, since he met the waggon, travelled 


8z 4 d 
(5 — 10) 5 miles; 


WWW. T Cin. Org. p! 


(128). 


(129). 
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^ when B met the waggon, they were 
E - 19) = + E - 19) miles apart ; 


9 
— from (1); 
10z 8z 8z 4x 
ny 5-5 10510) 55 


or 322* 228 - 18x = 378, 
2 2 
162° - 1282 + (=) = 189 4 (2) 


8 
27225 
= 64 H 
Se 4 = 18 863 . Gef, 


and 2% 5 = 30 - 5 = 26 miles, 


the distance of B from London. 


A composition of copper and tin containing 100 cubic 
inches weighed 505 ounces; how many ounces of each metal 
did it contain, supposing a cubic inch of copper to weigh 
91 ounces, and a cubic inch of tin to weigh 43 ounces? 
Let x = oz. of copper, 505 - x = oz. of tin; 
then x x 11 D EE x 17 = 100, 
or 17x + (505 - x) x 21 = 25 x 17 x 21; 


*. 4 = 420 oz. of copper and 86 oz. of tin. 


A landlord agrees with his steward to allow him a certain 
per centage on the rents collected, on condition that he 
returns half the same per centage on the rents not paid. 
The first year the steward’s income amounts to 6 per cent. 
on the whole rental; but in the following he finds it 
necessary, in order to make up the deficiency from his 
last year's income, to make a return of rents received 270. 
under their actual value. In the third year, though the 
rents are reduced 7} per cent., the amount of rents not 


www.rcin.org.pl 


Ex. 129, p. 67.] SIMPLE EQUATIONS. 201 


paid is the same as in the second year; the steward's income 
is only : of his first year's income, and to make up the 
deficiency he doubles the amount of his last year's fraud. 
Required the rental of the estate. 
Let £a = whole rental, 
2x = rate per cent. allowed him, 
y = second year's receipts. 


Then since in the second year he declared 2707 less than 
he received, he had to pay a per centage on a - y + 270, 
and to bugs it on y - 270. Therefore by question, 


6 
= y 270) - 100 (a - y + 270) + 270 = 100 ^ 
or àzy — 810z — az + 27000 = 6a ......... (1). 
Now in the third year the rental unpaid is still a - y, and 


100 


therefore the deficiency which is 100 a must fall on the 


rent received, and reduce them to y — 1505 but the steward 


— 


declares them to be respectively 106 - 540 and 
a-y- 540, and therefore, by question, 


2a Tha 6 
100 ( 100 - 540) - 100 ( y + 540) + 540 aa a, 
or 3zy - 1620% - 100 az + 54000 = 64. 2), 
he ought to have had. 
2x Tha cz 3 
geg (v - 100 ner (a-y)= 5 0 i 1000 by question, 
115 _ 9a 
or Say - 100 4 = 3 (3) 


Take (1) from (2), 810z + E az = 21000 ...(4), 


and (2) from (3), 1620x = 54000 - 2? MN (5), 


a = 36000 — 1080z. 
N2 


www.rcin.org.pl 


268 


(180). 


(131). 


SOLUTIONS IN ALGEBRA. 


Put this value of a in (4), which then becomes 
810x + 5400x — 1622* = 27000; 
. 82 - 1152 = — 500, 
whence z = 5, 
and o = 36000 - 1080 = 30600“. 


There are two towns, 4 and B, which are 131 miles distant 
from each other. A coach sets out from 4, at 6 o'clock 
in the morning, and travels at the rate of 4 miles an hour 
without intermission, in the direct road towards B. At 
2 o’clock in the afternoon of the same day a coach sets 
out from B to go to A, and goes at the rate of 5 miles 
an hour constantly. Where will they meet? 
Let x = hours of A on the road; 
.. 4x = distance travelled by 4, æ - 8 = hours by B, 
(x - 8) 5 distance by B; 
<. 4 + 02-40-2131; . & =19 hours, 
or 4 x 19 76 miles from 4. 


A lent B a sum of money to be repaid with interest at the 
end of a year, and received as security Spanish ö per cent. 
bonds to such an amount that their interest was equal 
to the interest of the debt. At the year’s end B proved 
insolvent, and Spanish bonds having fallen 40 per cent. 
A found that he had lost 4007. Had they not fallen in 
value, he would have been enabled to repay himself, and 
to return to B 250/.; and had he been at liberty to have 
sold them out when they were at 50 (which was before 
the interest upon them was payable) he would have lost 
only 300“. Required the amount of the debt, and its 
interest, and the price of Spanish bonds at the beginning 
of the year. 


Let z - the debt, y the rate of interest, 
z = the price of the bonds, 


then the sum due at the end of the year = z ( E 100 : 
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Now, if 4 be the whole amount of the bonds lte 


the interest upon them would be < , which must = 100 00 ei? 


Hence from the question we have the three conditions, 
ARE 
I. (E- 40) Peur Pr gi n 400) + = 100 
or 6 —40) 50 t. MM (x - 400; 


"o zyz- dos; = 500x - 200000 . . . (a). 


M uds oy. zy. 
500 100 ^ * 290 + 100 
.. cy = 500 + 125000...............(B). 
4 zy ry zy 
III. 50 7 d'an - 300, or 10 ** $06 300; 
102100 zy - 30000; — 92 100 - 30000. .. (). 
From (a) and (8), 40zy = 325000; . zy = See = 8125; 
— Say = 11125 


. from (y), 1002 = 103126, x= 1031 25, = 10311 - 1081 5s.; 
_ 7312500 _ 292500 = 722 
~ 928126 37125 5 5 
From (a) 8125z - 40 x 8125 = 500 x 10311 - 200000; 
du $2181. 
Ans. in Book, 10317. 4s. Should be 1031/. ds. 


(132). A sets out to ride from Newmarket to London, at the same 
time that B and C leave Hockeril and London to ride 
to Newmarket. .4 meets B 4 hours before C overtakes B; 
but A on his return from London, meets C 1 hour before 
he meets B, on their way back from Newmarket. It was 
observed that 4 rode 10 miles an hour, and met B at 
the same place going and returning. It is required to 
find the rates of travelling of B and C, and the distance 
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from London to Newmarket; it being given that Hockeril 
is equally distant from each. 


Let z = B's rate, y = C's rate per hour, 
and z = distance from L to H; 


" Kai = time till 4 meets B, 
For = time till C overtakes B; 
2 2 
fa —— —- 4= DEET EE 1 ? 
z+ 10 Se 7 4 ( I 
js. = time till 4 meets C second time, 
y 10 


: 10 = time till A meets B second time; 
6z oz 
ee y+ 10" T = z4 10. 90b E S EE CAE 


m distance from AN where A met B; 
60z ` 
dh -—— = distance till A meets B second time; 
c 10 
10z " 502 P 
IDUWRIO Sy 127779 
whence z = 6. 
From (Gis. se? 4- "icy 
„ whence z = $0-(y - 5) ; 
20 - y 
lso from (2 = 
also 5 ti T 


and substituting e z, Ty 90% = - 200, 
whence y = 10, z = 30, z = 5. 


(133). 4 and B row between two places, B in a time during 


which the minute hand of his watch moves over a certain 
space: but when the minute hand of 4’s watch has 
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described an equal space, he is obliged to relax his speed, 
and for the rest of the distance moves only S as fast as 


before. When the stream which flows at a given rate (a) 
is in their favour, the first part of the distance takes 4 
6 times as long as the last, but, when the stream is against 
him, the two parts are performed in equal times; they 
are also performed by him in equal times, even if he 
increase his speed in the ratio of 7: 5, provided he ex- 
changed watches with B at starting. Supposing their 
watches to gain uniformly, find the velocities of 4 and B. 


Let z = number of divisions of B’s watch corresponding to 
1 unit of time, 


e speed SR d WA aimee ee 
y = true velocity of B by his own exertions, 
PIES eel mg C 
z = whole distance. 


2 : : : 
—— = time required by B against stream, 


y-a 
VCC 
yta 
Ty = divisions of B’s watch going against stream, 
Cet digi un RR M Silos. ; 
yta 
E^. ^ : 
8 ee at d by A bef 
"imme time TM y efore change of speed 
Get ` S825 ee eeg —ͤ—ͤ— n after DESEN n7 
6x’ y+a 


going with stream, 
ra velocity of A before change of speed 


ith stream; 
30% . br „ with stream; 
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1 1 z a ZU £a). 


^ ia yta 6 3 (/a) 
whence 10 (/ + a) = 92 (y +a)... (a). 


In a similar manner: against stream we get Z 755 for 


the time Æ requires to perform each part, and y'- a and 
300 a) his two velocities; 


LI Z = 
8.7630 0h 


or 5a (y - a) = 3 (% a)) (B). 
Now when they exchange watches we must put æ for 2’ 
and 2’ for z, and also : (-a) instead of = a) for 


the last velocity, and we get 


ne 
e i (y - a) = , 
or 122 (y - a) = 5z (Y- ) (7). 
Divide (a) by (£), 
F (2). 


y-a y-a 
Multiplying (£) by (y), cancelling common fraction, 
4(y' - aj = (y - e), 
2(y-a)-y-a, 
y =2y' -a. 
Put this value in (o), 
2 (74a) 6y 
ve 2% ah 
2 + 2a = äu, 
y = 2a, 
y= 3a. 
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PROBLEMS PRODUCING QUADRATIC EQUATIONS. 


XI. (1). Find two numbers whose difference is 3, and the sum 
of their squares 89. 


Let z and z + 3 be the numbers, 
then (x + 3)’ + z’ = 89; 


97 "*80/*-9-^ 109 
n inr Zu 
3 18 
= = = + — = - 
* 27 2 5 or - 8, 


and the numbers are ö and 8, or - 8 and 5. 


(2). There are two numbers, whose sum is to their difference as 
8 to 1, and the difference of whose squares is 128. What 
are the numbers ? 


Let z and y be the numbers, 
thenzt*y:z-9::8:1, 


then since if 2 = Noh we have a+b E e+d 
Dig a- 


we have &: :: 9: 7; .. , 


oy 
7 


and z* - y? = 128; . SE * = 128; 


49 
128 
2 * o*s y-t2x'"-t14; 


D * = 4. 18. 


(3). What number is that which added to its square makes 42? 
Let e be the number; 


1 1 169 
*. -= a prote 
1274 421 SC 
153.19 
i =- we $ — z= en T. 
cz 2*7 6 or 7. 


NÓ 
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(4). The sum of the squares of the digits composing a number of 
two places of figures is 25, and the product of the digits 
is 12; find the number. 

Let æ and y be the digits; 
*. £ 4 y* = 25, and zy =12; 
Ay TSI; 52-971, 
also & + Zen +y 49; .. 1% T; A 224,928; 
*. the number is 34 or 43. 


(5). In a court there are two square grass-plots; a side of one 
of which is 10 yards longer than the side of the other; 
and their areas are as 25 to 9. What are the lengths of 
the sides? 

Let x = side of one; . x + 10 = side of the other, 
then (x + 10)“: 2*:: 25:9; . 20z +100: z? :: 16:9; 
*. 162* = 180z + 900; 


Se EH 

8 4 ebe 64 
5 

veo ED 215 or 98; 


.*. the sides are 15 and 25. 


(6). To find two numbers, such that the less may be to the 
greater as the greater is to 12, and that the sum of their 
squares may be 45. 

Let x and y be the numbers, 
then &: :: : 12; . y'= 122, and z + y* = 46, 
or z* + 12z + 36 = 45 + 36 - 81; 

.*. 2=-6+9=3 or-15, 
and the numbers are 3 and 6. 

(7). Find two numbers, such that three times their product is 
equal to the sum of their squares, and their quotient equal 
to the difference of their squares. 

Let z and y be the numbers, 
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(8). 


(9). 


(10), 


then 3æ = z* +y’, and 9 -2*-y5 
oy 


97 
g- Bzy + — = 
4 4? 


and z = 2 {3 + /(5)}, 


SC 


and by substitution (34 /5P-y* = 


CC 
(=a * (6430) gr RACE 


dÉ * 75) A 


A person bought two pieces of linen, which together measured 
36 yards. Each of them cost as many shillings per yard, as 
there were yards in the piece; and their whole prices were 
in the proportion of 4 to 1. What were the lengths of the 
pieces ? 


Let x = yards in one; 
*. 36 - z = yards in the other; 
Kë 6 = 2728S: 1, or2:20- 2$ : 2114 
„ c 36 2:3 4, 
and 36 - æ 12 yards length of the other. 
What two numbers are those, whose difference is 2, and the 
difference of their cubes 98 ? 
Let z = one; ..z-2-the other; 
„ * (2 27 DÉI . 621 122 = 90; 
4 4 2 4 12 163 & 1143 6 or- 3; 
*. the numbers are 5 and 3. 
The sum of three successive biquadrate numbers is 98; find 
them. 
Let (z - 1)*, z* and (x + 1) be the numbers, 
by addition 3z* + 122* + 2 = 98, whence & = 43 z- t2, 
and the numbers are 1, 16, 81. 
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(11). There are two numbers, whose sum is to the less as 6 to 2; 
and whose difference, multiplied by the difference of their 
squares, is 135. Required the numbers. 


Let z and y be the numbers, 
then z4y:9y:5:5:2; 50:9 15:19:39, 
also (x - y) (£? *) = 135, or w= 3y 
— 4 
by substitution x a a a 135; .. ve 27x 8; 
„ y=6 and z= 9. 
(12). What two numbers are those, whose sum is 6, and the sum 
of their cubes 72? 
Let z and 6 - z be the numbers ; 
*. 4 4 (6 - &) = 72, or 216 - 108z + 18z* = 72, 
whence z? - 6z + 9=1, and x 8*1-4 or 2, 
and the numbers are 4 and 2. 
(13). Find two numbers, such that their sum, product, and the 
difference of their squares may be all equal. 
Let z and y be the numbers, 
thenz4y-zy,aloz-y'-z4y; 
. 1 - = 1, or c 511; 
^. by substitution y + 1 +y =y (y +1), 


or 2/ — . 
. 
r 
1 . 


(14). There are two numbers, which are in the proportion of 3 to 
2; the difference of whose fourth powers is to the sum of 
their cubes as 26 to 7. Required the numbers. 

Let 32 and 2x be the numbers, 
then (8a)* — (2) !: (3) + 2zy :: 26 : 7, 
5 

N 
and the numbers are 6 and 4. 
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15). Find three numbers, such that if the first be multiplied by 
the sum of the second and third, the second by the sum of 
the first and third, and the third by the sum of the first and 
second, the products shall be 26, 50, and 56. 

Let z y, z be the numbers, 
then z (y + z) = 26, y (z + z) = 50, and z ( + y) = 56; 

26 50 % 56 — 2 

DD 

whence 24y + 502 - yz (y + 2) = 0 = 302 + 56% — yz (y + 2); 


*. 202 = 82y; .*. ve, and “; 


26 5 50 8y 


I y 5 
„ 2 48, and æ = 12. 


W 


whence y* = 25, and y = £ 5; 


(16). There is a field in the form of a rectangular parallelogram, 
whose length is to its breadth in the proportion of 6 to 5. 
A part of this, equal to one-sixth of the whole, being planted, 
there remain for ploughing 625 square yards. What are the 
dimensions of the field? 
Let 6z and Ar be the length and breadth ; 
.. area = 302* ; 
.. 902* — 5z* = 625, or z LB: 
*. the sides are 30 and 26 yards. 


(17). To divide the number 11 into two such parts, that the pro- 
duct of their squares may be 784. 
Let z and 11 - z be the numbers; 
„ 2 (11 - £} 784 = 49 x 16; 
*. & (11 17x 4 +28, 
121 121 9 
en een. 


it: 28 
ee ple sd et: 
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(18). The product of two numbers =a, their quotient =); required 
the expressions for the numbers in terms of a, 5. 


Let zy = a, Sch or z = by; 
. by? =a, and y= abi) and z = (ab). 


(19). What three numbers are those which have their differences 
equal, their sum 15, and the sum of their cubes 495? 


Let z, y, z be the numbers; 


eO then & N= 25 ory= =, 
3(z +2) 
also æ +y 2 153 .. 16, or @ 10; . LET 


„. & T = (10 zy +z? + 5 495, 
dia 1000 - 300z + 302? = 370, and z = 7 or 3; 
ee & 23 or 7. 


(20). To divide the number 4 into two such parts, that the sum 
of their alternate quotients may be 4}, that is, of the two 
quotients of each part divided by the other. 

Let z = one part, 5 - æ = the other part, 
x 5-2 17 
F 


vot x «(3j — 289 225 
(6 =) im 80 = Ga. Wee 
g 17 ri ^ 

Oé eebe Hyaa or 43 .. 2=4, and 1 is the other. 


(21). The sum of the squares of two numbers is 13001, and the 
difference of their squares is 1449, Required the numbers. 


Let æ and y be the numbers, 
then & + * = 13001, and ai - = 1449; 
11552 
ee x £P 9 


20110; . 4 4 76, 
and y!» 7225; . y=+ 86. 
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(22). Find three numbers in the proportion of ch 2 and $, the 


sum of whose squares is 724. 


E 22 '92 
Let 2 ; 4 ; s be the numbers, 
* 4 92° 
then 4 + "o + 16" 124, 
or 362* + 64 + 812* = 724 x 144; 
724 x 144 
à dec e; 
2.242124, 


and the numbers are 12, 16, 18. 
(23). What number added to the numerator and denominator of 
the fraction 5 in succession, will make the resulting fraction 


in the former case 23 times as great as that in the latter? 
Let z = the number, 


4K 142 14 2 
then —— = px lg: or 2 + Ta + 10 = 28; 
49 121 4 2 LN 
t — = D d = -= — — = -9. 
* ＋ 7 ＋ x 3*3 2 or 


(24). To find two numbers, such that the sum of their squares 
may be 89, and their sum multiplied by the greater may 


produce 104, 
Let æ and y be the numbers, 


then z* + y* = 89, and z (z + y) - 104; 
104 - 4 104 - z? 
My end ot 0017 ET gg, 


.. zt + 10816 - 2082* + zt = 892°; 


5 
Ko 2 ^d 16 ' 
297 41 169 
ee Pemba c5 


ee £218, and y = t 5. 
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(25). 


(26). 


(27). 


(28). 
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A person bought a number of oxen for 1127.: if he had had 
two more for the money, each would have cost him 2“. 168. 
less. Find the number. 


Let z =the number; .. — = price of each, 


142 112 


are E whence z? + 22 + 1- 81; 


*. 1 149 8 or- 10. 
The sum of two numbers is 16, and the quotient of the 
greater divided by the less is to the quotient of the less 
by the greater as 25 is to 9. Find them. 
Let z = one number; .. 16 - z the other; 
.16-z, e 
"x Ly dips T 
^&16-2:2::0:93, 0716:5::8:8; 
^ 2=6, and 16 - 4 10 is the other number. 


:: 20:9; 


A party at a tavern owed 7/7. 4s.; but in consequence of 
three of them having no money, each of the rest had to pay 
4s. more than he otherwise would have done. Required 
their number. 


Let z =the number, then = = share of each, 


e 
z-3 & 


whence g = 12. 


What number is that, which being divided by the product 
of its two digits, the quotient is 52, but when 9 is subtracted 
from it, there remains a number having the same digits 


inverted ? 
Let 10z + be the number, 


10 % 16 
then 149 19 v ipe oos ine 


whence y = 153,7 2-l or 162* - 49z + 3 = 0, 
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47 1 
and 4z = 5 4 —12 or 2; 


^ 228, and y = 2, 
and the number is 32. 
(29). A draper bought a number of pieces of cloth for 337, 158. 


which he sold at 27. 8s. a piece, and gained as much as one 
piece cost him. How many pieces were there? 


3 
Let zc number of pieces; .. = = price of each, 


then z x 22 = 932 + =, 
-= E 
ge Zeen + x15 
whence 2 = 33 =15 


(30). What two fractions are those whose sum is 1, and the 


greater divided by the less gives the quotient 10? 
Let x and y be the fractions, then z + y = 1, 
2 ' : „ 
gao *. 10y+y=1, and y ir; nr= 


(31). A and B distribute 12007. each among a number of persons; 
A gives to 40 more than P, and B gives AL a piece to each 
more than A. Find the numbers. 


Let z and z - 40 be the numbers, 
and y - 5 and y the sums given by each, 
then æ K (y - 5) = (x 40) xy; . æ= 8y, 
also i (y - 5) = 1200, 


25 
whence y = 5 st 15 and z = 120; 


*, the NGN are 120 and 80. 


(82). Divide the number 49 into two such parts, that the quotient 
of the greater divided by the less may be to the quotient of 


the less divided by the greater as ; to A 
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Let x and 49 - x be the parts, 

49-2 m "SP 
2-278 4 
or 49 -: :: 4: 33 . 49:2::7:3; 

— = 21 is one number, and 49 - 21 = 28 is the other. 


then 


: 16 : 9, 


(33). A vintner sold 7 dozen of sherry and 12 dozen of claret for 
50l., and he sold 3 dozen more of sherry for 107. than of 
claret for 6l. Find the price of each. 


Let £z = price of sherry, £y = price of claret; 
. Tæ + 12y = 50, also - — S = 9, or 10y - 6x = 3zy, 


50 - 12y 10 1 28 
re E and y = 


. the claret is 37. per dozen and the sherry 27. 


whence z = 


(34). A detachment of soldiers from a regiment being ordered to 
march on a particular service, each company furnished four 
times as many men as there were companies in the regiment; 
but these being found to be insufficient, each company fur- 
nished 3 more men; when their number was found to be 
increased in the ratio of 17 to 16. How many companies 
were there in the regiment? 

Let z = number of companies, 
42* = number of men first furnished, 
but 4z* 3: 427 :: 17 : 16; 

, 3: 4 :: 1: 16, 
ors? Ii; ee 

(35). A person bought silk for 2407., and keeping 10 yards he sells 
the remainder for 2057., thus gaining 2s. a yard upon the 
prime cost. Find the quantity bought. 

Let x = number of yards bought ; 


240 3 205 e í 
bs l. = cost price, = 2239 selling price, 


205. 2401 
3-10 "s ` 20? 
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whence 2050x = 2400z 24000 + z* - 10z, 
and z? + 340x + (170)? = 52900, 
and z = 170 + 230 = 60 yards. 


(86). A charitable person distributed a certain sum amongst some 
poor men and women, the numbers of whom were in the 
proportion of 4 to 5. Each man received one-third of as 
many shillings as there were persons relieved; and each 
woman received twice as many shillings as there were 
women more than men. Now, the men received all together 
18s. more than the women. How many were there of each? 
Let 4 and 5z be the numbers respectively of men and women; 

. 9x = number relieved, 
each man received 3zs., each woman 2zs., 
then 4 x 32 5 x22 = 18, or K 29; .. 2-3, 
and there were 12 men and 15 women. 


(37). A and B had 100 eggs, for which they received equal sums; 
had A sold as many as B he would have received 18d., and 
had B sold as many as .4 he would have only got 8d. 
How many had each ? 

Let x = number A had; .. 100 - z = number B had, 
and yd. = price of A's eggs, z = price of Da 
then zy = (100 - 2) z, also (100 - z) y = 18, and zz = 8, 


29 SE, ELO 
whence z T yer iab and y 100-z' 
_ 8(100 - z) 


and z°y = 800 - 82; . y 


** 4 


whence 92? = 4 (100 - z)’; .. 32 = 2 (100 - ), 
and z = 40, and B’s number = 60. 
(38). What number is that which, being added to its square three 
times, shall make the sum 70? 
Let v = the number, then z? + 3x = 70, 


9 289 Bi BT 
eg = aes E Ce 
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(39). A grazier bought a number of sheep for 75/., and after 
losing two he sold the rest for 2s. 6d. each more than they 
cost, and gained the prime cost of two sheep. Find the 
number. 


Let z = number of sheep; . T £. = price of each, 
75 1 : $ 
and KE + 3) = selling price, 
75 1 150 
then (z - 2) (7 160-75 
whence & - 22 + 1 2401; ~. x= 1 + 49 = 60 sheep. 


(40). Required that number which added to its cube shall make 
the sum 68. 
Let z = the number, then & + æ = 68, 
and 22— 6442-420; ..2=4, 
also z? + 4z + 16 -1- 0; 
S3 4 4 44 1714 133 22-2 t „(- 13). 


(41). Two sides of a rectangular plot of ground are as 1: 3; 
and if the less side be diminished by 1 yard, and the greater 
be increased by 28 yards, the plot will be doubled. Find 
the sides. 

Let z and är be the sides, 


then (x - 1) (3x + 28) = 2 x 3z*, 


252 /25\* 289 25 17 
whence z* - — (60-36% ig^ 


and the sides are 7 and 21 yards. 


(42). A merchant ventured a certain sum upon a speculation, and 
found at the end of a year that he had gained 69/7, This 
being added to his stock, at the end of another year he 
found he had gained exactly as much per cent. as in the 
year preceding. Proceeding in the same manner, each year 
adding to his stock the gain of the year preceding, he found 
at the beginning of the fifth year that his stock was to 
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the original stock as 81 to 16. What was the sum he 


Syst laid out? 
Let x = his stock; .. gain per cent. = — , ; 


*. + 69 = 2nd year's stock; 


69 Le + ba 


.*. 4 69 4 (2 $9) d = 3rd year's stock; 


E MM O69 21$ 9:59: 
~ ; 


„ z = 138} 


(43). A person bought a number of 507. railway shares for 9007., 
when they were at a certain discount; and afterwards, when 
they were at the same premium, sold all but 10 for 5502, 
What number did he buy, and what did he give for each ? 
Let z = number of shares, 


= = price of each, but Rue = selling price; 
900 


*, 60 - pou discount per share, 
-9 
then - 550 = 60 4.50 — Se d 100x — 900 
- 10 x 


9 
whence 2x? - 49x = 180, and x= > n - = 20 shares, 


12: 15:900 
and price - um 45l. 


(44). The sum of the squares of two numbers being expressed 
by a, and the difference of their squares by b, it is required 
to express the two numbers in terms of a, b. 


Let z and y be the numbers, then z* + y* = a, and 2* - y*=5; 
a+b a+b a-b 
“a= ——, and z= 25) and y=+/(*5*). 


(45). The daily receipts on a railway are 1750/.: on three of the 
trains being taken off, the receipts per train increase by 75l., 
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(47). 
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the total daily receipts remaining the same as before. How 
many trains now run? 


Let z = original number of trains; . um = receipt per train; 


then (z - 3) ( 4 75 = 1750, 
whence z* - 32 = 70, and 2 4 SÉ 10; 


. number remaining = 7 trains. 


A detachment from an army was marching in regular column, 
with 5 men more in depth than in front: but upon the 
enemy coming in sight, the front was increased by 845 men; 
and by this movement the detachment was drawn up in 
5 lines. Required the number of men. 
Let z = men in front, z + 5 = men in depth, 
but (x + 845) x 92 z x (x + 5), 
or z? = 4225; .. æ = 65, 
and number of men 65 x 70 = 4550 men. 


A sets out to walk to a town 101 miles distant; and 30 
minutes afterwards B is sent after him, overtakes him, and 
then returns to the place they started from at the same 
time that 4 reaches the town. If B walk 4 miles an hour, 
find A’s rate. 


Let x = A’s speed per hour; .. 2 = distance in 3 an hour, 


and 4 - g = difference of speed, 
and y = hours before B overtakes A, 
z x 
then 4y 2 + xy, Sch 
2x 
. distance by 4 M 


ee remaining distance = 21 2 22 TN 84 = 25 
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then since remaining times must be equal, 
84 252 22 
2 (4 x) (4 2) * 4 
2 
k a +252 + (=) SE 


2 
e 2 24 CZ 3 miles per hour for 4. 


, or 84 - 252 = 2°; 


(48). A number consisting of two digits, being multiplied by 
the digit on the left hand, produces 46; but the sum of 
the digits multiplied by the same digit produces only 10. 
Required the number. 
Let 10z + y be the number, 
then z (10x + y) = 46, and z (z + y) = 10; 
. 92? = 36, or z= 4 2, and y= 3, 
and the number is 23. 
(49). If two numbers are to each other as 3 to 4, and the sum of 
their squares is 324900; what are the numbers? 
Let 3z and 4z be the numbers, 
then 92* + 162? = 324900, or z? = 12996, or x = 114, 
and the numbers are 342 and 456. 


(50). A vintner draws a certain quantity of wine out of a full 
vessel that holds 256 gallons; and then filling the vessel 
with water, draws off the same quantity of liquor as before, 
and so on, for four draughts, when there were only 81 
gallons of pure wine left. How much wine did he draw 
each time? 

Let z = gallons of wine drawn first time; 
*. 256 — x = quantity left in, 
then 2nd draw: z :: 256 — x : 256; 


256- x z 
oe 2nd draw = = 256 
* 2 
and quantity of wine left in = {cada 3 : 


256 
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956 — x)? -27 
Es 256; ~. 3rd draw = 80 
(256 ) 

(256)? ° 
(256 - x)* 
(2009 ' 
. (256 — z)! = (256) 81 = 4" x 81; 
^. 256 - 2 = 64 x 3, or x = 64 gallons first draw, 
ind 256 - 64 64 
1 * 25 256 
and 36, the 3rd draw, 27 gallons the 4th draw. 


From two towns, C and D, being distant 396 miles, two 
persons, 4 and B, setting out at the same time, met each 
other, after travelling as many days as are equal to the 
difference of the number of miles they travelled per day, 
and it appeared that 4 had travelled 216 miles. How 
many miles did each travel per day? 


3rd draw: z :: 
and quantity left in = 


and after 4th draw, quantity left in = 


= 48, 2nd draw, 


Let x = miles per day by 4, y = miles by B; 
*. £ (x y) = 216, and y (z - y) = 180; 
Bt AT = 36, and z - y = 6; 


FONS and y a = 30 miles. 


The sum of the squares of two numbers is 5, and the first 
number is to the second as m is to n. What are the 
numbers ? 


Let æ and y be the numbers, 


then a* t y! =b, and z:y mn WË EG 


2,2 
i gab. 93 en AJ Ges cp) and y= N ). 


There is a number consisting of two digits, which, w ep 
divided by the sum of its digits, gives a quotient greater 
by 2 than the first digit; but -if the digits be reversed, 
and then divided by a number greater by unity than the 
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sum of the digits, the quotient is greater by 2 than the 
preceding quotient. Required the number. 


Let 10z + y be the number, 


10z +y 


thes 10y +2 
zc 


e 4 2, also ——— — 2244; 
4 1 9 11 


= 2 
db - DET whence 192? - 40z = - 4, 


and z = 2, and y = 4, and the number is 24. 


ee y 


(54). The difference between the hypothenuse and base of a right- 
angled triangle is 6, and the difference between the hypo- 
thenuse and the perpendicular is 3. "What are the sides? 


Let z = the hypothenuse; 
^. æ - 6 = base, and z - 3 = perpendicular; 
. £ . (= 6) 4(z-3), or36- 122 + z? - 6x + 9-0; 
.*. 2 18 + 81 36, and z = 94 6 15 or 3; 
.. the sides are 15, 9, 12. 
(55). There are two numbers such that the sum of the products of 


the first by 4, and of the second by 3, is 53, and the difference 
of their squares is 15. Required the two numbers. 


Let x and y be the numbers, then 4z + 3y = 53, and æõ - y* - 15, 


whence z = 23 Y. or 2809 - 318y + 94° — 16y° = 240; 
5 15 0 
% , whence y 7 £22. «7, and z = 8. 


(56). In a parcel containing 24 coins of silver and copper, each 
silver coin is worth as many pence as there are copper coins, 
and each copper coin is worth as many pence as there 
are silver coins, and the whole is worth 18 shillings. How 
many are there of each ? 

Let z = number of silver coins; 

*. 24 - x = number of copper coins, 
then 2 (24 - x) = 216, or x° - 24z =- 108; 
.* . 4 1246 18 or 6. 

0 
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A number consisting of three digits, which are in arith- 
metical progression, being divided by the sum of its digits, 
gives a quotient 48; and if 198 be subtracted from it, the 
digits will be inverted. Required the number. 
Let z 4 y, z and z — y be the digits; — their sum = 32, 
then IO UAE = 48, whence æ = 3y, 
but 100 ( - y) + 10z +æ +y =100 (z 4 y) + 102+ x-y- 198 
whence , z 3y, we have 198y = 198, or y = 1, 
'and the number is 432, 


A horse-dealer pays a certain sum for a horse, which he 
afterwards sells for 1447, and gains exactly as much per 
cent. as the horse cost him. How much did the horse 
cost ? 

Let x = price of horse; . 2: 100 :: 144 : 100 + z; 

<. 2 4 100 + 2500 = 16900; — x=- 50 + 130 = 807. 


. A farmer received 7/. 4s. for certain bushels of wheat, and 


an equal sum at a price less by 1s. 6d. per bushel for à 
quantity of barley, which exceeded the quantity of wheat 
by 16 bushels. How many bushels were there of each ? 


Let x = bushels of wheat, and x + 16 = bushels of barley, 
and ys. = price of wheat per bushel; 


. zy = price of wheat, and (a + 16) (v - 3) = zy = 144s.; 


9x - 
ot 16y -24-zy, or z = err S we 


„ whence 94 3 or - 3, 


*. ty- 


and z = 32, and 48 = the bushels of barley. 


During a scarcity, a person wished to make a mixture of 
24 bushels, consisting of wheat, oats, and barley, the quan- 
tities of each forming an increasing arithmetical progression. 
Not being able, however, to procure any barley, he mixed 
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additional quantities of wheat and oats, in proportion of 2 
to 3, so as to complete his 24 bushels, when he found the 
whole quantities of wheat and oats to be in proportion of 
5 to 7. How many bushels of each did he originally in- 
tend to mix? 
Let x- y, z, and z + y be the quantities of each; 
*. 3x = 24, and z = 8, 
let 2z and 3z be the quantities of wheat and oats added, 
8-y+2z 6 


ARR Mere = 16 - 7; 
then 8 ＋ 37 d whence z Ty; 


but 8 - y'+ 2z + 8 + 3z = 24; 2 
„. 80 - 35y = 8 + y, and y = 2, 
and the quantities were 6, 8, 10 bushels each of wheat, oats, 
and barley. 

(61). To divide 20 into three parts, such that the continual pro- 
duct of all three may be 270, and that the difference of the 
first and second may be 2 less than the difference of the 
second and third. 

Let x, y, and z be the parts; . x +y z = 20, zyz = 270, 
andy-z42-22-y; . 4 2% 1 2-23 


*. 20 - 22 2 42-2; BEE 


EC 
gt 


. 22214, and zz = 45; 
oe @ -2z242216; . 2-z-t4; 
4 æ 9 or 6, and z 5 or 9, 
and the parts are 5, 6, 9. 
62). Two messengers, 4 and B, being dispatched at the same 
time to a place 90 miles distant, 4 rode one mile an hour 


more than B, and arrived at the end of his journey an hour 
before him. At what rate did each travel per hour? 


Let z 4 1-.4's rate per hour; .. æ B's, and /- hours by 4; 
Ass time, Si B's time, 
1 x 


03 
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90 90 L. 29 : 
then 271 ＋ 13 & est S = 9 miles per hour for B, 
and 10 miles for A. 


The difference between the first and second of four numbers 
in geometrical progression is 36, and the difference between 
the third and fourth is 4. What are the numbers? 

Let zy", x, zy, and zy? be the numbers, 

then zy* — æ = 36, and zy - zy’ = 4, 

en, ne Ts RE 
1-y y(l-y)’ 
.. «= 18, and the numbers are 54, 18, 6, 2. 


1 
whence z = ory=z; 


To find three numbers in arithmetical progression, such that 
the sum of their squares may be 56, and the sum arising by 
adding together thrice the first, and twice the second, and 
thrice the third, may amount to 32. 
Let z - y, z, and 2 + y be the numbers, 
then (z - y T + (x + y)* = 925 + 2y* = 56, 
and 3(z—-y)42z + 3 (x +y) = 82232; . & 4, 
and 2y* = 56 - 4828; . y=+ 2, 
and the series is 2, 4, 6. 


Bought a number of books, consisting of folios, quartos, and 
octavos, for 967. 12s. Fourteen folios (which was the whole 
number) cost three times as much as all the quartos; and 
one quarto cost as many shillings as there were quartos. 
The number of octavos was 32, and their value was such, 
that 4 of them cost as much as one quarto. Required the 
value of each, and the number of quartos. 
Let x = number of quartos; .. z* cost of quartos in shillings, 
9z* = cost of folios, and 8z = cost of octavos; 
. 4 + 82 = 1932; 
*. 4 + 27 412 483 + 1 = 484, 
and z = - 1 + 22 = 21, the number of quartos, 
and 21s. price of each; 
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9 
cost of folio = a guineas = 4} guineas each, 


21 
cost of each octavo = Pale 53s, each. 


(66). To find two numbers, such that their product added to their 
sum may make 47, and their sum taken from the sum of 
their squares may leave 62. 
Let z and y be the numbers, 
then z + y + zy = 47, or 2zy = 94 2 (z + y), 
and Le + y*) - (x 4 y) = 62; 


1 
d (ey) . = 106 64, or æ 4 12; .. cy - 95, 
whence z - y = 2, and z = 7 and y = ö. 


(67). To find three numbers having equal differences, and such 
that the square of the least added to the product of the two 
greater may make 28, but the square of the greatest added 
to the product of the two less may make 44. 

Let z - y, x, and z + y be the numbers, 
then (x - y)* + æ (x + y) = 28, and (x + y + x(x - y) = 44, 
by subtraction zy = 8; 


2 
di -3) ele 2-9 or z* - 182* = - 32, 
z x 


whence 2° = 94 7 2 16, and z = andy = 2; 
.. the numbers are 2, 4, 6. 


(68). The paving of two square courtyards cost 2054, a yard of 
each costing one-fourth of as many shillings as there were 
yards in a side of the other; and a side of the greater and 
less together measure 41 yards. Required the length of 
a side of each. 


Let x = yards in side of one, and 41 - æ = in side of other, 


2 — 
then EE + (41 - 2)? i - 905 x 20, 
2 
whence z* 412 + (5) =- e ^ #= 26 or 10. 
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Three merchants, 4, B, C, on comparing their gains, find 
that among them all they have gained 14447., and that B's 
gain added to the square root of A's made 9207, but if 
added to the square root of C's it made 9121. What were 
their several gains ? 
Let 2* = A's gain; .. B's gain = 920 - z, and y* = C's gain; 
. B's gain = 912 - y; 
502-9 58, but z* 4 920 — z + y* = 1444, 
whence y = - Zi A. 12, and z - 20; 
^. A’s gain is 4007, B's gain 9007., and C's gain 1447. 


A person buying a number of apples and pears, amounting 
together to 80, gave twice as much for the apples as pears; 
but had he bought as many apples as he did pears, and as 
many pears as he did apples, his apples would have cost 10d., 
and his pears 3s. 9d. How many did he buy of each ? 


Let æ = number of apples, and y = price of each, 
80 - z = number of pears, and z = price of each, 
then zy = 2 (80 - x) z, also (80 - x) y 10, and zz = 46, 
10 
80-z' 
and 2* = 9 (80 2%; . æ= 3 (80 - æ), 
or «=60 number of apples, and 80 — 60 = 20 number of pears. 


whence a*y = 2 (80 4) 45, and y = 


To find three numbers in arithmetical progression, so that 
the sum of their squares shall be 93; also if the first be mul- 
tiplied by 3, the second by 4, and the third by 5, the sum 
of the products may be 66. 
Let z - y, z, and z + y be the numbers, 
then 32° + 2y* = 93, and 3 (z - y) + 4x + o (z + y) = 66, 
or 12 + 2y=66; . y 2 33 - 6z, and 32° 2 (33 - 6z)*= 93, 
whence 75 - 792 + 2085 = 0, or z = = + der 5; 


<. y = 9, and the numbers are 2, 5, 8. 
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(72). The sum of two numbers is 2, and their product is also 2 
what are they? Also find two numbers whose sum is a and 
whose product is A. 

Let z = one number, 2 — x = the other, or 22 - r° = 2; 
*. 21 111, orz=1+ J(- 1) is one number, 
and 17 4/(- 1) is the other. 
Let æ and a - x be the numbers, and az - æ , 
a a n a + y(a* - 40°) 
F 
a x 4/(a* — 46°) 


and the other is 2 


(73). A person exchanged a quantity of brandy for a quantity of 
rum and 114. 58., the brandy and rum being each valued 
at as many shillings per gallon as there were gallons of that 
liquor; but had the rum been worth as many shillings per 
gallon as the brandy was, the whole value of the rum and 
brandy would have been 56/. 5s. How many gallons were 
there of each ? 

Let z = gallons of brandy, y = gallons of rum; 
<. and y? are their prices; 
*. % 225, but zy + 2* = 1125, ory = si a) 
. . 4 - (1125 - a*y = 2252’, 
whence z = 26 gallons of brandy at 25s., 
and y = 20 gallons of rum at 20s. per gallon. 


(74). There are two rectangular vats, the greater of which con- 
tains 20 solid feet more than the other; their capacities are 
in the ratio of 4 to 5, and their bases are squares, a side of 
each of which is equal to the depth of the other. What 
are the depths ? 

Let a* = base of one, and vi = base of the other in feet, 


then 2*y - y*z = 20, also ay: y*z :: 5: 43 z=, 
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„. 7 4 and z = ö are their respective depths. 


A ship containing 74 sailors, and a certain number of soldiers, 
besides officers, took a prize. The sailors received each one- 
third as many pounds as there were soldiers, and the soldiers, 
received 3/. a-piece less, and 768. fell to the share of the 
officers. Had the officers, however, received nothing, the 
soldiers and sailors might have received half as many pounds 
per man, as there were soldiers. How many soldiers were 
there, and how much did each receive ? 


Let 3z- number of soldiers; . z- what each sailor received, 
and z - 3 what each soldier received; 


XE Tae + 3a (2 - 3) 768 = 74 x 4 Dax 2 
whence g = — s d 5 = 12/. what each sailor received, 


and 3z = 36 number of soldiers, and 12 - 3 = 91. each. 


A person employed three workmen, whose daily wages were 
in arithmetical progression. The number of days they 
worked was equal to the number of shillings that the 
second received per day. The whole amount of their wages 
was seven guineas, and the best workman received 28 shil- 
lings more than the worst. What were their daily wages? 
Let x - y, x, and x + y be the daily wages of each; 
*. æ = shillings per day, 

then (x - y) z + z? + z (x + y) = 147, or 3z* = 147 or z= 7, 

also (£ y)z-2z(rz-y)*28; „. 2zy = 28, or y=2; 

^. their wages were respectively 5, 7, and 9s. per day. 
The sum of 7007. was divided among four persons, whose 
shares were in geometrical progression; and the difference 


between the greatest and least was to the difference between 
the means as 37 to 12, What were their respective shares? 
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Let zr, x, zr, and z7r? be their respective shares, 
then zz? — : zr - æ :: 37: 12, 
or = 1: (-I) x:: 87: 12, 

or? +r4+1:7:37:12; . (r 1): (r- 1) :: 49: 1, 


whence r + 1 = 7 (r - 1), or reg, 
3 4 16 
and 1 9 


and the other shares are 108/., 192/., and 256“. 


0% 1441 


(78). A poulterer going to market to buy turkeys, met with four 
flocks. In the second were 6 more than three times the 
square root of double the number in the first; the third 
contained three times as many as the first and second; and 
the fourth contained 6 more than the square of one-third 
of the number in the third; and the whole number was 
1938. How many were there in each flock ? 

Let z = number in first; . 94/(2z) + 6 = number in second, 

3 {x + 3 /(22) + 6} = number in third, 
and {x + 3 (2x) + 6}* + 6 = number in fourth; 
*. {a +3 / (2) + 6* +4 (z + 8 V(2z) + 6} + 4 1936, 
or z 4 3% (2) + 6 = - 2 1 44 = 42, 

342.942 6 
e wl 
3x64 6224, number in second, 126 in third, 1770 in fourth. 


; *. «= 18, number in first flock, 


(19). There are three numbers in geometrical progression, the 
sum of the first and second of which is 9, and the sum of 
the first and third is 15. Required the numbers. 


Let zy", x, and zy be the numbers, then zy? + 2 = 9, 


ab = D . ERE / 

and xy phe wur] 15 
5 7 

whence y = 5 t 5-2, and æ = 6, 


and the numbers are 3, 6, 12. 
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(80). There are four numbers in arithmetical progression: the 
sum of the squares of the first and second is 34, and the 
sum of the squares of the third and fourth is 130. Required 
the numbers. 

Let x - 3y, æ — y, z + y, and z + 3y be the numbers, 
then (z - 3y)? + (x - af, or 22* - 8zy + 10y* = 34, 
also (x + 3yJ +(x +y)’, or 2 + 8zy 10% = 180; . % Dr 
.*. @ 5% = A1, and z* + 180 = 41, 
whence a = 1 2 = 36, and æ = 63 . y=1; 


*. the numbers are 3, 6, 7, 9. 

(81). There are three numbers, the difference of whose differences 
is 5, their sum is 44, and continued product 1950. What 
are the numbers ? 

Let z, y, z be the numbers, 
then their differences are æ - y, and y - z, 
and v - y — (y - z) = 6, and z + y + z = 44, also zyz = 1950; 


_ 1950 
whence y = 13, and 5 - o 
91 , 19 
=—+—s 
se zis 25, ree 6. 


(82). There are three numbers in geometrical 3 whose 
continued product is 64, and the sum of their cubes is 584. 
Required the numbers. 

Let zy", x, and zy be the numbers; . 2*= 64, and z = 4, 
then 64 (5414) = 684, and y= 41885 2 
and the series is 2, 4, 8, 


(83). A farmer buys m sheep for £p, and sells n of them at 5 per 
cent. profit. How must he sell the remainder so as to gain 
107. per cent. on the whole? 
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Price of each sheep = ` £; 


E np ?lnp 


Na xn 20m * 20m 


price sold for, 


amount required = p + — „ £, 


10 10 
and if £z be the price of each remaining, then 
ain lip , „ 22m -?1n 
206 HI idm 10 . 


(84). There are three numbers in geometrical progression, whose 
sum is 14, and the sum of the first and second is to the sum 
of the second and third as 1 to 2. Required the numbers. 


Let xy”, z, and zy be the numbers, then z (14 y * y") = 14%, 
also 7 (149) e (14g), OF Regn ds By. soo 


and g = 2 = 4, and the numbers are 2, 4, 8. 


7 


(85). A and B engaged to reap equal quantities of wheat, and A 
began half an hour before B. They stopped at 12 o'clock 
and rested an hour, observing that just half the work 
was done. B’s part was finished at 7 o'clock, and A's at 
a quarter before ten. Supposing them to have laboured 
uniformly, at what time did each commence ? 


Let x = the hours B laboured before 12 o'clock ; 
and if A be the work of each, then 


A à A 
rr dz B's hourly work, and 278 


i 4A 1 
bute? 8 EA C 704 
(or A's hourly Ge: and De hourly work) multiplied by the 


= A’s hourly work; 


number of hours before 12 = S work) ; 


. 4z? + 37x + 4r? + 26 + 12 = 42? + 61z + 222; 
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841 


1 1 
4 2 +7 210428 


23 ½ 143 * Str 


B started at 5 o'clock, and A at half- past 4 o'clock. 


(86). A butcher bought a certain number of calves and sheep, and 
for each of the former gave as many shillings as there were 
sheep, and for each of the latter one-fourth as much. Now 
had he given 4 shillings more for each of the former, and 
2 shillings more for each of the latter, he would have paid 
7I. more. But had a sheep cost as much as a calf, he would 
have expended 56/.8s. How many did he buy of each, 
and what were their prices? 

Let z = number of calves, y = number of sheep, 


then x K y - 140; 
1 1 20 140 472% 06 
70-y 


oe a. 


_ 1128 - 9? 


also zy + * = 1128; . c HE. 
497-951 59 = 24 sheep at 6s., and z= 23 calves at 24s. each. 

(87). A traveller set out from a certain place, and went 1 mile the 
first day, 3 the second, 5 the next, and so on, going every 
day 2 miles more than he had gone the preceding day. Aftei 
he had been gone three days, a second sets out, and travels 
12 miles the first day, 13 the second, and soon. In how 
many days will the second overtake the first ? 

If z = the number of days the second travels, 


then (24 4 (z - 1)) 3 = his distance, 
and (2 + (x +2) x 9273. distance of the first ; 
A (23 + 2) x2 = (3 + 2) (z 4 3), 


Iv 
whence z = * 9 days. 
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(88). There are four numbers in geometrical progression, the 
second of which is less than the fourth by 24; and the sum 
of the extremes is to the sum of the means as 7 to 3. Re- 
quired the numbers. 


Let zy”, zy", zy, xy? be the numbers, 
then zy? — zy? = 24, or z (y* 1) = 24y, 
also zy? 4 zy’: zy! zy :: 7: 3, 
or 1:7 (/ +1), or *:, :: 7:3; 
*. 1): %:: 4: 33. „1: :: 2: ¥(3), 


27 184 142 1 
wh et ^ — 2 23 Q5 es 3 — 3 
s 75 8 Me E es V(3)’ 
SE 


emm 2 9 (3), and the series is 1, 3, 9, 27. 


9- 


(89). A farmer at a fair found the price of an ox equal to that of 
three sheep, and that he could just dispose of 1007, buying 
twice as many sheep as oxen. But waiting till the evening, 
when the price of an ox fell 17., and of a sheep 6s. 8d., he 
got for 1007. three times as many sheep as oxen, and in- 
creased his whole stock by ten more than he would have 
had in the former case. How many sheep and oxen did 
he buy, and what was the price of each? 

Let 32 = price of an ox, y = number of oxen, 
and 2y = number of sheep; 
*. 32 + 24% = 100, or zy = 20. 
In the evening, price of an ox = 3z — 1, and of a sheep- z - : i 


then his whole stock 3y 4 10, and 3y Ta number of oxen 
o BED as 2-142 (By + 10) Z= = 1001; 
ul Ae. _ 20 
ee AE 


and y =- 5 +15 = 10 oxen at 5/. each, 
and 30 sheep at 157. each. 


302 


(90). 


(91). 


(92). 


SOLUTIONS IN ALGEBRA, 


A person has two pieces of ground, one of which is in the 
form of an equilateral triangle, and the other of a rect- 
angular parallelogram, one side of which is equal to a side 
of the triangle, and the other side is 8 yards less. These 
he plants with trees, at the distance of two yards from each 
other on the sides, and finds that there are 11 more on 
the rectangle than on the triangle. What are the lengths 


of the sides? 
Let 2x = side of triangle; 


. 2 and 2z - 8 = sides of rectangle, 
and since there will be a tree in each corner, there will be 
x +1 in side of each figure, and in the triangle there will 
be one less in each row from the base ; 
x : Be 


*, number = (2 (x + 1) - 2} 


— 


. (z +1) (æ- 3) (z + 2) = 11, 


whence z = a + a = 10, and the sides are 20 and 12. 


There are four numbers in arithmetical progression, whose 

sum is 28, and their continual product is 585. Required 

the numbers. 

Let x - 3y, & - y, x+y, «+ 9y be the numbers; — z-7, 
245 209 


(49 - y*) (49 - 9y*) = 585; nyc gd 972, 


and the series is 1, 5, 9, 13. 


When 962 men were drawn up in two solid squares, it was 
found that the front of one contained 18 more men than 
the front of the other. What was the number of men in 
each square? 
Let z = men in front of one, and z - 18 in front of other, 
then z* + (x - 18)* = 962, or z? — 18z = 319; 
*. 4 9 4 20 = 29; . 29 -18.- 11; 
^. the numbers were 121 and 841. 


WWW.rcin.org.pl 


Ex. 93—94, p. 76.] QUADRATIC EQUATIONS. 303 


(93). A gentleman bought a horse for a certain sum, and having 
re-sold it for 1197, found that he had gained as much per 
cent. by the transaction as the horse cost him. What was 
the prime cost of the horse? 

Let x = cost of the horse, 
then z : 100 :: 119: 100 + z; 
. 2=— 50 + 120 = 707. 


(94). A cask, whose contents is 20 gallons, is filled with brandy 
a certain quantity of which is then drawn off into another 
cask of equal size; this last cask is then filled with water; 
after which the first cask is filled with the mixture; and it 
appears, that if 63 gallons of the mixture be drawn off from 
the first into the second cask, there will be equal quantities 
of brandy in each. Required the quantity of brandy first 
drawn off. 

Let z = the number of gallons first drawn off; 
.*. 20 - x = gallons of water poured into second cask, 
and if y be quantity of brandy poured back into first cask, 


af 
then y : æ :: æ : 20, then = 59” 


and 2 - = = brandy remaining in second cask; 


. quantity of brandy in first cask 
z? 400-207 + z? 


een Gi e quum 
: 400 — 20 
2 
^. brandy drawn off = n 
brandy in each = 1100-20242" _ Ze 400 — 202+ 2* 
oe y = 30 nS 60 } 


or 60x - 3z? = 400 - 207 + 2°; 
*. 2? 20 +100 Dr , & = 10 gallons, 
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(95). 


(96). 


(97). 
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There are two numbers, such that 8 times the sum of their 
squares multiplied by the less is equal to 26 times the 
greater, and twice the difference of their squares multiplied 
by the greater is equal to 15 times the less. Required the 
two numbers. 
Let z and y be the numbers, 
then 3 (z? + %) y = 26z, and 2 (z? - y*) z = 15y, 
TAMATA i CAR 
26 2y) 
multiplying (1) by (2) 
4õy' + 9'iz*y* = 52, 
9723 17 Ae 


whence y? = ur dr E e 


the , or * - y* = 65, 


4 
81 65, or z^ = 81; 


4^ 2 3 andy =2. 


s 2 yt =z 


From two towns, which were 168 miles distant, two persons, 
A and B, set out to meet each other; A went 3 miles the 
first day, 5 the next, 7 the third, and so on; B went 4 miles 
the first day, 6 the next, and so on. In how many days did 


they meet H 
If x = the number of days, 


then 4's distance = {6 + (a - 1) 2} d 


B's distance = (8 + (æ - 1) 2} 5 A 


and {7 + 2(z 1) x = 168, whence z2- 24 8 days. 


Three persons divide a certain sum of money amongst them 
in this manner: 4 takes the nth part of the whole, and 


£; D takes the nth part of the remainder, and E and 


C takes the nth part of what then remained, and z£ ; and 
then nothing was left. Find the sum. 
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Let z = the sum of money, 


then .4’s part =2 4 2, G Ee e 
n n n n 
"»-1)z a.a 
B's part ( e wes 2 
— CER CAS SEA CER 
n? n? n’ 
(n - * — (u ira Nͤ a 
C's part = RE AE, 
-1% 1 
semine = 02174 noD de SE WT 
8n* - 9n +1 


(99). A mercer sold a piece of cloth for 247., and gained as much 
per cent. as the cloth cost him, What was the price of 
the cloth? 


Let z = price of cloth, then z : 100 :: 24 : (100 + z). 
whence * + 100x = 2400, and æ = - 50 + 70 = 20/. 


(100). Two detachments of foot being ordered to a station 39 miles 
distant, the one by marching d mile per hour quicker than 


the other arrives one hour sooner. What was their speed ? 


Let x = speed per hour of one, and z + 1 of the other; 


i 
39 156 j $ 
2E - and ce: are their hours of marching, 
39 156 1426 
and — bI TJ 33; 


. their speeds are 3 and 3} miles per hour. 


(101). What number is that which, being multiplied by the sum 
of its digits, equals 1012, and if 63 be subtracted from it, 
its digits will be inverted ? 

Let x and y be the digits, 


then we have (10x + y) x (z + y) = 1012, 
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and 10z + y - 63 = 10y + z, or s - = 1, 
wherefore (11z — 7) (22 - 7) = 1012, 
91 , 905 


and v = 44 d "ut 9, and y = 2, and 92 = number. 


(102). What two numbers are those whose difference being mul- 
tiplied by the difference of their squares produces 576, and 
whose sum multiplied by the sum of their squares is 2336? 
Let æ and y be the numbers, then (z* - y^) (x — y) = 576, 
and (& + y^) (x + y) = 2336; 
zx 73 2 55 z4yV 64 
2 18 er f is? ana (= 3 
.. 3 (x +y)=8(z- y), or 51 = 11y, 
a, 
25 
.. 6% x 96y? = 576 x 125, or = 5 and z= 11. 


whence eu. and z? - y? = 


(103). Given the sum of five numbers in arithmetical progression 
equal to 20, and the sum of their squares 90. What are 
the numbers ? 

Let x -2y, £- y, z, x+y, and x + 2y be the numbers; 
*. 52 = 20, and æ = 4, 
and 5z* + 10y* = 90; . 10% 10, andy = 1; 
*. the series is 2, 3, 4, 5, 6. 


(104). The sum of three numbers in a geometrical progression is 
91, and the sum of their squares is 4459. What are the 
numbers ? 

Let zy", «, and zy be the numbers, 


then z (1 + y 4 y*) =9ly, and z? (1 + y* + y*) = 4459y"; 


147910 18 

. 4 (1 71% 49% — YY . 72 

* (1-7 90 49% „ 
5 4 1 

whence y= 5+ 38 or 5 . 4 21, 


and the series is 7, 21, 63. 
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(105). The sum of two numbers is 11, and the sum of their third 
powers 407. Required the numbers. 


Let z = one number; .. 11 — 2 = the other; 
. @+(11 - )“ = 407, 
or 2? + 1331 - 363 + 332? - 2° = 407, 


121 = 9 
~ le + =~ 28+ 4 45 
11 3 
“esas $^ 4 or 7; 


*, 4 and 7 are the numbers. 


(106). A body of men are just sufficient to form a hollow equi- 
lateral wedge three deep, and if 597 be taken away, the 
remainder will form a hollow square four deep, the front 
of which contains one man more than the square root of 
the number contained in the side of the wedge. What 
is the number ? 

Let z be the number in the side of the wedge, 


then the number of men in a complete wedge would be 
93 


and the side of the triangle inside the external will be (z - 3); 
*. the side of 4th internal triangle will be (x - 9), 
and the number of men in this wedge will be 


. T 


^. number of men in wedge 


e (z 4 1). 2 (e- 8). E 2: 


= 9z - 36, 


side of square = T +1; 
., men in square when 4 deep = (y2 + 1)* - (yz - 1}; 
. 9z - 36 = 16 / - 48 + 597; 
„ 9z - 16 / = 585; 


www.rcin.org.pl 


308 


SOLUTIONS IN ALGEBRA. 


8 
* Git? 
Ve = 9^ 


*. 81 is a side of the wedge, 
and the number of men = 9z - 36 = 693. 


(107). A vessel which was leaky was furnished with two pumps, 


which, being worked by A and B, A took 3 strokes to 2 
of B's; but 4 of B’s threw out as much water as 5 of Ais, 
Now, had they pumped together, they would have emptied 
the vessel in 32 hours; but B first worked for as long as 
it would have taken 4 to empty the hold alone, then 4 
commenced alone, and cleared the hold in 131 hours from 
B’s commencement; but he pumped 100 gallons less than 
he would have done if they had both pumped together. 
Required the quantity of water in the hold, and the hourly 
leakage. 


Let x = water in hold, y = hourly influx ; 
n = A’s strokes per hour, ^ = B's strokes, 


z = gallons per stroke of A, nz = gallons per hour by 4, 


and = . T - T. = gallons per hour by B. 


. lónz 15.512 15% 
By problem . T hme 
*. nz (30 + 25) = 8 + 30y; 
_ 5dnz - 30y 
we EE (1). 


Let v = hours in which 4 would empty it alone; 


then = = gallons drawn out by B, 


an nd un 2 — = hours by A to finish it ; 
„ 9ung 40-3u „ + 40y 
äu. got 3 
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unz + 80nz - 6unz = 6x + 80y; 
i 80nz — Gr - 80y 
nz 
= time in which A would have emptied it alone; 
TM ng = IM 100, 
(160 - 12u) nz = 45nz - 1200; 
11ónz + 1200 
FFT (3); 
but nzu = x + uy; 
dent ETA 11512 + 1200 
nz-y 12nz 
(115nz + 1200) (nz — y) 
3 12nz 
, & _ 80nz - Gr -80y 
nz -y nz 
80 (nz - y} 
7 - 6y 
16 (nz - y) N 28nz + 940 
Tnz — Du 12 
168052 — (31nz)* (6) 
1440 - 54nz TTT" s 
5512 30% (1152 ＋ 1200) ( y) 
8 12nz 
(13nz)* + 480nz x 
Se T vue 4413 
1680nz — (31nz)? (1312) —480nz 
~ 1440- 54%  28nz4480 ' 
and 166 (nz) — 240nz.164 = 2. (240), 


82 /240.41\? (240)*.1764 
a) Sie Pea io an ae hs cn 
(nz)? - 240nz 83 E (883 ) 83 


240.41 240.42 
ts SS e—M — eti. MU 0; 
eum 88 t 83 " 


but again 


from (3); 


also u = from (2), 
and z = 

. from (5 and 4) 
whence y = 

also z- from (1) from (4), 


whence y = 


*. from (6 and 7) 
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_ (18 + 2) 240° 
~ (28 + 2) 240 
55 - 15 

8 


= 120 gallons hourly influx by leakage, 


and v = x 240 = 1200 gallons of water in hold. 


(108). A dealer bought a number of bushels of wheat, expecting 


to sell it in 6 months, at a profit of 3s. per bushel; but 
prices having fallen 1s. per bushel, he found he should 
lose the price of five bushels, He then kept it 12 months 
and sold it at 2s. per bushel under prime cost, and fount 
that his loss was 10s. less than his expected gain. Now 
if interest be allowed at 5 per cent., what was the quantity 
and price of the wheat bought? 


Let x = bushels of wheat, 


y = price per bushel, — = 6 months’ interest; 


: 3 
. 40% +3) 40 zy = his expected gain 
zy 


= 32-7) 


and ay 40 - z (y - 1) = loss in the first case 


= 5y, 


zy Tace E 
(ac DON RE a Ld (1), 


also zy 20 - æ (y - 2) = loss by its sale 


vy 
20 2 


79 2 5 92 - 22... 
but by problem Ech 2z = 9a 40 10; 
400 
= 1 i (2); 
y 
y+ 40 D- 37 
and 40y — 3y* = 2y + 80; 


from (1 and 2), 
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pisei e a. Dn 

E 1 3) O3 AR Bh 
19 11 

du Yamoto 108, per bushel, 
400 


"n" 40 bushels of wheat. 

(109). Out of a vessel containing 24 gallons of brandy there were 
drawn, at three successive times, a number of gallons, 
forming an ascending arithmetic series, and the difference 
of the squares of the extremes was equal to 16 times the 
means; the cask having been filled up with water. between 
each draw, it was found that the last draw was only one- 
sixth of its original strength. Required the number of 
gallons of pure brandy drawn each time. 

Let (z — y), z, and ( + y) be the number of gallons of the 
mixture drawn each time, 
(2 +y) - (z - y) = 162, 
4% = 162; 
vie y= 4s 
therefore z 4 is number of gallons of spirit drawn out 
first time, and also the quantity of water introduced, and 
zis the number of gallons of the mixture drawn out the 


next time, 
24 — (x 4): 24: spirit: x; 
oe " (28 - z).z 
. Spirit drawn out second time = Ew uu 
spirit left in = 24 - (æ 4) — 4) z Ew : 
^ 
(4 - 2) (94 - (s) SS 
ha tb EE Wee UE MG | 1 EX) 
24 3 x Si 
spirits drawn out third time S SÉ 
N > 


(24-2) (28-2) „ . wë 
bh ek, 6} 3 
*. (24 - x) (28 4) = 96, > 

whence æ = 26 4 10 = 36 or 16 


& 
V 


„ 
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*. 16 gallons is the proper result, 
since 36 gallons is impossible, 
and the draws are 12, 16, and 20 gallons, 
and the spirits drawn are 12, 8, and 3j gallons. 

(110). P, Q, R represent three candidates at an election. Q 

polled as many plumpers wanting one, as the split votes 

betwixt P and R exceeded those betwixt himself and R; 

and the number of split votes betwixt Q and R was one 

more than twice the number betwixt Q and P. I? P had 

not voted for himself and R, but for R only, and if 5 

others who split betwixt P and Q had voted for Q only, 

Q would have just beaten P, and would have been 48 

below R. The number of voters was 1341, of which 565 

gave plumpers. Required the number of plumpers for 

each candidate, and the final state of the poll. 

Let z, y, and z be plumpers for P, Q, and R; 
"u£4yt2-000. 
Let m be the votes split between P and Q, 
n those between P and R, and r those between Q and R; 
. m ITT 776, 
then by problem y+ 12 5» - r, and r - 2m 4 1; 

s 3m +n = 175, and y =n -r -1 = 773 5m, 
againy+mt+r=x+n+m-5; . = 769 Tr õm, 
whence z = 4 the number of plumpers for P, 
alsoy+m+r=2+n+97 - 48, whence y = z+ 727 — 4m, 
but y +z =561; . 5=561-y; . 2y= 1288 — 4m, 
also 2y = 1546 — 10m; .. 258 = 6m, or m = 43; 

*. y = 773 - 215 = 558 plumpers for Q, 

z = 561 — 558 = 3 plumpers for R, 

r = 86 + 1 87, and n = 776 - 130 = 646; 

*. +M +n = 4 + 43 + 646 = 693 votes for P, 
and y +m +r = 558 + 43 + 87 = 688 votes for Q, 
also z +n +r 34 646 + 87 = 736 votes for R. 
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(111). There is a number consisting of three digits, of which the 
first is to the second as the second to the third; the 
number itself is to the sum of its digits as 124 to 7; and 
if 594 be added to it, che digits will be inverted. Re- 
quired the number. 

Let 100 + 10y + z be the number, 
thenz:gy::y:2; ^ aay’, 
and 100z + 10y 4 2:24 y f:: 124: 7, 
or 994 + 9y:2+y4+2::117:7; 


also 100z + 10y + z = 100z + 10y + z + 594, 
64% — by 

aka 
and 17 = 2y + 26, abe = 2 +6; „N d; 


whence z - 63 . 446 


PI, 2 
ti E Si = 4 Gx, or 2852 — 908 + 676 = 0, 


whence z = 2, 2 - 8, and y = 4, 
and the number is 200 + 40 + 8 = 248. 


112). Find two numbers whose product is equal to the difference 
of their squares, and the difference of their cubes equal to 
the sum of their squares. 

Let z, and mz be the numbers, then mr - a* = mz’, 
or m* — m - 1 - 0, EE 
also m — 2? = nz? + 2°, 
(n?-1)z2m*41, 
Vv m'mcl;.mj-1-m'tim-1-z2m; 


L.T ,, Ee SET 
75 4 5 
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The length of a rectangular field is to its breadth as 6: 5; 
one-sixth part of the area being planted, there remains 
625 square yards. What are the sides of the field? 


Let Gs and 5z be the length and breadth; .*. area = 30 
then ; (302°) = 625, or x = 5, 
and the sides are 30 and 25. 


Find two numbers such that the product of the greater 
and the cube of the less may be to the product of the less 
and the cube of the greater as 4 : 9; and the sum of the 
cubes of the numbers may be 35. 
Let z and y be the numbers, then zy? : 22y :: 4:9; 
db ur xl y=, 


,;9- 
and z + 27 353 *. 4 3, and y = 2. 
A ship with a crew of 175 men set sail with a store of 
water sufficient to last to the end of the voyage. But in 
30 days the scurvy made its appearance, and carried off 
3 men every day; and at the same time a storm arose, 
which protracted the voyage 3 weeks. They were, how- 
ever, just enabled to arrive in port, without any diminution 
in each man’s daily allowance of water. Required the time 
of the passage, and the number of men alive when the 
vessel reached the harbour. 
Let z = expected number of days; 
*. 175 = number of rations of water; 
*. x + 21 = actual number of days, 
3 (x + 21 — 30) = (x - 9) 3 = number of deaths, 
and z - 9 = number of days of scurvy, 
and rations of water lost 


= (6 + (« - 10)3) 2, 5 - (82 - 24) 2 (s - 9) 
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„ 175x = 175 x (æ + 21) - 3 (32 ~ 24) (2 - 9), 


whence z? — 17x = 2378, 
and 1 iY days ; 
. £+21=79 days the whole voyage, 


number of men left = 175 — 49 x 3 = 28. 


(116). There are three numbers, the difference of whose diffe- 
rences is 5, their sum is 20, and their continual product 
130, Required the numbers. 

Let x, y, be the numbers, and æ the greatest, 
then & - y, y - z are differences; . z-y-9ytz- 
orz42-22y 40,2*y42-220; 

. 2y + 5 = 20 - y, or y = 6, 

also ózz = 130; *. zz = 26; 
„ ( 1 zy 422 (2 2) = 225 - 104 = 121; 

„ 4 = 11, 2312-15; 
4 18, = 8, 22. 


(117). Five persons undertake to reap a field of 87 acres. The 
five terms of an arithmetical progression, whose sum is 20, 
will express the times in which they can severally reap an 
acre; and they altogether can finish the undertaking in 
60 days. In how many days can each separately reap an 


acre ? 
Letz-2y*z-y*ztz41y4z42y-20; 
Ne 24; 
E rs lui i —— + —— daily work of the whole, 
- 2% en æ Gin eräu 
bës jo so Al ae 
T= 16-99 1 60’ 
35 + 29 32 


whence y* = ^ slo or 


P2 
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oo yg a1 cor 5) 


*. 4 2% 4 2 2, 4 -% 3, 
and the time of each in reaping an acre will be respectively 
2, 3, 4, 5, and 6 days. 


(118). The fore-whee! of a carriage makes 6 revolutions more than 
the hind-wheel in going 120 yards; but if the periphery of 
each wheel be increased one yard, it will make only 4 re- 
volutions more than the hind-wheel in the same space. 
Required the circumference of each. 


Let x = periphery of fore-wheel, y of hind-wheel ; 


A Le number of revolutions of fore-wheel, 


and E = number of hind-wheel; 


. 120 120 Bal. 20z 
Dei ge y , F7 39-8" 
Ve 420. 120 4 5 Ste EH 
i enn, AN E 
39 49 
whence z = zz + 55 = 4 yards, and y = 5 yards. 


(119). A number of persons purchased a field for 3457. The 
youngest contributed a certain sum, the next 5/. more, the 
third 5/. more than the second, and so on to the oldest. 
For the greater accommodation of the seniors, the field was 

divided into two parts, the younger half taking a portion 
proportional to the sum they had subscribed: and in order 
that each might have an equal share in this portion, they 
agreed to equalise their contributions, and each to pay 22/. 
Required the number of persons and the sums paid by each. 
Let 2x= number of persons, and y=sum paid by the youngest, 


then 345 = {2y + (2x - 1) x 5} z, 


and 227 = {2y + (æ - 1) x 5} 7 . 44 = 2y + 5a - 5, 
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(120). 


(121). 


orz , and (2z - 1) x 5 = 98 - 4y - 5, 


49 - 2y 


_ 49 - 2y 
TET 


whence 345 = (2y + 93 - 4y) x , whence y = 12, 


and 2z = 2 x 5 = 10 persons, 
and the sums paid by each respectively are 12, 17, ... 57/. 


Some bees were sitting on a tree; at one time the squar 
root of half their number flew away. Again eight-ninth 
of the whole flew away the second time; two bees re 
mained. How many were there? 


Let 22* = number of bees; — z flew away, 


2 - 2-5 22* = 2, 
N 15 ^ 
whence z = 4 + SC 6, and 2z? = 72 number of bees. 


The number of deaths in a besieged garrison amounted to 
6 daily; and, allowing for this diminution, their stock of 
provisions was sufficient to last for 8 days. But on the 
evening of the sixth day 100 men were killed in a sally, 
and afterwards the mortality increased to 10 daily. Sup- 
posing the stock of provisions unconsumed at the end of 
the sixth day to support 6 men for 61 days; it is required 
to find how long it would support the garrison, and the 
number of men alive when the provisions were exhausted. 

Let y = number of men in garrison on the morning of the day, 

æ = number of rations; 


— the issue of rations will be 6 less on the second day; 
e 8y - (12 + 6 x 6) 4 = 8y - 108 = z, 
rations left at the end of the sixth dax 
=g 6% + (12 +4 x 6) > 


= æ 6% + 90 = 366; 
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*. 8y - 168 = 6% + 276; 
. y = 222, and z = 1608, 
men left at the end of the sixth day = 222 - 136 = 86, 
and if z be the number of days the provisions will last, 
then the rations for the first day are 86, and 10 less daily 
for the remaining (z - 1) days; 


Gi GEET 


912 /91 961 
whence 2? - "P BE 100! 
91 St 
^ seigt 10 9 days, 


and men left alive = 86 - 60 = 26 men. 


(122). D sets out from F towards G, and travels 8 miles a day; 
after he had gone 27 "ita E sets out from G towards F, 


and goes every day 5 d the whole journey; and after he 


5 had travelled as Zeg days as he goes miles in one day, 
he met D. What is the distance of the two places? 


Let z = miles from F to G; 
f z= days by D: = 33 days, 


= miles per day by .E = also days by D; 


25 
* 
Vd = distance gone by E on meeting D, 
but distance by D-5 x8+27; 
. 2€ 


2 ? 
des — + 27 + 700 whole distance = 23 


. ap 240 + (120) = 3600; 
^» «= 120 + 60 = 180 miles. 
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(123). There are three numbers, the difference of whose diffe- 
rences is 3, their sum is 21, and the sum of the squares of 
the greatest and least is 137. Required the numbers. 


Let z, y, z be the numbers, of which z is the greatest; 
*. & , y - are the differences; 
^c£-y-(y-223,or2y-2z42-3, 
anda+y+%=21; . 3y 48-221; y 206; 4 42 = 15, 
‘and z? + 22 + 2* = 225, also & + 137; . 222 = 88; 
.*. * -22242 249, and z -z2 47; 
*. $2511, y= 6, 2=4, 


(124). Three persons 4, B, and C, went into a gaming-house; the 
sums which they severally had were in a decreasing geo- 
metrical progression. Upon quitting it, they found that 
‘the sums which they then had were in a decreasing arith- 
metical progression; that what B had remaining was to 
what he had lost in proportion of the sum to the difference 
of what he and C had at first; and that C had neither won 
nor lost. If C had won what A lost, he would then have 
had 64. more than A had remaining; also, the whole sum 
which they had remaining was to what they had lost as 
6:7. Required the sums which they had at first. 


Let ar, x, and aer" be their respective sums, 
then z - B’s loss: B's loss :: : A :: r41:7-1; 
„ 2: B'sloss:: 271: 11; 


zx(r-1) ; 
2r dus 


also zr — A’s loss = z^! + .A’s loss - 64; 


z (r1) 
2r : 


*. B's loss = s remainder = 


. A’s loss = 


1 
ck 
T | m(r!- 1) 
7 +32 = 27 4 32, 
z(r0-1) 


A's remainder = zr — 27 


2 
32 - 2+) _ 32, 
2r 
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then, by arithmetical progression, 


2 D's remainder 200. SM 32 +=, 


(r.- 1)’ 


whole sum remaining = 32 [C d A 
doa 


whole loss = 32 es 15 

Sc IrT4- (r- 15: ( - 2) f (r- 1) :: 6: 7, 
or T ＋1: (- 1) 3 :: 13: 1, 
or 3 (r 4 1): * 21 2 :: 12:1, 


whence 4r* - 9r - 9 O, and = 3 or- Š; 


* P e SE : = 48; .. their sums were 144/., 48}, 16/. 


(125). A cistern can be filled by 3 different pipes; by the first in 
1i hours, by the second in 3} hours, and by the third in 
5 hours; in what time will this cistern be filled when all 
three pipes are open at once? 


Part per hour by first pipe = e by second = = , by third = ; ` 
and if z = number of hours, 


then z E + 3 t j- * 


10 
40 4 
or & 50 ＋ I U 3 — of an hour = 48 minutes. 


(126). There is a number consisting of two digits, which, when 
divided by the sum of its digits, gives a quotient greater 
by 2 than the tens or second digit; but if the digits be 
inverted, and the resulting number be divided by a number 
greater by unity than the sum of the digits, the quotient 
is greater by 2 than the preceding quotient. Find the 
number, i 
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Let 10z + y be the number, 


10r +y 8r - z? 
then FERS NERA Sd RIT: 
ES loy4z ` PPP e 4 45 4 4 
ziy+l ^ ie ANER SE WE 
whence 192° - 40z + 4 = 0, 
20 18 12 
= — 4 — = = — = 
or x 19 * 19 2, and y 3 wi 


and the number is 24. 


(127). Find four numbers which exceed one another by unity, 
such that their continued product may be 120. 
Let (x - 1), z, (z + 1), (x + 2) be the numbers, 
then (2? - 1) (z? + 2x) = 120, 
or z* + 22° - 2 = 120; 
*. 4 + 225 + a 2 (2? ＋ 2) 4.12 121; 
"a d 2-l1t1L-12 or - 10, 


whence g =- : f d = 9, and the numbers are 2, 3, 4, 5. 


(128). Two boys set off in opposite directions from the right angle 
of a triangular field, and ran along the sides without vary- 
ing their velocities, which were in the ratio of 13:11. 
They met in the middle of the opposite side, and after- 
wards 30 yards from the point where they started. Re- 
quired the lengths of the sides of the field. 

Let C be the right, angle and the swifter run along the 
base from C to A, and D the middle point of the hypo- 
thenuse; then, since their speeds are as 13: 11, 

13:11:: 40+ AD: BC+ BD, 
or 24: 2:: 407 BC+ AB: AC- BC (A), 
also 13:11:: 4C+ BC+ AB 30: 40 BC+ AB - 90, 
or 24: 2 :: 2 x perimeter : 60; . perimeter = 360, 
from (4) 4C - BC- 30; .. 4C - 90 + EC, 
and 4B = 360 - AC - BC = 830 - 2BC, 
and 45. = AC*+ DO: . (330-2BC)* - (20 + BOY « BO, 
PO 
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whence BC. 6908 C 2 — 54000, and BC = 815 t 255 - 90; 
vi AC « 120, and AB = 150. 

On January 1st, 1799, a certain beggar received from A as 
many groats as A was years old, who repeated a similar 
donation every January for the seven following years, 
during the last of which A died, his alms to the poor man 
having in all amounted to 7/. 18s. 8d. Required in what 
year he was born, and his age at his death. 

Let x = years old of A = number of groats the beggar received, 
then z +1, z 4 2, ...... * + T are the succeeding donations; 
.*. 8 + 28 = 476 groats; .". & = 56 years old; 

*. 1799 - 56 = 1743 when he was one year old; 

.. he was born in 1742, and died at 63 years old. 


A person bought 2 cubical stacks of clover for 41/., each of 
which cost as many shillings per solid yard as there were 
yards in a side of the other, and the greater stood on 9 
square yards more than the less. What was the price 
of each? 


Let x yards = side of one, and m + & yards = side of other, 


2 2 2 9- mi 

then (m zy 22*49; . m?+2mz=9, or a= "oe, 
TR 9 4 m* 

also 2? (m + x) + (m + zy x = 820, and m + . 9 


* a (m + 2) {2° + (m 4% = 820, 


4 SE T 
or 81 — m (9 - m°) Sr 


Am | 4m Am 
= (81 - m) (81 + m) = 8 x 820m'; 
*. m + 6560m  (. ) = 10764961, 
and m = 3280 + 3281 1; .. m=1, 
" 64 x 5 
and æ = 4; .. price of first = PE t = 162, 
125 x 4 
20 


and price of second = J. = 201. 
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(131). 4 and B were travelling along rectilinear roads, which 
intersected each other. .4 had proceeded a yards past the 
intersection of the roads, when B arrived at it; after an 
interval of m minutes, A was exactly on the left of B; and 
n minutes afterwards, B was on the right of 4, and b yards 
distant from him. Supposing them never to have varied 
their speed, at what rate did each travel? 


Let OP, OQ be the diverging roads, 


B Be 
Oa =a, A and B the first positions of A and B, 
and A4 B their second, 
and z and y their speed respectively per minute; 
. OB my, BB' ny, Aa = ma, 
then 40:02 :: OB’: OA’, 
or mz d: m:: (mn): (mn) a, 
or m (m 4 n) y* — ((m 4 n) x + a} (mz + a), 
also A'B? =b = OB? OA = (m4 ny y! Amn) x + aj 
EP Fer aea e m tn) 
whence mb? na (m + n) + ma? = d (m + n), 
ml* — na? 


or æ E e A’s speed per minute, 
NT 272 
"om. meh rag]. 


na (m n) 


(132). From each of two bags, containing a certain number of 
balls respectively, a person draws out a handful, and finds 
that the number remaining in the greater is exactly the 
cube of that remaining in the less, and exactly the square 
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of one handful. He then draws out of the greater until 
he finds that the number remaining in it is exactly the 
square of that remaining in the less; and also, that if he 
now emptied the greater into the less, its original number 
will be increased by two-thirds. What was the number 
of the balls in each bag at first? 

Let x = balls in a handful; 


.. 2* = number left in the greater, 
2 
and z^ = the number left in the less, 


D 

and z^ = number left in greater after second draw, 
2 

then the contents were at first z? + z, and z 4 z^, 


"WEGE AE 2 2 AE 
and æ 4 2^ = 5 e), orz'4l-z(z +1), 


T 5. T 
S etu d ru E ut = 
whence z "ET. 2; „ 8, 


and the contents of the larger were 72 balls, of the smaller 
12 balls. 


A farmer laid up a stock of corn, expecting to sell it in 6 
months at 38. per bushel more than he gave for it. But 
the price of corn falling 1s. per bushel, he found that by 
selling it he should lose the cost price of 5 bushels; he 
therefore kept it to the end of the year, and selling it at 
2s. per bushel under prime cost, found his loss to be 10s. 
less than his expected gain. Required the quantity. of 
corn laid up, and the price per bushel, allowing ó per 
cent. simple interest. j 


See Ex. 108. 


There are three towns, 4, D, and C, the straight lines 
joining which form a right-angled triangle, B being situated 
at the right-angle, and the distance from A to B being 
the least of the three. A pedestrian making a circuit of 
them, at a uniform rate, finds that the time of his going 
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from A to B, together with the time of going from B to C, 
exceeds the time of C to A by two hours and 40 minutes. 
A coach, which left 4 4 hours after the pedestrian, to 
make the same circuit, overtakes him at the end of the 8th 
mile from B to C, the rate of the coach being three times 
that of the pedestrian; and after reaching A, and waiting 
there 6 hours and 40 minutes, it starts again to make the 
same circuit, and arrives again at A, exactly at the same 
time with the pedestrian, who had rested 4 hours at C. 
Find the distances of the towns from each other, and the 
rates of travelling of the pedestrian and coach. 


Let AB 2z, BC- y, AC- J(z* + y) c 
z = miles per hour by traveller, 
3z = miles by coach, 


thon Ecl Sb Sew, MS 2 62-8; 
2 3z A B 
_aty dru) S z4y-wW(z-y) 8 
1 J 
2 2 aS 2 2 
TTT 
e d 2 3 
zy T Mr a yt 
KE aam, 
A A BAC ai N 15 „ 
OR a EE ER A yis»z, 
whence /* Widen) d Ea 


*. from (ien DI, DS 205 men t, also = 62-8; 


. 1022182 - 24, andz=3; . 2-10, 
and y = 24, or distance 4B - 10 miles, BC= 24 miles, 
and AC = 4/(100 + 576) = 26, 
and the rates of travelling are 3 and 9 miles. 
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(135). Three boats 4, B, C, start in a race at the same instant; 


B being 20 yards behind 4, and C the same distance be- 
hind B. A and B set off at an uniform rate, C advancing 
1 yard less than A at every stroke. But B took 7 strokes 
to 6 of A’s or C's, and increased its speed besides by 
3 inches every stroke; so that by the time 4 had taken 
42 strokes, B, though it had lost 16 yards by steering, was 
only 1 yard behind .4. At this time .B was observed to 
fall back, and its velocity decreased twice as fast as it had 
increased before; whilst C, quickening its stroke at the 
same instant in the ratio of 6 : 7, and gaining each stroke 
as much velocity as B lost, at the end of 28 strokes over- 
took B, which had lost 11 yards more by steering. Find 
the velocities with which they started, and the number of 
yards each made per stroke at first. 
Let y = 4’s stroke in yards, 
y-1=C’s, 
æ = B’s first stroke, 
6 : 7 :: 42 : 49 = number of De strokes corresponding to 
A's and C's 42; 
1 49 
Vë E +48 EI DEN (x + 2) 49 space gone over by B; 
but it lost 16 yards by steering. Therefore the actual 
advance was (x +2) 49 - 16 = 49 + 82, and it has gained 
19 yards on 4; therefore 
49x + 82 = 42y + 19, 


During this time C has advanced 42(y — 1); therefore C 
is now behind B 

20 + 42y + 19 - 42 (y - 1) = 81 yards. 
Now C quickens its strokes in the ratio of 6 to 7; that is, 
takes them as rapidly as B and gains 6 inches every stroke; 
therefore in 28 strokes C will have advanced 


[2 (y-1) +27 E 5 or 28y + 35, 
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(136). 


and B losing 6 inches each stroke will have gone over (the 
first stroke being equal to the last of the first 49; that is, 


z 4 48 (5): or z + 4 yards) 


[2659 -27 (5) 7. or 282 + 49, 
but B loses 11 yards by steering; therefore actual advance 
of B is 
28z + 49 - 11, or 28x + 38 yards. 
Therefore per question 
28y + 35 = 28z + 38 + 81, 
UE Ee ng P^ 
. (a) becomes Tz = 6z + 18 - 9, 
whence z = 9 = B's stroke, 
y 712- A's, 
y-12112 0€, 
and the velocities are proportional to the lengths of strokes 
multiplied by the rapidity with which they are made; 
.. A's velocity: B's velocity: C's velocity 
Acad. nsu XT Loss TEES 
as 72 4 63 : 66 
" 24 : 21 % 22, 
Two persons, 4 and B, on comparing the distances they 
had travelled, found that the square of the number of miles 
which A usually walked per hour exceeded the square of 
the number which B usually walked by 5; and that if to 
the square of the product of those numbers there be added 
the square of the sum of their fourth powers, augmented 
by the product of the square of the difference of their 
squares into the square of the product of the numbers 
themselves, the aggregate amount would be 10345. How 
many miles did each walk per hour? 
Let y(x) = 4’s rate, /(y) = B's rate, 


> 


www.rcin.org.pl 


328 SOLUTIONS IN ALGEBRA. 


and zy + ( + y* + (z - y)? x ay = 10345 .. (2), 
from (1) z? + y* = 25 + 2ry, 
by substitution zy + (25 + 2zy)* + 25 = 10345, 

or 4z*y* + 126 = 9720, 

whence 2zy = — in 7 i 12; 

2 2 

and 2* - 2zy % = 25; 

„ xz+y= 13, and z -y = õ; 

.. 2=9, and y(x) = 3 miles 4's rate, 
y=4; . //) = 2 miles B's rate. 

(137). 4, B, C, D, are four rough diamonds; the value of C in 
pounds is 52 less than the weight of A in carats, and the 
value of C and D in pounds is equal to the weight of B 
in carats; after being cut, each is found to have lost half 
its weight. The dust from A and B is worth 857; the 
value of A is to the value of C and D together with the 
dust from A and B as is the value of B to the value of 
C and D. A diamond weighing one carat when rough is 
worth 3“. when cut, and 2“. when uncut i the value is 
proportional to the square of the weight, and a carat of 
the dust is worth 14 Find the value of D when cut. 

Let w = value of 4, 
x = value of B, 
y = value of C, 
z = value of D, 
m = dust from A after cutting, 


Now, by hypothesis, 
y + 52 = carats in A, 
y+ 2 =carats in B, 


also 5 (y + 62) +5 (y +2) = 85, 


118 -z 
2 


or 2y+2=118; . y - 
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Again, w:y4z4m-^m:2z:y 82, 
w / 2 m n 


. 
and m +n 85; 
1 w 203-y 
1 118 = 


Again, w : z :: (y + 52) : (y + zy; 
An éi DES. 
vom. qu ray" 

.203-y (y+ 52% 
IIS (us-y)" 
whence (203 - y) (118 - y) = (y + 52), 
and 425y - 21250; 
^. dis DUS 
*. 2= 118 - 2y = 187; 

*. after cutting value of z = 277. 


(138). There are two sorts of metal, each being a mixture of gold 
and silver, but in different proportions, Two coins from 
these metals of the same weight are to each other in value 
as 11 to 17; but if to the same quantities of silver as before 
in each mixture double the former quantities of gold had 
been added, the values of two coins from them of equal 
weights would have been to each other as 7 to 11. Deter- 
mine the proportion of gold to silver in each mixture, the 
values of equal weights of gold and silver being as 13 to 1. 

Let x = units of gold, 
y = units of silver; 


ty ny 


z N mr 
„may be one coin, and 
p 


p 


. 
ae 2 


q mre ny 


ety. ME + NY, : 11:17, 
2 


may be the other; 


by hypothesis - » (1). 


Again, 
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and if v be the value of z units of gold 
z units of gold : y units of gold :: v : 2 


TE 


*. value of y units of silver = 137 


Ki : 54 11:11, 
p q 
p 2212+17Ty 


we d 143mz + liny 


Equating (1) and (2), we get, by reduction, 
189mz? + 3ónzy + ny? = 21mazy........ (3), 
Again, by question, 
24 ＋ á 2mz + ny 


„ 
p g 3 and .. ge. 2mz + ny Ae | ) 
and . x: 3 7:11; 
.p 286 + lly (5) 
ee g 182mz + Tny s... „„ eee eee . 
From (4) and (5), we get, by reduction, 
52mz* + 68nzy + ny? 40m ...... (6). 
From (6) and (3), we get, by subtraction and dividing 
off by z, 
30m + S9ny = 19my; „ s= TM. (1). 


Substituting (7) in (3), we get 
9362* + 672 - 19y* = 0, 
which being reduced to factors becomes 
(1042 + 19y) (92 - y) = 0; 
*. 104 + 19y = 0, 
and 9z - y = 0, Ss zi SES 18 


for the first mixture. 
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zy 221x + 1y à 


(ER e ny LAY + liny’ 


" E El Sub 
3 


m in 143m 2 4 1n 
y y 


But S = 5 which we have just found? 
EE Edu. 1 AURA 
m dn 143m 4 99n’ 
*. 1056m = 2376n, 


or 4m = 9n; 
S ME, 
„ 
But == 53 
mz 1 
D ny 4 


or mz: ny :: 1: 43 
therefore in the rst mixture the proportion of gold to 
silver is as 1: 9; 
in the second mixture as 1 : 4. 
Cor. But by the introduction of the other factor it ap- 
pears that this question admits of two solutions, and that of 


the second is 
2:9 ::19 : 104, 


and mz : ny :: 96803 : 79976. 


(139). From the towns C and D two travellers A and B, set out 
to meet each other, 4 beginning his journey 3 hours 
sooner than B. They meet at the distance of 20 miles 
from D, and A reaches D one hour before B arrives at C. 
The next day, B having begun to return at an early hour, 


meets A4, who had then performed only ; of his journey 
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back; and, notwithstanding a subsequent delay of 3 hours, 
arrives at D soon enough, were it necessary, to go 28 miles 
farther before A reaches C. Required the distance between 
the towns, and the rate at which each person travels. 
Let distance CD - z, 
rate of A =r, 


rate of BV, 
A s B 
C- . BN» D 


A is on the road 3r before T starts and they meet at 


20 miles from D; 
- 37 - 20 


A^ — — = time before A meets B, 


2 = time before B meets A, 


and as these times are equal 
z-3r-20 20 


S = Sip t ra — àrr' - 20r' - 20r = 0. .(1), 


and A reaches D one hour before B arrives at C, on the 
same grounds; therefore 


20 mi RAT or rr’ 20 + 20r - rx = 0. . (2). 


r 


Similarly, 4 performs T of the journey while B performs 


7 + 28 with a delay of 3 hours; hence 


-- — - 8, or 67 + 21rr' ~ 196r - rz = 0. (3). 
From (1) and (3), we get 
377 - 1207 + 76r + rz = 0. 


From (2) 
-rr 20. - 20r - r220; 


„ 247 
LESCH 
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(140). 


Substituting this value in (1), we get 


Op 519r M 4 ER 
Again, substituting this value of 7’ in (2), we get 
2 (25 1) = 4 +980) .......... (5). 


Substituting in (5) the value of z from (4), we get, the 


quadratic in 7, 
137° - 56r = 215; 


*. r= H taking the positive sign; 


24r 
= = 1, 
i" pem 95 
But from (1) and (2), 
dmm i 211 2 „ 7 „ 95 
merge uu mud 


therefore, rate of A is 7 miles and of B is 9} miles per 
hour, and the distance from C to D is 56 miles. 


A person sets off to walk from Cambridge to London, at 
the rate of 31 miles an hour. In 2} hours he is overtaken 
by the Times, and at 10 minutes before 10 o'clock by the 
Fly; after resting 23 hours on the road, he starts again, 
and meets the Times on its return from London, and half 
a mile farther, the Fly, at 20 minutes past 5. Supposing 
the Times and Fly to have started from Cambridge at 
6 and half-past 7 o'clock respectively, and from London 
at 3, determine the distance from Cambridge to London, 
and the rates at which the coaches travelled. 
Let x = velocity of Times, 
. Fly. 
When the Times overtakes him he has been on the road 


23 hours, and has therefore walked (23) (33) = miles, 


‘Hence the Times has been = hours on the road, and as 


it started at 6, it must then be 6 + = , from which de- 
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ducting 23 hours leaves ; t = for the time at which he 


left Cambridge. Therefore at 9% hours he has walked 
7 35 133 245 
pe 2 E LT à xoc 
[ 9: (s i 20 35 6 8z m 
But the Fly which started at 74 hours will have travelled 


(98 - 71) y or H miles, and the two distances are equal 
by the question; 


Ty 133 245 
. 
or 8zy = 762 10. (a). 


At 20 minutes past 5, or 20 minutes past 17 hours, in order 
to reckon the hours all from the same epoch, he will have 
been walking 


7 95 94 35 
bo. CA EE 
173 - 2} -(5+ 450 ( 3 4 hours, 
and therefore will have gone over E - F) : miles, which 


added to the distance gone by the Fly in 23 hours will 
give the whole distance from Cambridge to London, 


34 35\ 7 7 119 245 Ty 
(s- a) ata? Ku Wen E 


Now the previous S mile will have taken him zo : hours 
g 
to walk; therefore, when he meets the Times it will have 


been on the road from London 21 — e = 24, hours, during 


which it will have gone over 24 miles; 
1 
S 2 22£&z- PL whence 98y = 92z - 21 .. (B), 
922 —2¹ 
9 
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Substitute this in (a), then 


4 — 
(922-21) Age 105, whence 2-82 = velocity of Times, 


49 
y- iz s velocity of Fly, 
5 ée Se + = = 54 = distance from Cambridge to London. 


(141). A stable-keeper bought 2 horses for 507., and at the end of 
the year sold one of them for double, and the other for half 
what he gave for it. The former being well fed and lightly 
worked, produced for its hire only the half of what it cost 
him, and consumed in keep as much per cent. on its price 
as the hire of the other produced on its price, the latter 


being kept for š of as many guineas as it sold for pounds. 


The keep of the two amounted to 337., and the whole sum 
that he made by the horses was 9 times his profit on the 
sale. What did each horse cost? 

Let £z = cost of first, 50 — z of second, y = keep of first. 
50-2 Zei 50 


He sold them for 2a + 5 SC 
Profit on sale = “== °0 _ 59 — 3, 


also a: y:: 60-2: U- hire of second, 


and 7 = hire of first. 


^ 5 50 - 21 
Again, y + 67374 33 by problem, 
or 64y - 21 = 1062............ (1); 
1 3 50 e 50 — 4 y 33. 
*. whole profit = S ere? 50 - 33; 


22* - 58x + 50y — zy 3r - 50 
oe r 2 


ERU CA 
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. 4a? 116 + 100y - Aen 27 450 r, 
(1062 + 212) 
32 ; 
whence 7572* - 10676z = 53100, 
and x = 18/. cost of one; 
. 50 - x 321. cost of the other. 


from (1) 232° - 334x = (50 - z) 


(142). From the middle of a town two streets branched off and 


crossed a river that ran in a straight course, by two 
bridges, 4 and B. From their junction a sewer, equally 
inclined to both streets led to a point in the river at the 
distance of 6 chains from the bridge 4, and a distance 
from B less by 11 chains than the length of the sewer; 


the expense of making it amounted to as many pounds . 


per chain, as there were chains in the street leading to A. 
The sewer, however, being insufficient to carry off the 
water, an additional drain was made from a point in this 
street distant 4 chains from the bridge A, which entered 
the river at the same point with the sewer, and was equally 
inclined to the river and sewer. Now it was found that a 
drain down the middle of each street, at the rate of 9/. per 
chain, would have cost only 54/. more than the expense of 
the sewer. Required the lengths of the stréets and the 
sewer, and the distance of its mouth from the bridge B. 


A and B the bridges, 4 C, CB the streets, 
€ 


Z. 


A. E & 
CD the sewer 2 z, AC=y, BD- z- 1, 
AD = 6 chains, AZ = 4 chains, expense of sewer = , 


www.rcin.org.pl 


Ex. 148, p. 82.] QUADRATIC EQUATIONS. 397 


MOLAR IU y 
then On DB 211 Di BC-$(« 11), 


then 1 (z - 11) + 9y = zy + 54, 


whence zy 15% = 108, and y* - 14y = 72, 
and AC =y =" Ł 11 = 18 chains, 
and DC = v = 27 - 6 = 21 chains, and DB = 10 chains, 
also BC = 3 x 10 = 30 chains. 


(143). A, B, and C, were three architects; A and B built 4 ware- 
houses, with flat roofs, each a large one and each a small 
one; the width of the two large ones being the same, and 
also that of the two small ones. A built his as long and 
as high as they were broad: but B made the length and 
height of his small one equal to the breadth of his large 
one, in such a manner that the difference between the solid 
content of those built by 4 and those built by B was 
73728 feet. C also built a warehouse upon a square plot 
of ground which was equal to the difference between the 
ground plots occupied by those which .4 built, and found 
that it would have just stood upon 2688 feet square, if he 
had added 8 times as many square feet to the ground plot 
as there were feet in its width. How many feet wide were 
the several buildings erected by A, B, and C? S 
Let z = height of A’s large one and width of B's large one, 


y = height of B's large one and length and height of As 
small one, 
then 2? and y? are the solid contents of Ais, 2*y and / of B's, 
then 2? + y° - Vy- zy* = 73728 ........ (1). 
Difference of ground plots of A = z* - y? = C's ground plot, 
then z? - y* + 8 (x - y*) + 16 = 2688 + 16 = 2704; 
Q 
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. (a? - y?) = 48, and 2? - 2304; 
(2° - -=) 73728 


*. from (1) or — y = 32; 


z'-y ~ 2304 
1 — „% 2304 
ay WEA 


*. width of 4’s and B's large one = 52 feet, 
width of A's small one = 20 feet, 
width of C’s = ./(2304) = 48 feet. 


(144). Into a cubical cistern, eight feet deep, and having an 
unknown leak, water is poured from two pumps worked 
by two men, 4 and B. They pump together till the vessel 
is half filled, when B falls asleep; A continues pumping 
till it is three-fourths filled, and then goes away; B after- 
wards waking, finds the cistern still half full, and after 
pumping till it is again three-fourths filled departs also, 
and meeting with A charges him with leaving his work 
unfinished. They return together and find the water 
14 inch lower than when B left. The leak is now dis- 
covered and stopped, and by their joint efforts the vessel 
is filled in half the time in which they had worked together 
at first. They remark also that 10} hours had elapsed 
since they first began pumping, and that B had worked 
alone twice as long as A had. Supposing that a cubi 
foot contains 15% gallons, find the quantity of water throw: 
in by each pump. 

Let £ = gallons per minute by A, y ditto by B, z by leak, 
then time of filling one half the cistern at first 


_ 512 195 — 1 332125 
| 2 8 = az4y-2 
i then time of filling one quarter by 4 = sx , 
16 x 125 
FFP B= a 
GL e of emptying = by leak = Së ; 
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64 125 1 125 


1 pej = — NM ront e 
then time of (1 inch = 5 foot) = 8 x— SCH x Fleur 


time by both in second case 
64 17, 125 1  17x125. 
1 8 8 ein 27 


„ 
4 1 2 zy 
en ll, ee cl, dr s F, 
but 122, iN whence z 2y -s= 772; 
EE 


denne H: 


hole time = 1 {72 5% 5% F Ch = 31 x 205 
y Du dy 


1 
25x 744 5 186 
i p 30 gallons by B; 
nestr I gallons = 55 gallons by A. 


(145). A steamboat sets out from London 3 miles behind a 
wherry; and when at the same distance a-head of it, 
overtakes a barge floating down the stream, and reaches 
Gravesend 1} hours afterwards. Having waited, in order 


to land the passengers, E of the time of coming down, it 


starts to return, and meets the wherry in : hour, the barge 


being then 51 miles a-head of the steamboat; and occupies 
the same time in returning to London that the wherry did 
in coming down from thence. Required the distance be- 
tween London and Gravesend, and the rate of each vessel, 
the tide being supposed to run out uniformly the whole 
time. 


22 
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Let v = rate of boat, y = rate of wherry, 
m = rate of barge = rate of tide, 
since time of boat returning = time of wherry going down 


t-m=y+m, or 


*. speed of boat down = x + S S 24 SCH EMT à) 


speed up = oad , 


time of boat down = —°— 4 2. 
z-y 2 


time till it takes barge = —— 


Time between boat passing barge and meeting wherry 
on return 

Lf 0.— 9M 8$ B 6 51 
56250 aa^ sip V 
Distance moved by barge in this time 


e et AN E 200 il 
me 1 vi d 
and the boat has come up the river : x — miles; 


therefore distance from Gravesend when boat passed barge 
down the river 
id 61(z-9), $ 13 tal 21 3 5 D 


F meo 
whence Ae + y = 399 (3). 
Time of wherry going (3 + 51) Bn 
33. 6 
"4y d Ee a > 5 ftom (2), 
11 2 17 


whence from (3) 4 (39 — az) = 50 30 Een 


whence z 29 and y 23; . m=3 miles, 
and speed of boat with tide = 12 miles per hour, 
and of wherry = 6, 
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and distance from London to Gravesend 
= (1 + 12) 12 miles = 30 miles. 


(146). A regiment in which there are between 10 and 100 officers 
and twice as many serjeants, in clearing the streets during 
a revolution, loses 2 officers; and after storming a barri- 
cade, in which 3 more fall and one accidentally joins, is 
obliged to retreat, and loses other 3. Whilst engaged in 
clearing the streets, the liability of an officer to fall is half 
that of a serjeant or private; but at the barricades as 4 : 3, 
and in the retreat as 3:4. Also, on leaving their barracks, 
the number, whose left-hand digits are the serjeants and 
right the officers, is 20 more than 10 times the number of 
privates; but in coming back (including the officer who 
joined) it is only 13 more, the number of officers being still 
greater than 10. Required the state of the regiment at 
first. 

Let x = officers, 2x = serjeants, y = soldiers, 


then 2 = liability of each officer to fall in the street ; 


Ee enn ve Serjeant and private; 


*. 2 6) = 8 = number of serjeants who fell, 


and y (=) - 2- ee 


At the barricade, 
4 — 2 is the number of officers, of whom 3 fell; 


si — = liability of each officer to fall, 


3/ 3 9 : i 
and i (=) = 4(z-3) Cou serjeant and private, 
hence e (2x - 8) = SC = serjeants who fell, 


9 4W 9y(x#-4 
v | 


3-3)V ae)” CC P eh ctn 
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In the retreat one officer has joined; therefore as 5 had 
fallen there are now x - 4 and 3 fallen, hence 


zd = liability of officers to fall; 


e E (=) = DEL =....0.... serjeants and privates, 
9(r-4) 8x-34 
2(z - 2(z- 2) c-2 
= span of serjeants who fell, 
4% 9y(z-4. GE 17 
2-4 E * 4c 4z (x 2) 2) OM m 2 


= number of privates who fell. 


hence —31 us 8- 


z41-822-' number of officers remaining, 
9 4 8 34 4 49 +136 
92-2 2-2 2 (x - 2) 
= number of serjeants remaining, 
Zu 9y en y (42-17) y 4a? - 49z + — 
zr 4% 2 e (@-2) @ 4 (x - 2) 
= number of privates remaining ; 
therefore by condition of question \\ 
100 (22) + 10% + 20.. ww tly 
E = + i») is] 


22 -8-——— 


100 


2397 42° — 49x + 136 
e E t1 


from (A) we get 
201x — 10y = 20, 
from (B) we get 


(201 10% (42* 49 + 136) = 392° - 242; 
.. 20 (42* - 492 + 136) = 392° — 242, 
which gives = 20 = officers, 
22 40 = serjeants, 
y = 400 = privates. 
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(147). In the first eruption of the Thames into the Tunnel, the 
water rose in the vertical shaft 8 times as fast as in the 
horizontal levels in the second eruption. It was observed 
also, that if the levels at the second influx had been 
110 feet longer, the velocities of the water ascending in 
them in the first and second eruptions and when thus in 
creased would have formed an arithmetical progression, 
the common difference of which was 5 of the difference of 
the velocities with which the water rose in the shaft in 
the two eruptions (that in the second being the greater); 
and had the levels been of the same length at the first as 
at the second eruption, the whole time of filling would 
have been half as long again. The tunnel consists of two 
equal levels, terminated by a vertical shaft of twice the 
breadth of either of them; the sections of the shaft and 
levels are supposed to be squares, and the height of the 
shaft above the upper surface of the levels to equal twice 
its breadth; the time of filling in the first eruption being 
10 minutes less than in the second. Find the time in the 
second, and the dimensions of the tunnel. 


Let z = length of level first time, 
PLAN. 
a 
Ay 25 

y = width = height of level; 

.. 2y = width = length of shaft, 
4y = height of shaft above top of level; 

ELEVATION. 


2 


T Za 


x 


Eo 
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therefore content of levels including lower portion of shaft is 


Le + 2y) (2y) (y). 
Let z'- length of level second time; therefore content of 
levels with part of shaft as before will be 

te + 2y) (2% (y). 
Let v and v’ = volume of water poured in per minute at 


first and second eruption respectively, then the contents of 
shaft (upper portion) being 165", we have 


»- 3 
(z + 2y) 2 16^. whole time of filling at first eruption, 


v 
D 2 3 
(x 29 9 . eee e ees sf 
„%% ao (A) 


Now the horizontal section of shaft = (2y)* = 4y*, 


and the horizontal section of levels and shaft together 
— (z' + 2y) 2y at the second eruption; therefore, per question, 


v v v 8v' 
"^ IET: "DET cs ae ae a 
v v v 


also r2) Wy’ (6339) 2g! (£ 1103 39) Sy 
form an arithmetical progression ; 


x v d e A 2v 
""(z-2y)2y (x +110 + 2y) 27 Le + Za) 2y’ 
v v 2v 
or 


arog Pet ray 4439 7) 
And again, per question, 
v D v' 9 (45 2% 
(@ + 2y) 2y eil äu 9 My! ay) 
v v v 
—— *» Bon 
"Tex 27 a ＋ 27 18y D 
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Finally, if the tunnel had been as long at the first as 
at the second eruption, the time of filling would have been 
(z' + 2y) 2y* + 16. 
res ASESOR BEA 
v 
. (x' + 2% 2y° 4 16% 3 (€ + 2y) 2y* + —— 
ee kb EE ke 9 , 


or z'4 10% -5 (4 105), 


or 22 = 82 + 10y ............ (E). 
From (D) we get 
EON 1 1 
D Perth 180 zs * m) ve e e (a), 
from (B) we get 


v Ge + 2y) = v (16y) — * * (8). 
Multiply and cancel vv’, then 


* + 2y _ 16y Sir, 16y 1 xt x + 2y : 
beu eoe Gera Ot ten 0 
From (C) we have 


vz K 2110-20 » (5): 
4 ＋ 2 110 ＋ Zu z+ Zu 
Multiply by (B), and therefore 
SR MM KM eet s 
4 +110 72) 4 ＋ 2% 
From (E) and (y) 
.16y 1,22'44y 1 3 ＋ 14% 
8399.9. 900. 9. S09. 
.. 576% = doen + 8y* + 3 + 28y* + 20zy, 
or z* + Ban = 180%; 
T 10y, 
and by (E) z' = 20y, 
22 16 
by (0) 2 1 110 13 
. æ= 10% = 100, 
a! 20% = 200, 


whence y = 10; 


25 
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e 8v 8 
by (B) 20 220 din rd; 


which value put in (.4) gives 


(120) (200) + 16000 _ (220) (200) + 16000 10 
v 


t 


11 * 
whence 10 = 5000, 
v' = 600; 

therefore time of filling second time 
(＋ + 2% 2% + 16% 60000 
n v = 600 
There are two vessels, P and Q, containing quantities of 
fluid in the ratio of 4 : 21, which consist of mixtures of 
wine and spirits in different proportions: A pumps a cer- 
tain quantity out of P into Q, and then B pumps out into 


Q 4 of what was left; the strength of the mixture Q is 


= 120 minutes = 2 hours. 


then found to be = of its original strength. Now, if when 


A stopped, B had pumped the same quantity as before out 
of Q into P, instead of P into Q, the strength of the 
mixture P would have been exactly a mean proportional 
between the original strengths of P and Q; and B would 
have pumped out the same quantity of wine that he did 
before of spirits. Find the proportions of the wine and 
spirits in each of the vessels at first; and compare the 
quantities pumped out by A and B, the strength of spirits 
being supposed 3 times that of wine. 


Let z and y = wine and spirits in P originally, 


a... "ret w |||] |] | n Civ evans 
z = quantity pumped by 4, 
SON Sere her G —ͤ—k(9q[Üů—é—Üi B. 


Then, per question, 
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42 +3 
orz4y- s DRE v (1), 
also 2 47 4 (z +y); 
"A 21 
vare y ERA Lus, *. OY 
then A pumps out of P 
—— wine and Zi spirits, 
zt+y zy 
and B pumps out of P 
EL zy 
z ty s.s.s... z+ y LLL H 
therefore Q finally contains 
- 2) Z wine and / + 2 : KZ Y spirits; 
if therefore the strength of wine be d as units, we have 
ST, a’ + 3y 
original strength of Q = EE 
z EDT s [y rey 
final * = LE — 
2 6 „% „%„„%„„%„„ „„ z " y 4 2 + 2 
Hence, by question, 
ELI Conu . 
dk cr +8 {ya BELEA 
e DEPT 13 2+ EA 
whence, and by (1) and (2), 
a+ at 37% 202 + 272 . (J). 


x’ + Pan 213 (z 
But if B had pumped z out of Q, he would have poured 


into P 
(Eh (v «zs 
b i spirits. 
F 
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The strength of P would now have been 
(z + äus ( + 8y) 2 22 (x + 3y) 
e DE , ̃ E E 
4 a +z (ety) (a +y +z) 
4 = 2 ＋ 2 o 
which is to be a mean proportional between P and Q's 
original strengths. Therefore 


* + 8y\ (243 
E We sl KR ty 
(z + 3y) (zy-2)(z yz) + (2 +34) (z4 y) 4 (2*3) 
(c+y) (a y +z) (zty-2t2) 


z+ 37 — 


and since B would have pumped out the same quantity of 
wine as he had before of spirits 


4 ＋ +z 4 ＋ 
2 
PEPE IROA O) A 


Now (1) and (4) give 
2 137% 4. . (z 3) (42 - 4y' SEHEN, 


ët) "Yay (zy) (cy +2) 
4 97 3 

or 2 13%) x+y BE e Se di 

a 7 8% xay HEET 
which by (1), (2), and (3) becomes 

20z + 272 * 
207427: 4 2273 (272 „ 
23 +7 21 T (08% 4 262) 
16 80 + 1082 + 1562’ + 1172 
278 (282 ＋ 252) y 


260z 4 351z 4 (556962 5062525 + 10620022) 


whence ee E 7842 + 6252 + 140027 d 
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which can be put under the form 
(4 — 5z) (4736z° + 8020zz' + 33752") = 0. 
This last equation is verified by making 42’ — äs = 0, whence 
2:24:65; 
therefore substituting for d in the foregoing equations, 
they become 


(1) 24793 We (1), 
(2) "s bg ida ooo M (ii), 
EE 2 37 16 Re 
(8 ) 2 B 1 By’ 7 189 «ea e/aie e € site as (iii), 
* / 4 2 : 
(5) PV EE (iv), 
from (iv) we get 
ety Xy +2 _ Kg e 
y Z4 a tyte-y' 
therefore by (i) and (ii) 
82 162 
105-4, 2,152 
53 Sch or 6y 152 - y/ (v), 


from (iii) we get 8 
: 2 
-42 

ryt 16 p3 _ 16 
EE 169’ °" Taz 2y 189” 

or Aën — 567y = 420z. 

Now (v) gives 48y' + 288y = 7202; 


ee 855y = 3002, 
St 
EE 
by (i Be „ 82 202 ES _ 182 | 
Ubro yere A 
735 
by (v) y’ = 152 - 6y; . % f 
63 
ee 7 " A reat Hi 
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. & 3 y : 132: 20 :: 33: 6, 
or : /:: 63: 735 :: 8 : 85; 
. wine: spirits in P:: 33 : ö, 
wine : spirits in Q :: 3 : 35, 
quantity pumped by 4 : quantity by B:: 4: ö. 


INDETERMINATE EQUATIONS AND PROBLEMS. 


XII, Find the integral values of the unknown quantities which 
satisfy the following equations :— 


(1). Ta - 5y = 9. 


Bien dE Lp _ 2y-2 


and mane must be a whole number; let then y = 1; 


Ify = 8, then z-841-2- 7, 
and the values of y will be 1, 8, 15, 22, &c., 


. &...... 2, 7, 19, 1%, 


&c.- 
(2). 5z - Ty = 21. 


\ 
oe zoy4 442411, and if y=2, æ 7, 


if y= 7, 12, &c., = 14, 21, Se, 
(3). 11z + 35y = 500. 


— 


1 , and if y - 8, æ= 20, 
ify - 19, 2 16; 


thereforethe first are the only positive intégral values of z and y. 
(4) 14z — 5y - 7. 


Dei DNE CT E rk 


ee y23r-1- 222, if z = 3, yet, 
if z= 8, 13, &e., y= 21, 35, &e. - 
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(5). 27a + 16y = 1600. 


"gie 100— 27 


46^" 
if z = 32,48, y = 40, 19. 

6). 80z - 17y = 39. 

(6) , 5 65 


. 7 b 217 . if 10, 78, 


if z = 33, 46, &c., 153, 233. 


„ Dës 16, y= 73, 


(7). 34 + 5y = 26. 
*. E 8 2y 4272, ify=1, 2-7, 
y=4, æ = 2, and if 1 7, 2-- 3. 


(8). 192 - 117y = 11. 


SS gj NI 


„ ify=9, 2 = 56, 
if y = 28, 47, &c., æ = 173, 290, Ke. 


(9). Zeite 190. 
4 17 me. 


ED ifys1,2-9, 
if y = 18, z=- 4, so that 7 Se 9 are the only integral values. 


(10). 72 + Ge 271. 


210 2% 1 


7 
if y = 13, z-- 14, 
and there are no positive integral values of z and y. 
(11). 13z + 16y = 97. 
ee y= =-2 + 6 + 


, ify=6, 2-- 1, 


3 
16 
if Al, y=-11. 


, if & = 6, y -2, 


(12). 11z 4 Ty = 108. 


42 - 
m = 15 =< ua 
y * 7 


iz 13, y=- 5. 


E ER 
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(13). 49z - 15y = 11. 


fog wie H 


is 3» if x= 14, y = 45, 
if x = 29, 44, Ee, y = 94, 143, &c. 
(14). 102 + 9y = 1000. 
e 221007 10, ify 10, 2-91, 
if y = 20, 30, 40, 50, Ko., æ = 82, 73, 64, 55, &c. 
(15). 20z - 21y = 38. i 
A zey 4241 —7 


— 


dE ; ify = 22, 2 = 25, 
if y = 42, 62, &c., t= 25, 46, 67, Ze, 
(16). 192 + 11 = 14y. 


52 - 7 
E 2 r 114 


„if 2 9, y=18, 
if z = 23, 37, xd y = 32, 51, &c. 
(17). 11z - 18y - 63. 
x 
*. 4 97464 


1 1 7 = 2, 2-9, 
if y = 13, 24, 35, M € = 27, 45, 63, &c. 
(18). 52+ Ty = 29. 


.* * 6 — yt 


, ify=2, 2=8, 
bd itu 
(19). 2z + 3y = 35. : 


217 -. ify=1, 2 16, 


ify = 8, 6, 7, 9, 11, z 13,10, 7, 4, 1. 
(20). 8z 4 ez 159. 
>. = 20 * 


L gy 3, z= 16, 
tite bad 
(21). 172 - 49y +8 = 0. 


A? = 37, 
if y = 30, 47, d * 86, 135, Ae, 
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(22). 52+ 3y = 78. 
ot . 
Kë gu en i223, y= 21, 
€ = 6, 9, 12, 15, y = 16, 11, 6, 1. 
(23). 4z - 52+ 10 = 0. 
4g 6% 10 . 2294241 
if y = 6, 10, 14, &c., x = 10, 15, 20, &c. 


(24). 20x - 21y = 38, and 3y + 42 = 34. 
20 -38 34-42. 


. 
.*. 20 = 38 = 238 — 282, 


22 ＋ 1 


y+2 


D ify 2, Gef, 


orz-14-z- , andifz=2, æ = 11, andy = 8$, 


z * 7, 2=4, andy = 2. 
(25). 5a + 4y + z 272, and 8z + 9y + 32 = 656. 


272 - dy b ,; 
" e z-1 
“. 3y + Tx = 160, and ye 83-227 70, 


ifzr21,9-201,2-203; ife=4, y 2 44, ge 16, 
if 2 7, 5 37, 2289; if 2 = 10, y 2 30, a = 102, Ke. 
(26). x + 2y + 3z = 20, and 4z + dy + 62 = 47. 
47 — 5% - Gs 
DE SY yo RN j 
*. 3y 462238; .. y 211 - 22, andifz=1, y 9, 4 1, 
if 2 2, y 27,220; if 2 3, y 26, x= 1, &c. 
(27). 22 + 14y - Tz = 341, and 10 + 4y + 92 = 473. 
_ 8414 7214 47392 — 4y 
y 2 Y 10 5 
à 3y . 
or 2z - 3y = — 56; ^ g=- ft, ify=2, 52-26, 


* = 20 - 2y - 3z = 


c 


x= 169; if y =4, z is still negative, take y = 20, then z = 2, 
and z = 37.5, if y = 22, 2 = 6, and z = 34, &c. 
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(28). 


(29). 
(30). 


(33). 


(34). 


(35). 


SOLUTIONS IN ALGEBRA. 


2z + 5% + 32 = 108, and 3x - 2y + 72 = 95. 
2 = 108 = 82 - õy _ 95 - Tz + 2y 


2 3 : 
. 19y — 52 = 134, 
óz41 : 
andy-74 ico and if z = 15, y = 11, and z = 4, 


which are the only positive values. 
See Ex. (26). 


6r + Ty + 4z = 122, and 11 + 8y - 6z = 145. 
ra 2-1-48, 145 - 8y + 62 
6 11 ‘ 
7248 
29 
if z = y=8, & 9; if z 32, y=- 72, z = 498. 


.. 29y + 802 = 472; . y 16 - 3z + 


. See Ex. (24). 


Tay - 3y - 5x = 39. 


39 + 3y e 
then z = 77 5 and if y = 1, z= 21, 


ify=2, 2=5, ify=3, 43, ify 11, 2 1. 


34 — Tx - Ty = 5. 
9715 i425, e Aë ig nd kx 
10z + 9y + Tz = 58. 
fen 2537 7, tent, 28 and y = 3, 
ifz-22,2-8, andy =- 2. 
5 = Ar + 24. 


24 j " 
gi m and ify =1, z212,ify 23, 2 - 2, 


which are the only integral values. i 
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(36). zy + 2x + 3y = 42. 
_ 42-22 
^ £18 


(37). Find a number which, being divided by 39 and 56, leaves 
remainders 16 and 27 respectively. 


, and if z-1, y=10, if 43, y=6, if 2-5, y-4. 


Let W be the number, and g and y the quotients, 


then N = 39z + 16 = 56y + 27; .. gays Wil, 
Let 17y + 11 2 39m; — 12 1175 


Let 6m+6=17n; .. m Zu 2 


20, and z = 29; .. the number = 20 x 56 + 27 = 1147, &c. 


(38). Find the number of solutions of 114 + 15y -1031 in positive 
integers. 


General Investigation. In turning ; into a continued 


fraction, let = be the convergent immediately preceding 7 j 


then 
deren a Ee AO AN Gees (1); 
^. a (em — bt)+b(at-en)=0..,..... (2). 
Hence, the general solution of 
de d uU CS ISIN. (3), 
is seen, by comparing (2) with (3), to be 
= em- bt, . een (4); 


t being an indeterminate, and a taken for that coefficient 
which is positive when the 2nd side of (1) is + 1. 
And since, for positive integral values of æ, y, we must 


have 


em on 
—>t<—, 
b a 


the number of solutions (M) of (3) in positive integers will be 


N- 19 Š 2 RECH, . (5), 
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SOLUTIONS IN ALGEBRA. 


b 
is an integer, it must be diminished by 1, or we must 


where des Si is put for the integral part of Ê no, and, 1 5 


$ b : W 
consider 5 as a fraction, and reject it, if zero values be 


excluded. 
In the following solutions : 
15 nm 
I 
. N = {281 4} - {2744} = 7. 
SC 15 35 0865 
. N= Men - (171) = 6. 


In (38), ` = 


„ N = {5593} — (5331) = 26. 
sier 2. 5.2 


. N = (4615) — (4442) = 17. 
1 


ent- 15 1 20 


„ N= {123} - (93) = 3. 


a 
In (72), 5 = , 5.1 c = 240; 


^. N = {478} - (455) = 2. 
_ 21 Rack 


“N= St - {76 4} = 3. 


In (73), “ 


n 4 
In (74), $= 2 =, „ 1, 20000; 


„N- (39995) - (380911) = 190. 
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100 n» 19 

In (18), 2 nios Ee abd 10000; 
N = (190414) — (1900) = 4. 

Or find the least and greatest values of z or y, and we have 


scie and if z = 1, y = 68; 


. the least value of z = 1, and the greatest value of y = 68, 
again, 


y-269-z4 


2294-y- 973, and if y 22,2291; 


the least value of y is 2, and greatest value of v is 91, also, if 


y= 13, z= 76, 
and the series would be y = 2, 13, 24............ 68, 
andres 9t. 1057. ou e 1, 


by an arithmetical progression, we have 
682 2 4 (n - 1) 11, 
orn-1=6; ..n=7. 
(39). If x = 3, y = 5, find the possible number of integral solutions 
of the equations 3z + 4y = 29, and Tz - 2y = 11. 


* 10 — y- , andify=2,2=7, 


alsoy=7-2+ 231, and if v = 3, y = õ; 
„. 5 24 (n-1)3; . (n-1)=1,;andn= 2, 
which is easily seen, for if we take y = 5, then z = 8, 
from Tz - 2y = 11, 
we have y= 8 4 and if z = 3, 5, 7, 9, Ee, 
y = 6, 13, 20, Ko., 
and the number of solutions is unlimited, 
(40), Find two fractions, with 7 and 9 for their denominators, 


19 x = A 
whose sum is er? and three fractions, having denominators, 


3, 4, 5, whose sum is a 
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By problem, = 7* vs, or 9z + Ty = 57; 


V „and if 4 = 4, -3, 
and the fractions are 
NAL 
T3414 
ys 4T 
Again, let 2 + at 5 ů 50 
47 3 (5y + 42) 157 + 122 - 7 
then z= 20 20 gerer TE s 
and ify=1,z=1,andz=1; 
„ 


n 5 


(41). Find the number of integral solutions of Ze + 3y = 39. 


(42). 


(43). 
(44). 


z-18-y-171, and if y 1, «= 16, 


also y = 12 - ect „ and if æ = 1, = 11; 
11 1702 1) 2; .. „ 1 5, and n = 6. 


Find the number of integral solutions of 20 + 15y +6z=171. 


by - 62 + 11 
20 


also y= 7, 229; ify=1, 2- 6 or 16, 
and z =6 or 3, ifz=11, y = 3, z = 3, if z =6, y = 5, z- 9. 
and there are six positive integral solutions. 

See Ex. (37). 
In how many different ways can 207, be paid in half-guineas 
and half-crowns ? 


Take the sums in sixpences, and let z be the number of 
half-guineas, and y the number of half-crowns ; 


21 + 5% = 800; 


z=8-y+ ; if$21,9y238,2-0, 
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eg 160 — 45, and if z = 5, y = 139, 


also z 438-292, and if y = 13, z = 35; 


. 385 =5 + (n-1)5, andn -120; n=7. 


(45) In how many ways can 140/. be paid in guineas and five- 
shilling pieces only ? 


Let z = number of guineas, y = number of crowns; 
*. 21z + 5% = 2800, 


and y = 560 - 244, and if z = 5, y = 539, 


also z = 133 a2, and if y = 14, æ = 130; 


*. 130 = 5 + (n - 1) ö, and n - 1 = 25; . n = 26. 


(46). A number of men and women contributed to a charity 507. ; 
each man gave 19s., each woman 11s. How many were 
there of each? 


Let æ = number of men, y = number of women, 


3 4 10 


then 19z + 11y = 50 x 20, and y = 90 - 2z + 11 


and if x= 4, y = 84; if z- 15, y = 65, 
if z = 26, y 2 46, and if z 2 37, y = 27, 
and if v = 48, y = 8. 
(47). A person bought sheep and lambs for 8 guineas; the sheep 


cost 26s. each, the lambs 15s. How many of each did 
he buy? 


Let z = number of sheep, and y = number of lambs, 
then 26z 15% = 168, 


then y= 11 - 2 45272, if z= 3, y = 6, 


which is the only solution. 
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(48). A farmer selling live stock consisting of oxen and horses, 
sold each ox for 8/., each horse for 277, and all the oxen 
for 97}. more than all the horses. How many oxen and 
horses did he sell? 

Let æ = number of oxen, y = number of horses, 
then 8z = 27y + 97; 


2 12% +, and if y = 5, # = 29, 


if y = 18, z = 56, &c., Ee, 
(49). Required to pay 50“. in guineas and three-shilling pieces 
only. 
Let z - number of guineas, y - number of three-shilling pieces, 


then 21z + 3y = 50 x 20, aiig «398 T5, 
and the problem is therefore impossible. 
(50). It is required to find a number such that if it is divided by 
11 the remainder is 3, and if by 17 the remainder is 10. 
Let N - the number, and z and y the quotients, 
57 7 
11 
if y = 19, x = 30, and the number of solutions is infinite, 
and N = 146 = 333 = Ee, 
(91) Find the number of solutions that 9z + 13y 2000 will 
admit of in positive integers. 


2-22 -y- %, ity- a= m5, 


then N=114+8=17y+10; . 427 „ if y=8, 413, 


44 — 2 


also y = 154 - z 4 „and if æ = 7, y= 149; 


^ 149=5+(n-1)9; . n-1=16, andn = 17. 
(52). Find a number which, being divided by 39, leaves a re- 
mainder 16, and by 56 a remainder 24. 
Let N = the number, and æ and y the quotients, 


17y +8 


then 39z + 16 = 56y + 24, then & 2 y + — du^ 
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Let 17y + 8 = 39m; . y= 2m D, let 5m - 8 = 17n; 


y=11, and æ 16; 
.*. the number = 39 x 16 + 16 = 640, and so on, 
ifn =6, m = 22, y= 50, x - 72. 


(53). Show that the solution of az + by = c in positive integers is 
always possible if a be prime to b, and e > ab- (a + b). 
Let o- (ab- a - b) = f, and z 1 =, theny-a-1- y, 
where y’ = E e OP ax = Oy ef A (1). 
Hence az + by =0 is solvable in positive integers, if such 
values of / can be found from (1), that y = (a 1)- y'- a 
positive integer or zero; therefore y' $ (a 1). Now, as in 
the solution of (38), we find, for the general solution of (1), 
a'-bbtmf y satinf.......... (2), 


: 2 . n 
where £ is an indeterminate, and PA the convergent preced- 


ing 5 But it is obvious that one or more of the values 


of / in (2) must be < a; therefore y = (a - 1) — y' = zero or 
a positive integer; and therefore az + by = c is always sol- 
vable in positive integers, if a is prime to b, and c» ab- a - b. 

It must, however, be understood that zero values are not 
excluded here: thus, if 3z + 2y = 4, where 42 3x 2 - (3 + 2), 
the only solution in positive integers is z = 0, y = 2. 


(54), Find two numbers such that their sum shall be equal to the 
sum of their squares. 
Let z and y be the numbers, and y = mz; 
.*. 4 (m 1) = (m* +1) z*; 


mt. i ; 3 
sd EC and if m=1, z- 1, if m-2, 2-:,m-3, z= 


Qu N 


R 
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fw eet, y=1, 2-2, IEN &c, = &c., 
3 6. 2 6. 5 20 
and the numbers are 1,1; — 3’ Pp s 17˙ » Tq? and so on, 


(55). How many fractions are there having 3 and 4 as denomi- 
nators, whose sum is 31? 


Let the fractions be 2 3 +% = 2 ; . dz + 3y = 39, 


and y = 13-2, and it a- 3, / 9, 


also 10 , and if ) = 1, =9; 
. 934 (u 1) 3 . 0-122, and ua = 3. 


(56). Find a number which, being divided by 3, 4, 5, successively, 
leayes the remainders 2, 3, 4. 
Let NW = the number, and z, y, z the quotients; 
* N 29242249 +3 = őz + 4; 


Veg SU ege 


oe 


a I yi LH „ andify=2, 22939, if 214, z= 19, 


3 14) 2 11; „ V 59, 119, &c. 


o E 


gression. 
Let the numbers be z?, mz, and u, 
1 ＋ 1 


then ai 1 m; . m e 


and if n 2 7, m=6, and æ may be any number, and the 
three terms are 1, 25, 49. 
Or let the three terms be z’, , 2’, 


then -y =y - 2, 
or (z ~y) (z +y) = (y - 2) (y +3). 


E CR PII UD ĖS 


" 
| 
! 
| 
x 
i 
| 
| 
| (87). Find three square numbers which form an arithmetic pro- 
| 
| 
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nz-moz NL+ m 
whence y = = = - - 


5 e — , 


-n m+n 
and (m* — n? + 2mn) z = (2mn — m? + ni) z, 
and if z* = (m — n? - 2mn)*, * = (m* — n? + 2mn)’, 

* ＋ 2° 
and y! = —5— = (0° + mi}, 


and the common difference = 2mn (n? - m’). 


Find a perfect number, or one which is equal to the sum of 
all the numbers which divide it without remainder. 


Let z"y be the required number, 
and its divisors are 1, z, 2*...z", y (1 + z 4 2...2"), 


(38) 


: What 9 1 , É 
which equal Ka hh = by problem; 
. 17% * - 1) =y (2 - 2"); 

25-1 


nf am 
and that y may be a whole number, let 
& 2 O, or & 2; . y 22" -1, andifn=0, y=1, 
n=1, y= 3, then zy =6 = 1 + 2 + 3, the sum of its divisors, 
n=2, y=", then 2'y = 28-2 147177472 1, and so on. 


(59). Find the least number which, being divided by 17 and 26, 
shall leave remainders 7 and 13 respectively. 
Let A be the number, and æ and y the quotients, 
3 (3y + 2) 


then N= 17 47 = 26% + 13, orz=y+ Seine 


and y = 0, 2 = 8, 
and the number = 17 x 8 + 7 = 143 = 26 x 5 + 13. 
(60). Required two square numbers whose difference shall be 
equal to a given square number (b°). 
Let z* - y* = a square = (x - my)’, 
then * y* = 2* - 2mzy + m’y’; 
^ 2mz = (m 41) y, and if 22m, &= m* 4 1; 
R2 
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. (m? +1)? - 4m? = (mi- 1)’, andifm=1, y 22, 2-3, 
ifm = 2, y=4, and z = 6, and 5-47 9 3%, 

and if m = 3, y= 6, = 10, and so on, 
E (m +1) % 4m 5 
e 

4 ; (m+ I 4m (m1) 0 


Ja il at Bic 
GE (m* - 1)” * A ( - 1j TIF (=I 
2 2 
if m = 2, y „ Pane, 


and if b? = 64, a — yp 205-19. 4, 


(61). Find the least whole number which, being divided by 28, 

19, and 15, shall leave remainders respectively 19, 15, 11. 

Let N be the number, and z, y, z the quotients, 
then N = 28 + 19 = 19y 15 = 152 + 11; 
4 (y * i5 
15 

and if y = 14, z = 18, y 2 29, z = 37, y = 44, 2 = 56, 
5 5 4 


. 2211 


but z = y- „ and if y = 40, x = 27, y= 68, x = 46, 


and now we Ze to find when the values of y in the two 
series become equal, or 
14 + (n - 1) 15 = 40 + (m — 1) 28, 
whence 15n = 28m + 18, 


and n = 2m 4 1 - SN m=14, n=27; 
14 J 20 7 169 404 y; 
404 - 28 27, and = 404 + 1009). 512, 


and N= 28 x 274 19 = 19 x 404 + 15 = 7691. 


(62). Find the numbers which, when divided by 2 and 3, leave 
the remainders 1 and 2 successively. 


Let AN be the number, and æ and y the quotients, 
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then N= 22 + 1 = 3y +2; . z= y+, 
and if y =1, S2 2, y=3, &= 
.. N= 5, 11, Ee, 
(63), Find the least number which, being divided by 3, 5, 7, and 2, 
shall leave for remainders 2, 4, 6, and 0, respectively. 
Let N be the number, and 2, y, z, w the quotients, 


then N = 3z + 2 = õy + 4 = Tz + 6 = 2w; 
s w= 84845, and if z = 2, w = 10, 224, w=17, 


(A) y=2+ 


and the equal values of z in these two series are 4; 
. 20 T x 446 = 34, also by + 4 = 30 + 4 = 34, 


reci and ifz=4, y 206, 2-9, y - 13, 


2 2 15 and if 3 2, 1 4, geb 2=9, 
and to find the corresponding values of y in this equation 
and (4), we have 

67 (1 1) 7 2 (m - 1)3, or 8m In; 


SÉ mai, and if n = 3, m= 1; 


4.9 220, and æ 2 34 . 5y+4=104, and 3z + 2 = 104; 
*, the least number is 104. 
(64). Find two numbers, such that if the first be multiplied by 17, 


and the second by 26, the first product shall exceed the 
second by 7. 


Let x and d 85 the numbers, then 172 - 26y = 7; 


eg 10e 1% e 


9y - 
*. 42 gry 9 


m 
and if m = 10, y = 20, if m = 1, y= 8, 
and z = 3 + 1+1 = ő, and the numbers are 85 - 78 = 7, 
if y = 20, x = 21 + 10 = 31, 
and the numbers are 17 x 31 - 26 x 20 = 7. 
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(65). 


(66). 


(67). 


(68). 


SOLUTIONS IN ALGEBRA. 


In a foundry two kinds of cannon are cast; each of the first 
sort weighs 16 cwt., and each of the second 25 cwt.; and for 
the second kind there are used 1 cwt. of metal less than for 
the first. How many are there of each kind? 
Let æ and y be the numbers, 
9y +1 
16 


and if = 4, y = 7, and z = 11, 


then 167 - 25y=1; . 2-294 
2m +1. 
9 
m= 13; y = 23, 2 = 36. 


„ let 9y + 1 = 16m; 


. y=2m- 


Divide the number 1591 into two parts, such that the one 
may be divisible by 23 and the other by 34, 


Let 23 + 84y = 1591; 


EE 


en,; E. y=2ms m8, 
and if m = 7, y = 15, and x= 47, 
or if m = 18, y = 38, and z = 13; 

*. 23 x 47 + 34 x 15 = 1591, also 23 x 18 + 38 x 34 = 1591, 


Let 


Required three numbers, such that if the first is multiplied 
by 7, the second by 9, and the third by 11, the first pro- 
duct shall be 1 less than the second, and 2 greater than 
the third, 
Let z, y, z be the numbers, 
then 7z = 9y - 1, also Tz = 112 + 2; 
. 7 9 18 11z 12, and -L, and if 223, y=4, 


36-1 
7 = 6. 


Required three numbers, such that the sum of their products 
by the numbers 3, 5, 7, respectively, may be 560, and the 
sum of their products by the numbers 9, 25, 49, respectively, 
may be 2920. 


and z = 
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Let z, y, z be the numbers, . 
then 3z + 6% + Tz = 560, and 9z + 25y + 492 = 2920; 
. 92 + 15% + 212 = 1680, 


whence 10y + 28z = 1240, or 5% + 142 = 620; 
MER? = , and if z= 6, y = 110, and z is negative. 


Let then z = 15, then y = 82, and g = 15. 
Let z = 30, then y = 40, and z = 50. 

(69), Find a number, W, which, being divided by 11, gives the 
remainder 3; divided by 19, gives the remainder 5; and 
divided by 29, gives the remainder 10. 

Let N= 11z 4 8 = 19y + 5= 29z + 10; 
ka 3y -2 
*. K = 2% 11 
also &= 3241 sr) , and if 2-10, 2227, 2221, x= 56. 
Let then 14 + (n 1) 19 = 27 + (m - 1) 29, 
or nm , and if m = 13, n = 20, 
or z = 14 + 19 x 19 = 27 + 12x 29 = 375; 
^. the corresponding values of z = 10 + 12 x 11 = 142, 
p oan Fe atin ET HP y= 8 +19 x11 = 217; 
*. N=11z + 3 = 19y +5 = 292 + 10 
=11 x 375 + 3 = 19 x 217 + 5 = 142 x 29 + 10 = 4128, 


(70). Find two square numbers whose sum is a square. 
Let 2* + y? = a square = (x - my)? = a* - 2mzy + m'y". .(1); 


; and if y = 8, z214, y = 19, x= 33, 


2-1 : 
ee ee BC, and if y = 2m, z = m* - 1, 


and from (1) (m - 1y + 4m? = (m* + 1)’, 
and if m = 2, (m? + 1) = 25, 
and & = 9, and y* = 16, or if m = 4, (m + 1) - 17, 
and so on, if m = 4, 2* = 15*, y? = 8%, and 2? + y* = 289 = 17*. 
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(71). Find two square numbers whose difference is a square. 
Let * - y* = (x - my}? = a square; 

. „ (m 4 1) 

ee bd "m Mr Des 

and z? - y* = (m +1)? 4m = (m? - 1)’, and as above in (60), 
if m = 2, * = 25, y* = 16, and a* - y* = 9, and so on. 


„ and if y » 2m, = m' 4 1, 


(12). In how many ways can a person pay a bill of 127. in crowns 
and guineas ? 
Let z = number of guineas, and y = number of crowns; 
. 21 + by = 240, 


and y = 48 — =~, and ifz=5, y = 27, 
\ 


dod atleti 


, andifys6, & = 10; 
*. 10=5 + (n- 1) 5, and 5n = 10; . 1 2. 


(73). In how many ways can 80/. be paid in guineas and sovereigns? 


Let z = number of guineas, y = number of sovereigns, 
21z + 20y = 1600, 


and y = 80 - 27, and if z = 20, y =\59, 


also a 76 y 4275, if y =17, æ = 60; 
, 60 = 20 4 (n - 1) 20; . n-1=2, and n= 3. 


(74). In how many ways can 10007. be paid in crowns and guineas? 
If z be the number of crowns, y the number of guineas, 
then 5 + 21y = 20000; 


d 2 = 4000 - Z, and if y = 6, & 3979, 


also y = 952 - =, and if z = 10, y = 950; 


*. 57 (n-1) 62 950, and n = 190. 
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Ex. 75—77, p. 87.] INDETERMINATE EQUATIONS, 369 


(19). In how many ways can 5007. be paid in guineas and 54. notes? 
Let x = number of guineas, y = number of õl. notes, 
21z + 100y = 10000; 
21 
100 
D 
21 
4^ 79 = 16 £(n-1)21; . 5-128, and 5 = 4. 


4.92100 — , and if z 100, y = 79, 


also & = 476 — 5y + „ and if y = 16, & = 400; 


(76). A regiment of foot (less than 1000), when put in column 
with 13 men in front, wanted 9 men to complete the last 
rank; with 15 men in front, then 14 were wanting; but with 
17 men in front, the ranks were complete. What was the 
strength of the regiment ? 


Let W be the number of men, 2, y, z, the number of ranks, 
then N= 132 - 9 = 15y - 14 = 172; 


2y-5 
DE 43 „and if ) = 9, 2 = 10, N= 121, 
y 22, z 25, N 316, 
y 261, 22 70, N 2901 217 x 53; 


.. 2-059, and 901 is the first number that answers the 
conditions, 


(77). Is it possible to pay 1007. in guineas and moidores (worth 


27s.) only ? 
Let 21z + 27y = 2000, then z = 95 - y - A. 
Let 6y -6e 21m; oy dm LEE 


3m-1l „ 3 1 
Gn . EE EE 


and no integral value of n can make m also integral; there- 
fore the problem is impossible. 


Let 


R 5 
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370 SOLUTIONS IN ALGEBRA. 


(78). I owe a person 1s., and have nothing about me but sovereigns, 
and he nothing but dollars, worth 4s. 3d. each; how must I 
discharge the debt? 


Let z = number of sovereigns, y = number of dollars; 
*. 202 - w. 1, or 17y = 80 - 4; 


ór +4 
M 


or 6x 20-7 x17 2 1s. 


„ and if z = 6, y = 28, 


Di y = E 


(79). A man bought 20 birds for 20s., consisting at geese of 4s., 
quails at 6d., and snipes at 3d. each. How many had he of 
each ? 

Let x, y, z be the number of each, 


then 4z +% + = = 20, or 16z + 2y + z = 80; 


also z 4 y *z = 20; 
5. 152 ＋ % 60; . / 60 - 15 r, and if x= 1, y 2 45, z=- 26, 
but if x = 2, y 30, z=- 12, 
or if x = 3, y = 15, z = 2 are the possible solutions. 
(80). A jeweller wishes to mix gold of 14, 11, and 9 carats fine, 
so as to form a composition of 30 oz. in weight of 12 carats 


fine. Find all the ways in which this can be done in whole 
numbers. : 


Let z, y, z be the ounces respectively of each of the three, 
then 14z + 11y + 9z = 360, 
also 9z + 9y + 92 = 270; 
Be + 2y = 90, and y = 45 - 
and if 2 = 2, y 2 40, and z =- 12, which is impossible, 
if z 12, y= 16, 2=3, if = 14, y - 10, 3 6, 
if 2 = 16, 9 26, 2-9; „, there are three possible answers. 
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Ex. 81—83, p. 88.] INDETERMINATE EQUATIONS. 371 


(81). A person buys 100 head of cattle for 1007., viz. oxen at 101. 
each, cows at 5/. each, calves at 2/. each, and sheep at 10s. 
each. How many of each did he buy? 

Let æ, y, z, and w be the numbers respectively of oxen, cows, 
calves, and sheep, 


then z+y+2+w=100, also 10x + 5y + 2z + 5, = 100; 


.. 20 + 10y + 4z + w 200, and 19 + 9y + 32 = 100; 
z-1 


, andifz24, z = 8 - 3y, 


. z = 33 - 3y - 6z - 


and if y = 1, 2 = 5; 
. 4 oxen + 1 cow + 5 calves + 90 sheep = 100, 
or 1 ox + 1 cow + 24 calves + 74 sheep = 100. 


(82). A farmer buys 120 head of cattle, pigs, goats, and sheep, for 
4007. Each pig costs 41. 10s., each goat 37. 5s.; and each 
sheep 17. 5s. How many are there of each kind? 

Let x,y,z be the numbers respectively of pigs, goats, and sheep; 
Me te | A tts 
*. x+y 12120; EE - 400, 


or 18x + 13y + 5z = 1600, also 5a + 5y + 5z = 600; 
13 
„ 182 + 8y 1000; . y= 125 - —7, 
and if z= 8, y = 112, and z = 0, 


but if z = 16, y = 99, and z = 5. 


(83). A person wishes to buy 20 animals for 207., sheep at 31s., 
pigs at 11s., and rabbits at 1s. each. In how many ways 
can he do so? 


Let z, y, z be the numbers respectively of sheep, pigs, and 
rabbits ; 
. 445772 20, and 31z + 11y + z = 400; 
*. 30 + 10y = 380, or 3z + y = 38; 
49 = 38 - 32, and if v= 7, y=17, andz=- 4, 
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372 SOLUTIONS IN ALGEBRA. 


butifz-8, y=14, and z 2, 
£29, gelt, £20, 
£210,928, $-2, 
z=11, = 8, 2=4, 
£212,9y 22, £20, 
and there are only 3 possible ways of making the purchase. 


(84). A farmer went to market with 1007. to buy 100 head of 
geese, sheep, and oxen, at 1s. each for the geese, 12. for the 
sheep, and Ai, for the oxen. How many of each did he buy? 


Let z, y, z be the whole numbers respectively of geese, 
sheep, and oxen, 
then x + 20y + 100z = 2000, also z + y + z = 100; 
19 + 992 = 1900, 
or y = 100 - 35 and if z = 19, y=1, and æ = 80, 
which are the only positive values. 


(85). A farmer buys horses and oxen, and gives 31 crowns for 
each horse, and 20 crowns for each ox, and he finds that 
the oxen cost him 7 crowns more than the horses. How 
many of each did he buy? \\ 

Let z = number of horses, and y = number of oxen, 
11e 244 


then 3lz = 20y - 7; . y-2z4 „and ifz = 3, - ö, 


æ = 23, 43, 63, &c., y = 36, 67, 98, &c. 


LOGARITHMIC AND EXPONENTIAL EQUATIONS. 


XIII, Find the value of z and y in the following equations :— 
(1). 12* = 168. 
*. 4 log12 = log 168, 
2°225309 
and g = 1079181 = 2°08, 
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Ex, 2—10, p. 88.] EXPONENTIAL EQUATIONS. 373 


(2). 10 = 1250, 
ee K log 1250 = 309691. 
(3). (15) = 1250, (16) = 1000. 
St .. „ log 1250 309691 A 
15 = 1250; wx LH Togli Tizeoor ^ 49992, 
16” = 1000; lis. an die 2:49049. 
7 1 * Jog 16 1.204120 
14” = 63y, 17” = 87. 
x log14 = log63 + logy, 
log 87-log63 140178 
log 17 log 87 log; oe or EU edi" 084321 1662, 
logy = 1°66 (1146128) 1799341 = 103231; 
. y= 12745. 
(9). 2” x 8" = 560, Ae = Ty. 
We have z log2 + y log3 = log 560, and Ae = Ty; 
.. Ty log2 + dy log3 = 5 log 560; 
5 log 560 13°74094 


“Y= Thog2+slogs 4492815 saat 


Di 


*. * 3 = 428162. 


6). 20* = 100. 
(6) e 


* t= 1301030 ^ 1:537. 
(7). %% =e, : EA 
ore -= 
abæ xat=e; .. bæ loga=loge-d loga, or = SC e 
(8). 2* = 769. TR m DUE UR 
„ ME Za DEER, 


log2 301030 
(9). * * 5c. 
loge 
"m loga +n logo 
(10). qo - b. 


5 log _ flog by 
EE i 
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374 SOLUTIONS IN ALGEBRA. 


(11). logz = 3 log a - s log b. 
8 8 8 
* 
i v i 


loge = 1loga - 5 log? = log + p e g-ab*. 
b* 


(12). 2 logæ + 2 logy = 5, 2 loge - 2 logy =1. 
*. logæ = 1:0, and z = 31:625, 
also logy=1; . y - 10. 
(13). 8* x 9 = 4:9. 
d log4:9 690196 


bee ERUNT e 


(14). logz = 2n loga + 2m log5 - 2p loge. 
4 x V" 
logz = log( E d E war eee. 
(15), 2" 4 4* 80. 
2 42x 27 = 80; .. 2"^42x2*11- 81, 
and 22 1498 
_log8 903090 


Jog 2 301030 


EV 
(16). 73 32 9401, GT 1296. 


zy 
also 65 ? = 0, „, 


(17). (1 x 9)» = (864)*. 


1x9 shy [t 
(81) 
ee orzz 


= (864)* ; 


489419 
845098 6361616 


- 2:942. 


(18). logz =logn + logy, az + by =e. 
loge = log (ny); .. S ny; . any + by =c, 
ne 


c 
Of y's Sees AE E EN 
yr ont’ an 1 5 
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Ex. 19—24, p. 89.] EXPONENTIAL EQUATIONS. 375 


(19). (a + b)" x (at - 2a*0* + bt)" = (a - AT, 
(a + b)* x (a? - 50% = (a - b)”; 
therefore by extracting the square root 
K E €: E PY = (a- 9r; 
*. (a-by-7 85 or a - b, also (a 4 b)” =a -b; 
: d à log (a. - 5.) Llogie 5) 
ae (a by = NC -5°), and z = Jog (arb) 2 log(a +b) a 
if (a + bF (a? - 0°)? = (a- b)”, 
2. Zë — D (a* - 55 da s 
then (a? — 50 = (a - by x arp" or (a+ by 2a-; 
log (a — b) 
log (a r Ai" 


(20). logo = 3 log,,a - 2. 
a 
logo =3 log, = 100 = og siv ZS 100* 
(21). Ae = 8 


b log5 - loga 
ey. n 1085 m loge 
(22). a” ＋ 1 dl. 

1 1 14 7 _ logà(1 £ 4/9) 
we ha -= 23 „ = H fi "m ee ieee oe 
Ge Tu 174% 4. 2 H 2 loga 

(23). G b = G. por 
1 + 
„ 
iter {1 + (4b + D} 
F loga 


y p 
(24), a? - y, 2* - y. 
2 
If 2" s y, and e ett A 
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376 . SOLUTIONS IN ALGEBRA, 
(25). (a) x (W) = e, nz = my. 
Let a =z, W=w; .. 2 * w=; 
^ zlogz +y logw = loge, but y = z, 
. mæ logz + nz logw = m loge; 


* m loge 
m logz +n logo 


but logw = logb = 2 log b, and logz = z loga; 


1 2 m? loge ji E m 4/ (loge) 
m loga +n logb’ ' 4/(m* loga + log) 
and y = n »/(loge) 


A(m* loga + u log) 


Vu 
(26). & sy, w =y. 
i 2 
y 2 2 
4 =y, ndz’ =y; ..2y = 382, and (2) =y; m RU 


(27). 3*" = 20 x 27, 2z = 5y. 
If 3*" = 20 x 2*, and 2 = 2 N 
w su 
.. 3° = 20 x 2*, or 3 x 2˙ = 400, 


log400 d 


(28). 3% x 5 7? x 11%, 


287 6 „ 112 11 x 5 
7 


x 1”; 


: (= 5° x E 11*x 5* 
25 7 TN 
2 log11 + 4 log 5 - log7 


„% 25 EO ͤ —ñmüUnö . 
2 log3 + 3 logō + log11 - log7 
4:033267 

3247447 x 
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Ex. 29—33, p.89.] EXPONENTIAL EQUATIONS. 377 
(29). 3 = 1200. 
„. 8°44 = 400 (by dividing by 3) = 20°; 
.*. (x - 2) log3 = 2 log 20, 
2 log 20 
or 2-MVC Ig 30 +283; 
* æ= 4'33, or — 0:88. 

(30). a? =, Ten, 


44. ay 


.. a ësst s (2 %% do, and æ +y E 2a, 
whence y^ 2 z^; .. 2- NI 


1 1 3221 
D = d 2 LE E? 3 as 
MË tay”; — * f 241 f, and y 24 5 /a * 1) 
and z= (4a +1) 2 5 (Ba + 1). 


(31). 2a + a” = ar, 


2 125 . 4 EH 


2 log a 


(32). Lef = tio) (/(y m = Mit, 


8 4 34 214 
If (y (svo = Uy säi e. "sp 
; GNO 2 8 16 
= A (5) a ue EQ EN 
also y = a? WOW, — ( +4 Vy) 337g" 


(33). a” - a* = 2c. 
a" Zeg 4 à 110; .. a ek (14 6; 
. logie + Y(t ei 
loga 
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378 SOLUTIONS IN ALGEBRA. 


(34). 2 (1 ter 


5 
e 12 Ge na- Bei Zeit e 
1 44 or- ls ios 


(88). a^ x b =k, nz = my. 


If a? x W =k, and nz = my, then a? x D” =k; 
At - gs ter "s WA oe n gi 
(36). a? x B= r, nz = my. 

If a? x b =r, and a=, 
mea m? 1 
then a x P zr; s oa V loga*z;y'logb-logr; 
d n 4(2 logr) 
Am loga + n” logb)’ 
(37). y? a, 20 = y. 
See Ex. (24). 


and ge 2, 
n 


RATIO, PROPORTION, AND VARIATION. 


XIV, (1). Which is the greater of the two ratios, 15 : 16, or 
16:17; 3:5, or 5:8, and 19: 20, or 20: 21? 


165 i or 255 > < 256, but 256 > 255; 


*. the ratio of 16: 17 > 15 : 16, 
55 —Á 24 » 4 25, but 25» 24 . 5882 6, 


in the same way 20: 21 >: 19 : 20. 


(2). Compare the ratios 7 : 8 and 10: 11; 19:25 and 56 : 74. 


7 10 19 56 
Here 5: 11 —:: 77: 80, and 25 74 : 1406 : 1440. 
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Ex, 3—8, p. 90.] RATIO, PROPORTION, AND VARIATION. 379 


(3). When : ::2:1, which is the greater, 2az : 35% or 8a; 255 
If z = 2y, 2az : 3by :: 4ay : 9by :: 24: 3b; 
. 34: 25 > 2a: 3b. 
(4). Show that a : b > az : be 4 y; but < az : bz - y. 


a ax bx e Gët L Ae 
OAK LOWE ES 1 e „„ 
nd dw ront e AT S, gr ang Ek 


(8). Prove that à? h: d h : d h. 
a’ + 0° a’ be Kä eer 4 272 
BEE En GER + 0° + ab? + >< at + 20°? + z., 
or ab (a° + 55) > < 2a°b’, i.e. (a - b)? 0; the first > latter, 
(6). Which is the greater of the ratios, a4 z:a-z and 
a: a —2 a being >g? 
2 2 
al >< a4, or (a2) » a! ta; 
G o = & 
“. @+2:a- <x is the greater. 


ET 4r  a*'-z om 
ich i — or —; or ? 
(1). Which is the >, 57 [d 
c secu, or (az c daz, or (a - z)? > 0; 
is the greater; 
a 
a- a-g ata 1 
>< Se <r (atx? i 
sei ee ate’ (a fehle 
a? & 


is the greater. 


a = 


(8). If z be small compared with a, show that the ratios of 
(a X &), (a+ 2)‘ are nearly equal respectively to a + 3z and 
4 t 4z; and that of 


— 


A 
( , (a +2)* to a 4 and a 4 4. 


then (a + x) =a + 3z nearly, 
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380 


(9). 


(10). 


(11). 


(12). 


(13). 


SOLUTIONS IN ALGEBRA. 
and (a + z)* = a + 4z nearly, by EE theorem, 


1 
so also (a2) = a + = nearly, and his + " 2447 4 Z nearly. 


p 


Find the ratio compounded of a: z, æ : y, and y : b; also of 
gtaizib, Lb „ 


x 


Compound ratio = - zx s xt a(z*a)(r*b) a 


; ee 
Find the ratio compounded of a + z:a - x, @ + 2è : (a + 4, 
and (a* - em: a* - a*. 

ate daz e 


The compound ratio = EE 
P a- (a T &) d & 


If a: ö Oe: d, e dee GE but vo: d. 


2. a b 


e PE ELS: 


also — Ze, 14 «t4, ~ate:b+d<a:b. 


If a be the greatest of the four proportionals a, ö, c, d; show 
that a + d >b +c; and that a“ + d" >b” + . 


If a, b, c, d be proportionals, and a the greatest ; 


„ e is » d, 
b a b atd. bie 
1 5 
an 3 4 1251 1, or d > "uL 


much more then is a + d >b + c, since c » d, 
so also a” + d" >b” 4 c^. 


Prove that a- x : a+ z is S orc a? - a? : d 4 , according 
as a :z is a ratio of less or gons inequality. 


a 
=> or E is a° 
er Ee t a* » or S (a 4 zy, 


es 
rg See; „ in allons - dei aa - 
ate Gia 
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Ex, 14—18, p. 90.] RATIO, PROPORTION, AND VARIATION. 381 


a a+b c+d 
(14). If 54 show that z 4 
d 
KÉ Weng 1371 a 
a c a-b c-d a+b c+d 
„ 
(15). oe gt f { prove that a: b ::a £e e:b d 4 f. 


.. ad = be, so also af = be; 

, ab 4 ad A af Kc. =b (a+c + e +t &c.); 
oe ater+et &e. 
brd Fr Kc. 

ma gn me g nd 

pa T qb "ope t qa 


b metnd A pa*qb pe K , 
b a UP org 
„ ma *nb me tmd 
va g pe 4 4d 


„then q: c:: : 0%, and a: d:: a:b, 


(18), Show that if (a +b) : (a-b) ::b 4 e:b- c, 
then a: b :: 4(2a e): Ve); 
and if a: b: : d, 
then „(a - b) : die d) :: v(a) - V) : (9) - (d). 
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382 SOLUTIONS IN ALGEBRA, 


If (a T 5) : (a - by :: ö: 5c, 
then (a + ö)? : 4ab :: b + e: 20, 
or die + 2abe + cb* = 2ab? + 2abe; 

2a-c 


2 2 72 a 
.*. ae = 2al* - b'e, org 


or a: b :: (2a — c) : „le), 
a c, , a-b acd cf deg 
d' V(b) ya? 
va ots alt Lye d 
yo ds wb Ju. 
. „(a- 5) e - d) 
Yayo vo - d 
or Ma - b) : (c d) :: a h: Ve dé, 


(19). If (a -b e e*d)(a-b-ce4d)-(a- 6t c-d)(atb—-c- d) 
show that a :5::c:d 
If ((a + d) + (b + e) x ((a + d) - (b 4 e) 
- ((a - d) - (6 ell Ka - d) + ell 
then (a + d} - (b + c = (a - dy - (b - o), 
or 4ad = 4be, or a: Ur d. 


; \ 
(20). If ::: a3: P, and a:6:: V(e + z) : V(d+y), show that 
cy = dz. 


g a dà c+z gz e+2 
-= — — E — h — —é 
Geh 55, and ga Trot ong i 
or One 3 ES SÉ 22 or cy = dz. 

ind y 4 


(21). Form into proportions the equations 
ab = a? e, and a* + y* = 2az. 
If ab =a? (a- ) (a T); . a: ECHT ETH 
also if y* = 2az - 2* (2a - a), 


y 2a 
== 1: & :: 24 -h ::. 
GE y ; OFY y 
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Ex. 22—26, p. 91.] RATIO, PROPORTION, AND VARIATION. 383 


(22). If x be to y in the duplicate ratio of a to b, and a be to b in 
the sub-duplicate ratio of a + æ to a - y, then 


a-y:yuziyic-y. 
1 
If 4: 5 a:b, and a :ü :acz:a-yi 
. *: %:: (4 4 )?: (a-y), or &: Y A a- (A), 


H. EN _@-ay. 
ne Lek Nn 
z (a - a a 
<. from (4) = bt = — = 
(y^ @=%y) (@=y) a= 2y' 


. 4 T: -: a-. 
(23). Find two numbers in the ratio of 3 to 5, such that the diffe- 
rence of their squares: difference of their cubes :: 8: 147. 
Let 32 and 5z be the numbers; 
s. (5x) - (32) : (5 ) - (3x)? :: 8 : 147, 
or 16: 987 :: 8:147; 
2 147 147 


z—————— 
D 


98 A^ 3; . the numbers are 9 and 15. 


(24). Find two numbers in the ratio of 9: 16, such that when 


each number is increased by 15, they shall be in the ratio 
of 2 to 3. 


Let 9x and 162 be the numbers, 

then 9z + 15: 16z + 15 :: 2:3; 

. 9 ＋ 15: 7æ:: 2: 13 . 142 2 9z ＋ 10, and z = 3; 
<. the numbers are 27 and 48. 


(25). Find two numbers which are to each other as 3: 4, and 
their sum: sum of their squares :: 7: 50. 


Let 3z and 4z be the numbers, then 7: 9 + 162? :: 7: 50; 
.. 25x = 50, and x = 2, and the numbers are 6 and 8. 
(26), mt - m Vy) NVa- m "(s - v) 
V(z) t V e a Die - y)’ 


then 5 = l . 
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384 


(27). 


(28). 


(29). 


(30). 


SOLUTIONS IN ALGEBRA. 
rp Viz) = mV) Na- mV (2-9) 
„ ) am") (y) WA) +m V-) 


ten = Vi ` or E 


"X äis ai SECH 
g m4 18. 
idein a ut e. 
1K 
ny 2 E 


If x, the first of three magnitudes, 2, y, z, & J, and y? æ zz, 
then z & Y. 
Let x = myz, and y? = pzz; 
x 
one y = Pre; Së z= mp? . 
If s Z when f is constant, and s æ when £ is constant, 
also 2s = f when ¢ = 1; find the equation between f, s, f. 


Let so ff; <. s = mft, and by problem when £ = 1, 
T Eh doe 
g^mxf 5 and s = 5 ff^. 


A passenger in a railway train observes that another train 
on a parallel line moving in an opposite direction occupies 
2" jn passing him; but when in the same direction, it oc- 
cupies 90", Compare the speed of the trains. 
Let z miles = speed of passenger's train, 
y miles of the other train; 
^. «+ miles relative speed in opposite direction, 

y - in same direction; 

g-2:9y t2::2:930; 

er:: 28.2 925: 1:8, 
If y æ z, and when 2 = 3, y = 21; find the equation between 
z and y. à 
Let = mz, and when z-3, y 21; . 3m 2 21, and m=; 

ey n]. 
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Ex. 31—36, p. 91.] RATIO, PROPORTION, AND VARIATION. 385 


(91). If zy æ z? 4 y’, and when z= 3, y= 4; find the equation 
between z and y. 
Let zy = m ( + y*), and when 7v = 3, y= 4; 
. 12 = m x 25, or m= m 
and 25zy = 12 (x° %), whence 3z = 4y, 4 = 3y. 
(32). If y* aè- a and when * = b, ay = b; find the 
equation between z and y. 
Let y? = m(a*- 2*); -. b'a* = mlb’, or m = H 
a*y* =b (a? — ), and ay? + ber = ah. 
ju 2 
(33). If y æ 2*-a*, and when æ = (a T 0), y= a ; required 
the equation between z and y. 
Let y* = m (& dà); . bat? m (U); . ms ba, 
and 4% = her- ab, or br? - ay? of, 


(34). If y* « &, and when z= a, y=+ 2a; find the equation be- 
tween z and y. 


Let y* = ma; . 4a*= ma, or m = 4a; 


. MË = daz. 
(35). If az + by = ez + dy, show that æ æ y. 
Since (a - c) = (d - 0) y; Es foly 


and a, b, c, d are constants; . z c y. 


(36). If z æ y and y æ z, show that 


5 
(ax + by + ez) & [h (ey)? 4 * 2) + L(yz)1]. 


Let z = my, y = nz, then my? = zy, nz! = zy; C^ 
*omy! x nzt gz, or MN? = a2, dh | A 
then az = may = a /(m) (zy), R E 
by = nbz = b y(n) C)). GAN, ce 
-a y(x 2); e^ 
<> 8 
K 
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. ax + by + cz = A y (zy) + bv (n) (zy) 
1 ) del œ h (ry) + k (az) + pr 
where = a m), = (n), k= 0 


(37) Ifa+b æ a-b, show that a +œ ab; and if a « b, show 
that a® - b œ ab. 


If (a +b) œ (a- b), then (a + b) = m (a- b); 
. 0* 4 2ab + = m? (a* ft — 2m'al, 
or (m* - 1) (a* + b°) = 2 (m* + 1) ab, 


CHE? 


or a? + B= a+b & ab, 


if a = „ = ; . a- & ab. 


(38). There are two vessels, A and B, each containing a mixture 
of water and wine, Æ in the ratio of 2: 3, B in the ratio 
of 3: 7. What quantity must be taken from each in order 
to form a third mixture which shall contain 5 gallons of 
water and 11 of wine? 


Let z be the gallons taken from the first and y from the second, 


2r 3y 3x "y. 
then -= 10 5 * 19^ 564.02} 


<. 44 4 des = 80x 35% or y = "iz, 
alsoz4y-210; .. 2472-216, and z - 2 gallons, 
y = 14 gallons. 


(39). If two globes of gold, whose radii are a and a’, are melted 
and formed into one solid globe, what is its radius? 
Let x = the required radius, 

and since the volume of the globe & (rad), 


let its volume = ma? = ma? + ma^; 


a ^V (a + a^). 
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Ex. 1, p. 92.] ARITHMETIC PROGRESSION, 387 


(40). The value of diamonds « as the square of their weights, 
and the square of the value of rubies a as the cube of 
their weights; a diamond of a carats is worth m times a 
ruby of b carats, and both together are worth £e. Find 
the values of a diamond and ruby, each weighing v carats. 


Since the value of a diamond œ (weight)*, 
the value of a diamond of n carats « n? = pn’, 


Yüby Aes cn n, 
where p and q are constant quantities ; 
the value of a diamond of a carats = pa’, 


H 
of a ruby of b carats = gb’, 


3 3 
and we have by problem pa? = mgb”, also pa? + gb” = c; 


a d » 
<. mgb? + gb" 2 c, or q » — ——3; 
(m +1) 55 
$ ? = 2 , = Ph od — 
. mpe 4 pa=me; . p "SUP 
2 
2 2 
, value of diamond = Ka of ruby = m H 
i (m + 1)a 2 
(m+1)b 


ARITHMETIC, GEOMETRIC, AND HARMONIC 
PROGRESSION. 


XV. In an Arithmetic Progression, if a be the first term, d the 
common difference, n the number of terms, / the last term, 
and S the sum of n terms; then 


l=a+(n-1)d, S= [2a (n-1)d] g* 


Find the sum of the following Arithmetic Series :— 
(1). 2+ 4 4 6 4 Ke. to 16 terms. 
Sum to 16 terms = (4 + 15 x 2) 17 = 34 x 8 = 272, 


s2 
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(2). 17375 + &c. to 100 terms and a terms. 
Sum to 100 terms = (2 + 99 x 2) 2 = 100 x 100 = 100%, 


and to n terms = {2 + (n - 1) 2 5 SR ai, 


4 
(3). 2 + * t zt &c. to 7 terms and 14 terms. 
1 


" as "KA 
The common difference is 3 


(4. -5-3-1 + &c. to 8 terms. 
Sum to 8 terms = (- 10+ 7 x 2) 4 = 16. 


(5). 34 t Kos. to 6 terms. 


15 15 
The common difference = 1 - 10 2- 3 MR 1 S 


v e 1.5 


1 
n 


* exte | 
The common difference is s 


c. sum to n terms = ( . adn ip 


0. 6 + 5 + &. to 25 terms, 


Sum to 25 terms = (12 - 24x 5) = (6 - 6) 25 = 0. 


(8. 116 + 108 + 100 + &c. to 10 terms. 
Sum to 10 terms = (232 - 9 x 8) 5 = 800. 
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Ex. 9—13, p.93.] ARITHMETIC PROGRESSION. 389 


11 
GRG ae 
(9). 2 27 &c. to 13 terms. 
The common difference = — 2 di UM d 7 ‘ 
3 6’ 
1 169 


*. sum to 13 terms = (1-12 x7) T2 = - 844. 


1 5 
(10). Ce 1- 2^ &c. to 30 terms. 


3 
The common difference is — 3! 


1 
`, sum to 30 terms - (1 - 29 x 5) EE = - 6371. 
1 
(11). » i 6 &c. to 8 terms and 16 terms. 
? obo E 1 
The common difference 5 


M: 
eum to 8 terms = (3 - 12 x47» 
72 16 3 
| and to 16 terms = (5 - E * 8 * 12 * 141. 
(12). 54 84 T to 8 terms and 20 terms. 
o. b. 1 
Common difference =z 5= 5-7 g =~ 83 
T 1 
sum to 8 terms - (i- ) x4 5; 
19 
and to 20 terms = (1 - 5) 10 - F =~ 134. 
(13). ; , 12 + Kc. to 10 terms and n terms. 


Sum to 10 terms -(7.«9x7)5- 7^ = 328, 


10 4 2n+3 
and to n terms = f EIER 2E. 
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390 


(14), 5— 


(15). 


(16). 


(17). 


(18). 


(19). 


SOLUTIONS IN ALGEBRA. 


Ch, 92-95  6a- 9b 


&c. to n terms. 
ec A a+b Y a+b 


„ 
a TD atb a+b’ 


Common difference = 
*. sum to n terms 
_ [2(a- 0) fi (n- 1) (2a- 5) 
vi a+b a+b din ie +b) 


. SZ, &c. to n terms. 


n nr 
- -1)x2 
Sum to n terms = [2060 BEE 30. 
n n 2 


(2na - (n +1) b. 


(a + £)? + (aè + 2?) + (a- x)? + &c. to n terms. 
The common difference = (a° + 2*) - (a + 2)? = - Zar: 
sum to n terms ; 
= (2 (a + z} - 2az (n - 1) 5 = (a + 2)! - az (n - 1) u. 


(-3« G G- 2) 8e to n terms, 
a % ( 5 9 


Common difference = 3 


2 sum ton terms = f2 (2-2) + 22T „ 
a x 2 e 22 


The sum of an arithmetic series being 1455, the first term 5“ 
and the number of terms 30; find the common difference. 


By substitution in the formula s (2a (n - 1) d) 7, 


we have (10 + 29 x d) 15 = 1455; 


29 d 97 10; . 420 3 


The sum of an arithmetie series is 91, the common difference 
2, and the last term 19. Find the number of terms. 


- Here we have the last term 2 a4 (n-1) 2-19; .. a+2n=21, 


also (2a + (n 922 = 91; Š 4 1 


or n? - 20n + 100 = - 91 4100 -9; „ n 16132 18 or 7. 
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Ex. 20—23, p. 93.] ARITHMETIC PROGRESSION. 391 


(20). The first term of an arithmetic series is 33, the common 
difference 14, and the sum 22. Find the number of terms. 


20 13) n 
Here 15 +(n- 1) 5} 2^ 22, 


4'in 200 . 396 (5s) _ 22801 


2 we Ke ZK ue) PM ni oi Web TA 
whence n + >> (26) = 13 * (26) 616 ! 
47 181 
insi MEE RE MM 
126 1 28 


(21). What number of terms of the series 54, 51, 48, &c. must be 
taken to make 513 ? 


Here {108 - (n 1) 3} 3 = 613, 


V SB ven ee ES 
whence 3 el: 3 ele ge 
LII d 
„n ig l9ori8. 


(22). Required the number of terms, when the first term is 7, the 
common difference 2, and the sum 40. 


Here (14 + (n - 1) 2) $ = 40 
S 4-60n41£9249; „ n 3474. 


(28). Required the number of terms when the sum = 27748, the 
first term ‘034, and the common difference ‘0004. 


Here we have (068 + (n — 1) (-0004)} 5 = 2°748, 


or (034 + (n 1) (-0002)} n = 2748, 
and by moving the decimal place 
{340 + (n - 1) x 2) n = 27480; 
169? 169? 83521 
ZF 2 69 — = h — = H 
1 4.1 n+ (=) 13140 (27 D 
Ai 169 289 


oats 
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392 
(24). 


(25). 


(26). 


(27). 


(28). 


SOLUTIONS IN ALGEBRA. 


Find 3 numbers in arithmetic progression whose product 
= 120, and sum 15. 


Let z — y, z, and z 4 y be the numbers; 

. their sum = 3z = 16; .. 2-5, 

and (5 ) * 5x (5+y)=120; ..20-y* 224; . y 4 ͤ, 
and the series is 4, ö, 6. 
Write down the second and seventh terms of the arithmetic 
series, whose fifth and ninth terms are 1 and 9. 
The fifth term = a+ 4d = 1, 
ninth term =a +8d=9; .. d=2, anda-- 7; 

— the second term is - 6, and the seventh term =- 7 +12=5, 
If the sum of three numbers in arithmetic progression be 15, 
and the sum of the squares 93; what are the numbers? 
Let x- a, and x+y be the numbers; — 3z = 15, and æ = ó, 

then (5 - y} + 9* (5 + y)* = 93, 

or 27 = 93 - 75 = 18; . y - t3, 

and the series 2, 5, 8. 

Find three numbers in arithmetic progression whose sum is 
24, and their product 480. 

Let z - y, x, and z + y be the numbers; . z = 8, 
and (8 -y)x8x(84 y) 2480; . 64-y°=60; y 2 £2, 
and the series is 6, 8, 10. 

The first two terms of an arithmetic series being together 


= 18, and the next term being 12, how many terms be- 
ginning with the first must be taken to make 78? 


Let 2a + d = 18, and a + 2d = 12, whence a = 8, and d = 2, 
then {16 4 (n - 1) 2) 2 78, 


49 49 361 
2 — 2 — 2 —22 
or n* 4 "n + 1 7844 ＋ 
7 19 
Sa =-.-+—=-6, 
n 2*7 6 


www.rcin.org.pl 


Ex, 29—34, p. 94.] ARITHMETIC PROGRESSION. 393 
(29). The first term is n?- n 4 1, the common difference 2; find 
the sum of n terms. 


Sum of n terms = (2n* - 2n + 2 + (n - 1) 2 3 . 


(30). Insert 7 arithmetic means between 1 and - . 
If there be 7 means, there are 9 terms; 
‘ 1 3 
4. ninth term = 1 ewe T. P an; 
N 2 5 1 
r 


(31). Insert 4 arithmetic means between 2 and - 18. 
The number of terms is 6; .. sixth term = 2 + 5d =- 18; 
*. d 2 4, and the series is 2, - 2, — 6, — 10, - 14, - 18. 


and the series is 1, 


(32). The fifth and ninth terms of an arithmetic series are 13 
and 25; find the seventh term. 


The fifth term = a + 4d = 13, ninth term = a + 8d = 25; 
“Ad 12; OL = OF 5 acl 
and the seventh term = 1 + 18 = 19. 
(33). If the sum of three numbers in arithmetic progression be 30, 
and the sum of their squares 308, what are the numbers ? 
Let x - y, x, and x + y be the numbers; — & = 10, 
and (10 - y)* + 10? + (10 + y)* = 308; 
„ 2% = 8, andy=+ 2; 
*. the series is 8, 10, 12. 


(34). If the sum of n arithmetic means between 1 and 19 is to the 
sum of the first (2 2) of them :: 5:3; find the series. 


The (n + 2)" term = 1 + (n + 1) d = 19; dec, 
and the first mean is 1 4-18. 8 Zi 
m+l art 


18 h . [2(n:19) (n-3)«18) n-2 
1110 2 nel N 
SA 


+(n-1) — 


QM, 25:3 
36:3, 
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or (20n + 20) n : (20n - 16) x (n - 2) :: 5:3, 
or (n + 1) n: (õn - 4) x (n-2)::1:3, 
whence 25? - 17n 4 82 0; 


. I (17 e 20 8, 
d AAEN Merde 
vi n = 2 55, and d=—=2; 


*. the series is 1, 3, 5, 7, 9, 11, 13, 15, 17, 19. 
(35). Divide 7 (n + 4) into n parts, so that each term shall exceed 
the preceding one by a common difference. 


7 (n+4) must be the sum of an arithmetic series of n terms; 


E 1 0 fyz 7 25 


gë > is the first term, E 2 the common diflerence, 


and en the number of terms, 


if n = 2, the sum of 2 terms = . 


; 32\ 
if n = 4, the sum of 4 terms = Y? 


and the series is, 1, 12, 14, &c. 


(36). Find four numbers in arithmetic progression, such that the 
product of the extremes shall be 27, and the product of the 
means 35. 

Let & 3y, z—y, + y, x + 3y be the series, 
then 2* - 9y* = 27, and x’ * = 35; .. 8y*=8; . y=tl, 
and 27=+6; .. the series is 3, 5, 7, 9. 


(37). If four numbers be in arithmetic progression, whose sum is 
24 and product 945, what are the numbers? 


Letz-3y, £- & +y, and x + 3y be the series, 
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Ex, 38—39, p. 94.] ARITHMETIC PROGRESSION. 395 


then 4z = 24; . z= 6, and (36 - 95*) (36 -% = 945; 
^. 9% - 360y* + 1296 = 945, 


whence y= 90 + ` 1 or 39; . y=+1, 


and the series is 3, ö, 7, 9. 


(38). If the n'» and m"™ terms of an arithmetic progression be m 
and n respectively, find the number of terms whose sum is 


elem +n).(m +n — 1), and the last term of the series. 


The nm term =a 4 (n - 1) d» m, the m" term =a 3 (m -1)d - n; 
. (n= m) d mM; . d=-1, and a- mHn 1, 

and if z = number of terms, then sum 

(m+n) (m*n-1). 


= {2(m4n-1)-(@-1}5= ; 


2 
*. - (2m £2n-1)z«( J'=-(min)(m+n-1)+(m: dë - ; 
egz=zm+n An ib -1 
we C= 2 2 rmn- " 
the last term 2 m 4 » - 1 - (m 4 n - 1) = O, 
or=m+n-1-(m+n-2)=1, 


(39). The sum of the first n terms of a series in arithmetic pro- 


gression is (na x 5 : x dd 275 . Find the series. 


{na Gë > 1) 27 77 — = the sum of a series to n terms 


KEEN (n - Dn 
25 


a+b a+b a+b 
.a-b ; 2a - b 
the first term is —-, , the common difference = i 
a+b à 46 
8 2b 
and the series woos 22 4 tec E ig &c., 
a+b a+b 


otherwise, let n = 1, 
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a — 2b 1 _a-b 
F +h G45" 
Menten ue d TS 

2 a+b a+b 
— 5 
+6 


(40). If a steam engine is observed to pass over 4 feet in the first 
second, and 88 feet in the sixtieth second of its motion, how 
far will it travel in the first minute, supposing its motion to 
be increased each second by a constant quantity ? 


then the expression = z 


o 2a 
*. eommon difference = ei 


Sixtieth term = 4 + 59x d = 88; ~n. d= = feet ; 


* distance in 60" = (s 159 x 5) x 80 = 2760 feet = 920 yards. 


(41). The (n + 1)" term of an arithmetic series is A r F Re- 


quired the sum of the series to (2n + 1) terms. 


th nb ma ub 
The ( + 1) bn ca IURI) 
. the first term = I , and the common difference T 
*. the sum of (2n + 1) terms V 
2ma Q2nxb\ 2n*1 ma- = 
Ge eed d qum SE We 
(42). Insert 3 arithmetic means between 1 and 11. 
The number of terms will be 5; 
the fifth term = 1 + 4d = 11; . T 
and the series is a x, 6, ur 11. 
(43). Insert 9 arithmetic means between 1 and - 1. 
The eleventh term = 14 10x d-2-1; A st? 
and the series is 1, $ $ d &c. - 1. 
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Ex. 44—47, p. 95.] ARITHMETIC PROGRESSION. 397 


(44). 


(45). 


(46). 


(47). 


The sums of » terms of two arithmetical progressions are as 
18 - Tn : 1+ 3n; show that their first terms are as 3: 2, and 
their second terms as — 4: 5. 

The number of terms are the same in each, but the first 
terms and common difference are unknown. Let the series be 
a, a ＋ &, a 4 21 4 , 

b, 5 7 % b+ 2/ *...; 

*. 2a 4 (n 1) a: 25 (un- 1) /:: 13- 7n: 14 3n, 
and if n = 1, 24: 25 :: 6: 4, or a: 5:: 3: 2, 
but if n = 3, 2a + 2x: 2b + 2y :: 8: 10, 

a r: 54%: 4: 5. 


The sum of the first two terms of an arithmetical progression 
is 4, and the fifth term is 9; find the series. 


24 f d= 4, a4 4d - 9; .. 24 4 8d 218; des and a- 1; 
^. the series is 1, 3, 5, Ee, 


The first two terms of an arithmetical progression being 
together 18, and the next three terms 12; how many terms 
must be taken to make 28 ? 
2a + b = 18; the next three terms = 3a + 9b = 12, 
whence 6 = - 2, anda=10; 


. Dër pet X 12:29. 
*. (20 (1 - 1) 2} 47 28, whence n°- 11n + 2 21 
11 
ry = — $t- = e 
3*3 7 or 4 


The latter half of 2n terms of an arithmetical series is 
equal to one-third of the sum of 3n terms of the same series, 


The latter half of 2» terms 
= (2a + (2n - 1) d} n - (2a 4 (n - 1) 40 5 


= {2a + ($n - 1) d) $; 


a 
„ Qa (9n-1)d] 7 = 3 (a (Bn-1) d} = EM 
Q. E. D. 
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(48). 


(49). 


(50). 


(51). 


SOLUTIONS IN ALGEBRA. 


The difference between the sums of m and a terms of 
an arithmetical progression: the sum of m+n terms 
: m : m A n. 
By problem 

mtn 
(2a ＋ (n 1) d} 5 - (2a +(n- det? : {2a4(min- 410) —- 


N nt—(m—n)} 5 97 1) = st (m+n) 


nas(msn-1)5(ma-n) ila: (nn - 1) gb (n en) 
2: m mn. Q.E.D. 
Determine the relation between a, 5, and e, that they may be 
respectively the pth, gth, and rth terms of an arithmetic series. 
The pth term=2+(p-1)d=a, the qth term =a 4 (g-1) d=b, 
the rth=2+(r-1)d=ce; 
Eege g)d-a-b,also(q-r) d- be; 
uA i 
RE 
If S, si S" be the sums of three arithmetic series, 1 be the 


first term of each, and the respective differences be 1, 2, 3; 
prove that S + S” = 28”, 


8-(24(n-1)7, 8'-(24(n-1)2)7, S EG-, 


£, whence (g - r)a+(r-p)b+(p-gq)c=0, 


then 84 S" = {4 +4 (n—1)} 5 = (2 + 2(n-1)3} n - 28", 


‘If there be p arithmetical progressions, each beginning from 
unity, whose common differences are 1, 2, 3... p; shew that 
the sum of their mth terms is 


L-. (n U). l. 


Thenth term ofthefirstseries=lin-1 = n = n, 

M GALA VER secondseries-l:(m 1)22 25-1 = ntn-I, 
1 . third series 1 (1-1) 3 24-2 =,n+2(n-1), 
„ fourth series-1:(n-1)4- 4n-3 = n*3(n-1), 
R pth series=1+(m 1)p=1ipn-p=n}(p-1)(n-1); 
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(52). 


(53). 


*, the sum of the ath terms 


= n4 (p - C10 = 5 (0 - 5 (01) pl- 


If a and b are respectively the first term and common diffe- 
rence of an arithmetic series, S, the sum of n terms, Sma 
the sum of (n + 1) terms, &c.; prove that 

Sa + Sua + Sie + Ke. to n terms 
b 
er 
28, -(2a*(n-1)b)n =2nat+n.(n-1) 5, 
28,1 = (2a + nb) (n + 1) =2(n+1l)at+n(n+1)8, 
28, = (2a + (n 1)5) (n42) = 2 (n + 2) a + (n + 1) (n + 2) b, 
&. = &c. = &o.; 
. sum to n terms = {n + (n 4 1) + (n + 2) + &c. to n terms} 2a 
＋ ((n — 1) à +n (n ＋ 1) 4 (n 4 1) (n+ 2) + Kc. to n terms} b 
e (3n-1)na4 ( n*s(n«1) 4 (n4 2) + &c. to n terms 

d | x b...(A), 


= (9n - 1.2.5 + (Tn - 2).(n - 1).n. 


-n-(n41) - (n+2) - &c.to n terms 


but 1* + 2? + 3? + Ee, to n terms = f (n (n + 1) (2n 4 1)); 


„. 1 224 3? + Kc. to (n - 1) terms = S (n — 1) (n) (2n - 1); 
„. 1? 4 2? 4 3? 4 Kc. + n + (n4 1)* Kc. to (2n - 1) terms 


=; (2n - 1) (2n) (4n - 1); 
e (A) = 5 (4n - 2) (4n - 1) - (n - 1) (2n - 1) 5 - (Bn —1 Ë 
=T (Int - 9n +2) =" (In - 2) (n - 1); 
*. sum of series = (3n - De (n - 1) (72 - 2) n, 


If Si, S, S. . . S, be the sums of p arithmetic progressions 
continued to z terms, and their first terms be 1, 2, 3, 4 


WWW.rcin.org.pl 


400 SOLUTIONS IN ALGEBRA. 
&c., and their common differences 1, 3, 5, 7, &c.; shew 
that S, + S,+ S, +...4 S, = y 0 +1) np. 


Here 8,=(2+ (n-1)} 7 -(n41)7: $,-(44(n-1)3)  -(9n41)7, 


8,-(64(n-1)5) 5 =(6n41) 5 : S. -(8 + (n-1) OECD 


and &, - (2p + ( 1) (25 — 1) ( 0 103 


„ . &, + Ke. & = n {143454 & (2p - 1); 
2 . 
SECH EE TE 


(94). In an arithmetic series if the ( + g)th term be = m, and the 


(p - g)th =n, show that the pth term = * „ and the qth 


term = m - (m—n) 2. 


If a be the first term, and b the common difference, 
then (p eth term =a + (p+q-1)b=m....(1), 
and (p - g)th term a (Y- -=) b =n, 
and (75 7) - a4 (p - 1)b = pth term; 
M = M and a£ (g- 1) ö 2 m- bp; 


. qth term 4 (2 - 1)6 2 m - p. 


. from (1) bg =m - 
"iatis 

"E 

(55). Si, S., S. .. Sm are the sum of m arithmetic progressions 


to n terms, and their first terms are respectively 1, 3, ö, &c., 
and their common differences 1, 3, 5, 7; shew that 


3 
S, + 8, + S, Sy =F E 1). 


8,- (34 (n-1) US. (64 (n- 93369 
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S, = {10 + (n- 1) 6 (2 +1) 3, Ko, 


and Sm = {2(2m-1)+ (n - 1) (2m-1)} 2 En 671 55 


n (n 1) 
2 


.. the sum = 173757, (2m 1)] 


n (n I) m? 
m 2 


XVI. In a Geometric Progression, if a be the first term, r the 
common ratio, n the number of terms, and S the sum of 
n terms; then 


S-axt : „and the nth term = oi: 


but if r be a proper fraction, and » - infinity, then S= i " 
Find the sum of the following Series :— 


up NAR | 
(1). 3'g' 12" &c. to 8 terms. 
T 1 e! E 
6 361 the ratio; 


ee FFF 


Lx. 8 128 3 128 .3x1928 128^ 
2 
ag EOS ; ^ 
(2). 2 3 5 &c. to 6 terms and infinity. 
Itin ds 
$9 8 
6 
ES 6 
^ vim ted visti tnt 3 .13'-2' 729-64 665 
ik d$ Pte XC 27 243 486 
3 
; 1 
3 2 3 
and to infinity = =z = 5. 
3 
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(8) 4-2 +1- Ke. to 12 terms. 


d 2 1 
. VAR Ma) 
1 12 
-5) -1 
3) 9" 1 1865 
DN 2 = = 2 
sum to 12 terms = 4 — 2 1 
2 
(4) : * : + + Ke. to 10 terms and infinit 
"a. I8 s y. 
15 SC 
"E e q the ratio ; 
3 10 
sum to 10 terms = : 0 dis 14 —3 989527 
1 neu m pen i eer 
4 
1 


to infinity = === = 5 
12 3 


(5). 3-14 3 — &c. to 8 terms and infinity. 
1 


The ratio - 1 333 
1 8 
i a 33-1 1640 
vi, Sum to 8 terms = 3 a ot = $x4- 7139 ' 
3 
to infinity = hilo 9 
RER 
3 
1, 1 
(6). 5 + 75+ 45 + &c. to 10 terms and infinity. 
1 5 1 
The ratio. is 15 * viu 


www.rcin.org.pl 


Ex. 7—9, p. 96.] GEOMETRIC PROGRESSION. 403 


*. sum to 10 terms 
1 10 
(5) 7 ON 59048 29524 


1 D 
Ki Zoe ve : 5 9x2 10(19683) 98415’ 
" 
1 
5 
to in nity an ag: 


(7). 1 - 2 + 22* 2 Ke. to infinity. 
Sum to infinity = 1 - 2z(1 - æ + z* - &c. to infinity) 
1 1-« 


112 liz 


(8). T (5) - d 3*1 "t v (5)- &c. to 10 terms me infinity. 
mre 


. sum to 10 terms = Vi 
e m» 


5 — ^ „„ 
6%) + v6} 65 N 5 * 3888 (v6 + y5)’ 


=1 -2z 


2 
NE .. 248 | 2x3 (/ - y5) 
V (30) + 5 49 B 
B E 


2 2 
(9). 52 JG 1 - &c. to 8 terms. 
The ratio =~ z +$ =- AJ 


Ə 


T 
St terind == seuaeiaaiaoiee 2 /2x 609 ASA /2x 609 


ENDE 5( v5 ry 2)16 30(y5 x y2)' 


to infinity = 
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2 


2 
the same to infinity = Piah. ky 


EE 


(10). 2+ (8) + (2) + Ke. to 12 terms. 
3 m 
The ratio -2* +2 =2 *; 


Gi 1 


T -D 4-2'(8) 


, sum to 12 terms 22 x 


and the same to infinity = 270. 
"EE. 2-1 


E554 
(11). 3 + 9* +3° Kc. to n terms and infinity. 
3 -3 

The ratio=9° 23-23 ; 


3x (33 - 1) (3° - 1) 


^ an te n terms eer BR EE $ 
3*-1 ^ S31W(V8-1) 
3 3 73 


and the same to infinity 


2 JE Ry 
1.1 


221 1 1 a 
(12). OE 73)-1'3-43)* at ** to infinity. 
The ratio a e X E 
52 (7/2 - 1) y241 27 72 2 


.. sum of the series 


. LIE. 
"Val Teva) asit yat 66 
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Ex. 13—17, p. 96.] GEOMETRIC PROGRESSION. 


(13), 1 = + 5 - &c. to infinity. 


Sum to infinity - UM A s 


2 
1*3 
(14). 143-243 L — &c. to infinity. 
pores AP RL 
1:9 9 
lta 


(15). : VG) + JG + S + &c. to n terms. 


om Ex 5)" VG) 
The ratio = 3 45 3) 


*, the sum of the series to n terms 


A 12 ==! ide ef - (sah 
NIE 


(Gei? (/ - 3a) 


(zy - (3a)? 


n-3 


æ 46 (3a)? (J2z — 9" 


a a-b a-b, Myr: 
(16). MG uU p 4 &c. to infinity. 
a-b * 
The series is 5 T x te 5 1 40 
a a-b x 1 4 (a-) r ois 


(17), Ch - ER + E + &c. to infinity. 


The ratio~ 4/2 2. 
* x * 
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W. ae 


*. the sum of the series to infinity = 
e y / vy Gy) 


(18). 2? + 2? + 2?"? 4 Kc. to n terms. 


The ratio = z?'* = ; 


" C. MU 
s aP f aT 4 27 ton terms = a? Ca A 
(19) iu y? y 
: y * — -Z + &c. to n terms. 
tod 
The ratio 25 
d 
-=})-1 
` 1 z"-(- " 
ann - &e, ton terms = 2 RS. co RA We (- v) i 


1 1 1 
E S GEET 
V2) (2 {1+ ö {2 +v) (2) 3 +2 V2 

+ &c. to infinity. 


(20). 


Th ER AS 3) "OW 
e ratio (1 +2) (2+ 2) 3 1342 V ; 
sum of series to infinit SEN 1 Id 

LT Sry2"1-(y2-1) 4-2 2 


(21). Find 3 geometric means between 2 and 32. 
If the means be 3, the number of terms = 5; 
. „, the fifth term = 27‘ = 32; . 7*2 16, and r2 £2; 
^. the means are 4, 8, 16. 


1 
(22) Find 3 geometric means between S and 128, and 9 and 9° 


As above the fifth term = S x r* = 128; 


*. 7t 256, * = 16, and r2 4; 
„. the means are 2, 8, 32. 
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Ex. 23—25, p.97.) GEOMETRIC PROGRESSION. 407 


Again, the fifth term = 5 xr*29; . r*- 81, andr=+3; 
*. the means are i duel Parcs 


(23). Find a mean proportional between 2 and 18, and :05 and 2. 
If z be the mean proportional, 
then2:2::2:18; .. = 86, and z= 6. 
Again, 05:2::2:°2; , 220015; „ 2l. 


(24). Find 3 terms in geometrical progression, whose sum is 14, 
and the sum of their squares 84. 
Let the series be a + ar + ar? 2 14; .. a? + a*r? + art = 84, 


ee, Lara Gs 


1711717 
1414 7 141 1905 
VVV 
ór | [6 25 9 5 3 1 
eT ) + 76 16! degt EE or, 
14 M 
and a LTZ 2 and the series is 2, 4, 8. 


(25). Find the nth term and the sum of » terms of the series 1, 5, 
18, 29, 61, &c., and 1, 3, 7, 15, 31, &c. 
The series = 1 + 5 + 13 + Kc. to n terms 
=4+4+8+416+ &c. to n terms 
-3-3- 8 - &c. to n terms 
= 4 (2^ — 1) - 3n, 
and the nth term = 4.2! - 8 = 2" .. 8, 
the series = 1, 3, 7, 15 to n terms 
=2 +4 +8 + 16 to n terms 
-1-1-1- 1 ton terms 
= 2(2"-1)-n, 
and the nth term = 2.2! - 1 2 2^ - 1. 
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408 
(26). 


(27). 


(28). 


(29). 


SOLUTIONS IN ALGEBRA. 


If the difference of two numbers is 48, and the arithmetic 
mean exceed the geometric by 18; what are the numbers ? 
Let æ and y be the numbers; 
ai ; Ya yt 24, 
also the geometric mean 4/(zy) = 4/(y* + 48y), 
and y + 24 — y(y° + 48y) = 18; 
*. Y? + 12y 4362 y* + 48y; . 1; . 2-49. 


.. 2-y = 48, and the arithmetic mean = 


If the second term of a geometric series be 4 and the fifth 
256, find the series. 


Second term = ar = 4, the fifth term = ar* = 256; 
^ 7204, andr24; 5021; 
the series is 1, 4, 16. 
If the sum of 3 numbers in a geometric progression be 7, 
and the sum of their squares 21, what is the series? 
If a - ar ar - 7, and a (1& 7* & 7) 2 21; 
4 
^na (- a(l-r4r) me 3; 
l+rtr 7 127 10 5 
"fft; 4e dip 


ori (41416 16 

Se Aë 6 16’ 
5 8 1 

ragt =2 r PIG PIS 


and the series is 1, 2, 4. 


If the product of four numbers in geometric progression be 
64, and the sum of their products taken 2 together be 70, 
what is the series ? 
If a, ar, ar’, ar? be the four numbers, a = 64; . dr = 8, 
sum of products a*r + a*r* + a*r? + a*r? + a^r* + ar = 70, 
but 2a˙ = 16; 
eO (1 n n 4 0) 264, but dra ; 
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Ex. 30—32, p. 97.] GEOMETRIC PROGRESSION. 409 
. 4(L4 rt oot r') 2 275, 


2 
or pts 103 


4 
A 1 1 36 
( - erum 
1 18 6 o 
EES —-=+— — — 
and r +- 2121 Z or 3, 
29 ag 
d7? Ta 16 Fratz 2, anda=1 
and the series is 1, 2, 4, 8. 


(30). Insert three geometric means between 1 and - and between 


64 
100 and 25 


Since the number of means is 3, the number of terms is 5; 


-. fifth term = 1, Et 
? 08) 
*. the means are —— x I MESS 

708) v(8)’ 78) 
64 16 2 
d CEP i Ae tes. 
also the fifth term = 100 x r* = 25) seet Tee 

32 


and the means are 40, 16, $ 


(31). Find a geometric series such that the sum of the first two 
terms shall be 14 and of the next two 12. 
Let a, ar, ar*, &c. be the series, 


then a (1&7) 25, and ar* (1 T 7) 2 12; 


w^ 12. 8 4 
; epe 29; ..r=38, and a= 5 x 


a 
e WA 
*. the series is 3? 1, 3, 9, &c. 


(32). In a geometrical progression, if the (p + g)th term = m, and 
the (p - g)th term = n; then will the pth term = (mn), 
T 
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and the gth term = m Ur 


Let the first term be a, and r the ratio, 
then (p + g)th term = of?) = m, and (p th = ar^ ** =n, 
then mn = a'r’; e., the pth term = ar? = y (man), 


m m'a 
also TANI Ge En 
and the gth term = ar*? = Dam CP 
rp 


(33). If the pth and gth terms of a geometrical progression be P 
p-n f 


and Q, then will the nth term = (ses ^ and the sum of 


gona N 
n terms = KN Geer . 
| pra - Q^ 


The pth term = ar?" = P; qth =ar ; 


1 ei, 
Ms 55 „ and ra GP and a = = P x (3 x 


Q Q 3 P 
52 D = qr" Es 
Re ei & re [La (Ne 
the nth term = ar Px ( P ] x ( al ( Ss , 
sum of n terms "i " 
DA m ira 1 d n n 
ap ES 9) ` j S ER iei cod 
P an * 3 
Pet pra. Oe"? 
à) 


(34). If a, b, and c be the pth, gth, and rth terms of a geometrical 
progression, then will a** b"? c?* = 1, 
If m be the first term, and s the ratio, 
the pth term = ms”? = a, qth = mist = b, rth = ms"! = €, 
then m = as'? = bs? = cs'*, 
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Ex. 35—37, p. 98.] GEOMETRIC PROGRESSION. 411 
and s?» = ba; also gi cb"; 


X X 
GN fer: — Det = (oye; 
„ or at^ x b? x c%=1, 


(35). Insert three geometric means between 39 and 3159; also, 


between 37 and 2997. - 
Since the number of means is 3, the number of terms is 5, 
and the fifth term = 397*= 3159; . r*= = 281; ..r=3, 
and the means are 117, 341, 1053, 
2997 


also the fifth term = 37 x 7*= 2997; ~ shen geed „ 73, 
and the means are 111, 333, 999. 


36). In the geometrical progression Le - y) + E - gi e., show 


that the sum of » terms: sum (n = inf.) :: z^ ; z^". 
„ Moy 
. 

sum to infinity = SE Se 


sum to n terms = (2 - GE 


PM 


. by problem - Ze e T 7-— 


P. Lx» 
(37). Show that the nth term of —x 700 2 * 2 J(2) =>" + Ko. (a (2") 
1 sy(2")-1 
v) LV(2)=1 
x „ Y2 dei 2 1 1 gn = RS 
The ratio= -ix T = T Dei nth term = WE Së 0 RCM 


E E 1 yQ-1 


2 
KA sum of n terms H. c U 1 V(2) = 1’ 


and the sum of n terms = 


12 
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412 SOLUTIONS IN ALGEBRA, 
de 
iacu EY "e, 
sum to infinity = l. 
*) 


3 2 : 9 
(38). Show that 3 -1+ 3 =- &c. to inf. = To e 


2 
. the ratio = -ixg- " 


3 


*., sum to infinity = pa ms 10 E 


7 

3 
(39) Show that J 0 " " (3) n 3 y (5) + Kc. to n terms 
d Val (ech and to inf, = 2e 
The ratio = " 6) x y 


*. sum to n terms = 


sum to infinity = A - 9 4/5. 


(40). Show that 5 + 67 sc» n to inf. = P - /(- 1)}- 
3 1 


The nio = 17-517 275 
*. sum to infinity 
Leen EN e. 
TT 
2v(- 1) 


www.rcin.org.pl 


o. 2 Cé 


Ex. 41—43, p. 99.] GEOMETRIC PROGRESSION. 413 


(41). Show that 
Dei. Tug az az* ^ a 
coi (Peat... o2 
Or" e (+a)! 
a 


; patti papal 
a (1- e (1+2)"" 


The ratio = 


. sum to infinity = 


(42). In a geometrical progression, show that 


r= $3 J. (S- -a(N- a 
A n 
Sr H [o 41 
F 
[n - gm 
The last term / = a», S = ES? 
Bc, E pu-1 


and r = (an; ^ (S-a) 2(8- 1) — 
e (S- - (8-1) P= 


or a(S - ay" - 1(8 - 1)" =0, E | 
. r ror 
i (I) rn * A Bol +> baie Loi ped 24 t. 
te Sr"- S Sy" H 
ge S-i -120, dris 5 10, 
TES 
again I= ai; . r (af and S= 15 ea 


E cm eb ) Fig 


1 


1 — 
(arri TR fei 4 


(43). Find the geometrical progression, when the sum of the 
first and second terms is 9, the sum of the first and third 
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is 15; and show how many terms of 6+4 +23 + Ee 
amount to 18. 


Let the first + second term = a +ar =q; . a+ar=15; 


541 6 6.1 1 
„ i g wbence r = 6,62 031 
.. a 3, and the series is 3, 6, 12, &c., 
fiers 
3 


. the series is 131, 43, 1} - &c. 


2 

3-1 
and the problem is impossible in finite terms, but if 

N=, men 18. 
d 
(44). In any geometrical progression, consisting of an odd number 

of terms, the sum of the squares of the terms is equal to the 
sum of all the terms multiplied by the difference of the odd 
and even terms. 


Let a + az + az? + &c. + az?" be the series; 
*. number of terms = 2n + 1 where n is any integer, 


nai 
then sum of 2n terms = a Pu , 
2\ntl _ 
sum of odd terms = a 5 
aue UE 


sum of even terms = az Y m4 


` 1 (x! + 1) by reduction, 


, difference of sums = Š 


SEH (a -1) 
4 1 EE 
= sum of series x difference of sum of odd and even terms. 


= WS 114 1 
sum of squares Moe (z^ 4 1) 
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Ex. 45—48, p. 99.] GEOMETRIC PROGRESSION. 415 


(45). In any geometrical progression, the sum of the first and last 
terms is greater than the sum of any other two terms equi- 
distant from the extremes. 

If a be the first term, and 7 the last term, and m and n any 
intermediate terms equidistant from the extremes, and r the 
ratio, then 
m Or, lan"; 
„. a I= mr? n, and >mtn, 

(46). If S., S., Sy Ko., S,, be the sums of n geometrical pro- 

gressions, whose first terms are a, 2a, 3a, &c., na; then will 


a aes E E d 


2 r-1 


S, + S, + S, + &c. a 1 


r* -1 Er 2 81 
Ed 2 "r-1 
(47). If a, b, c, d, PA be n quantities in geometrical progression, 
1 1 
SH p- LG. C dëi 


gression, and the sum of n terms will be — | 


= (a + 2a + 3a keen 


&c. be in SE pro- 
1 Den 
Dor) * a em" 
Let the ratio = 7, then b = ar, c = ur, d- ar, and re bi: 
„ the sum to » terms 
i 1 1 r 1 
N Tes M P - 5 a*r (1 — 7*) 


= 1 . 
a d- A fies +3 2i Ae, to n no 
H Weer T — Aën 
"ett Gel | (ay? - 1j n ~ Ge? Kaz Sa 


(48). If the arithmetic mean between a and b be twice as great as 
the geometric, 


then will 2 


+ Ee 


a 244(3) 
$ 2 - A3) 
The arithmetic mean = cha „ the geometric = (ab), 


then — 
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416 SOLUTIONS IN ALGEBRA. 
by problem a + b = 4 (ab); ^. a -b = 2 /(Zab), 
nad ee MM ei T 
(49). If a, b, c, d, e, be in Harmonie Progression, then 

e::a-b:b-c¢; 
ö: d:: ö: d; 
e: e:: = d: d- e; 

and their reciprocals are in arithmetic progression; 
i. e. ab - ac = ac be; 


e So LS 
ES: Ce CN 
Ae Ce 
Then =, ke ey form an arithmetic Lee 
Poet: ni ae ak DE Set, "ee 
0 44.0 9. Vb o WE. 
a-b a i Bete er, Ee | 
og Sn BO BRO e Sia A a 


and ö: a:: -: d, &c. 
(50). If a and 5 be the first two terms of an harmonic series, find 
the nth term. 
If a and 5 be the first two terms of an harmonic series, 


T : ^ : 
then "t - are the first of an arithmetic series, 


1 132- is the common difference, 
b a ab 


and the nth term of the arithmetic series 


oe a-b b+(n-1)(a- déi 
ä . 
^. the nth term of the harmonic series 
ab ab 


(51). Insert two harmonic means between 6 and 24, and six 


6 
between 3 and 23" 
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Ex. 52—53, p. 100.] HARMONIC PROGRESSION. 417 


The arithmetic means between 1 and zx are two; 


6 
*. number of terms is 4, 
1 1 1 
and the fourth term - +3 x d = 57; e, da- SCH 


- x SG wur e LS 
and the arithmetic series is e Ser T X! 
*. the harmonic means are 8 and 12, 
also if the arithmetic means bc 6 between - and T $ 
the number of terms is 8; 
23 1 


: 1 
.. the eighth term = 3 7d gj di 42, 


r E E enn C ORU i A R 

and the arithmetic series is "UTE UE VE ta Ee 
> ns 
and the harmonic means are 5’ 3’ i’ 7 IPI 
(52). The sum of three consecutive terms in harmonie progression 
is 155 and the first term is 1; find the series. 
If 1+1+6, 1+ 25 be the arithmetic series, 

+ : + eee in the harmonie series; 
175 1-420 15 : 

216 21 43 
sô x ge oae TSA $ e 

b 16 22, whence A 32 * 33 
the arithmetic series is 1, 3, 5, &c., 


T 1 1 
and the harmonic 1, PPT &c. 


1 


2; 


(53). If the arithmetic mean between a and b be equal to m times 
the harmonic, 


] a /m) (m - 1) 
then eT YT T 


and if the geometric be equal to m times the harmonic, 


a ms(m - 1) 
Tor m - dag = 1) 


TÓ 
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x 


; : a+b 
The arithmetic mean = —— , 


the harmonic = Ge j 
at 


by problem (a + b? 4mab, 
or (a + b) = 2 J/(mab), (a - b) = 2 J((m - 1) ab}; 


J a 5 2 V(mab) a _ v(m) * Vm 1) 
Gb 2y(m-1l)aj' $^ dl y(m -I) 
also if /(ab) = 14 ) ; 


and a + b = 2m 4/(ab), also (a - b) = 2 y((m* — 1) ab}; 
5445 m and 2 ^ * Vm" - 1) 
'"a-b (m -1)' b m- N= 1) 


(54). Insert two harmonic means between 2 and 4. 


The arithmetic means between i and S are two; 
1 


^ de fusi Sino» a Ad 4! d=: 


2 
5*1 


d : ARE 
and the arithmetic series is 2' 1212 75 


12 
„., the harmonic means are T and 3. 


(55). Insert four harmonie means between 2 and 12. 
The arithmetic means between ; and . are 4; 


1 T 1 
sixth term = + 6x d= 15; Es d 5s 


£409 e Aë 
:thmeti EE 
also the arithmetie series is 2 12 12 12’ 12, 12 
*. the harmonic means are T 3, 4, 6, 
(56). Insert n harmonic means between z and y. 
Since the arithmetic means between = and 7 are n, 


the number of terms is n + 2; 
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Ex. 57—59, p. 100.] HARMONIC PROGRESSION. 419 


t-Y 


1 1 
RR 5 
4 1 (n+1)y+a- y my te 
md 5 5 ay (n + 1) zy (n + 1) 
and the arithmetic series is 
1 ny U (n - 1) y * 2n y tng 


ET aie EE C29 A 


EN (n+1)ay’ (n + 1) zy 
*. the harmonic series is 
aly ay. (n +1) ny (n + 1) ny 
T, EAM. Ae SETER R „ 
z+ny (n - 1) % T 2 y+ ne 


1 
(m+ 1) ay’ y’ 


3 
(57). The sum of three terms of a harmonic series is 1,4,, and the 
first term is 5 find the series, and continue it both ways. 


If 2, 2 + 5, 2 + 25 be the arithmetic series, 


ei Pa eas „ 
then 5+ st ata? whence b Ri ) 1865 
17 10 
EE lor- 3 
*. the arithmetic series is 2, 3, 4, ö, 
and the harmonic series is 0, 1, d d 4 5. 


(58). The first two terms of a harmonic series are a and 5; it is 
required to continue the series. 
See Ex. 50, : A 
^ : WC 4 * 1 24 5 
then the arithmetic series is e 9 
ab ab ab 
eg ee Gane ^ 
(59). Compare the arithmetic, geometric, and harmonic means 
between o and b, and show that the geometric mean is a 
mean proportional between the arithmetic and harmonic. 
Let T. «Jal cas ZE 


= (ab), the geometric mean. 


&e., 


and the harmonic series is a, = 32-2)" &c. 


ae t= 


9085 
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(60). The arithmetic mean between two numbers exceeds the geo- 
metric by 13, and the geometric exceeds the harmonic by 
12; what are the numbers? 


The arithmetic mean between z and y = LS T 


the geometric = (zy), the harmonic = ES ^ 


ty 
Y = (ay) 13; 
*. 4 2 SH + = 26, or (y2 - Jy) = 26......(A), 
Y 412 = (zy) = —2 18; 


. (x — y) = 50 GH t y)... L8) 


p B 2 25 (K 4% bao TT) 25 
z^. from 7 (V2 + y) Twp 1 i^ 


13 Vy , 5vy_ 3vy 
whence 4/2 = NL ig ud 
^. from (A) (3 / - 2 %) 2 4 x 26; . y = 104, and æ = 234. 
(61). If the geometric mean between two quantities z and y be to 
the harmonics as 1 : n, show that 


211411 n): 1 (1-2). 


by problem E 


also * 
d on 


qnie» ee) LS EK 
m n 2v(zy) 
— N? 
then z + y N, and z - 2. SEN 
eig 1 e 14+(1-n°) 


ETC TM- 
(62). Find the relation which must subsist between a, ö, and c, 
that they may be the [ig qth, and rth terms of an harmonic 


series. 

In the arithmetic series the pth term = z + (p — 1) d -i, 
3 e Qi tamen+ (g - 1)d » 
d SNE, 1 Uv iliis rth term 24 C1 445 
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1 | 2994 
~. pth- gth = (p-9)d - 7 -7> gth - rth = (q-7)d = z- 33 


i 5% e=6 
"a(p-q) ce(g-7)' 
whence be(g - r) + ac(r - p) + ab (p - q) - 0. 
(63). The geometric mean between z and y: arithmetic mean 
:: 4: 5; find the value of 2%. 


By problem 4/(zy) : t £55 
54), . Buet, 20% _ 9y. 
9 3, ee 


Mae ee 2 16 16° 


5 3 1 
x -G äu orz vy; 
D 1 = —. 
„. 4 or 1 
(64). If S., S., Sy &c. denote the sums of an infinite number of 


infinite decreasing geometric series, whose first terms are 
a, a', a', &c. and common ratios r, 2r, 3r; prove that 


Leri e FAY 
ee Za = T &c.t fe 
Ex x c Wi + 


zl i eee, 
D a a a a à 


a- elei ( 
(65). If Si, Sj, S,, Ke. S, be the sums of n geometric series, 
whose first terms are a, 2a, 3a...na, and r the common ratio 
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in each; prove that 


CV . 
n1 r” - 1 
S "a7 1, & Bel 1 „ Ss 8a a 40. 


. 8, + S+ S, + &c. to n terms 
* 1 m(n+1) -1 
= 2a + 3a + Ke. to nt E pesi 
(a + 2a + 3a + ke, to n erms) . 2 "y 
(66). If S represent the sum of an infinite geometric series, whose 
first term is a, and common ratio r, S, the sum of the squares, 
S, the sum of the cubes &c. of the terms; prove that 


x d. 


1 1 r 
N & de F 
The series will be a, ar, oi, &c. a? (1 + 77 + &c.); 
a a’ a 
treet S tia ti 
35.201 OM | L Tuc "aw 
LM E oe etl. SS oy wm dp, 
„N gU to inf, „ EN 
dde 1 f- | 1 r 


5 
PERMUTATIONS AND COMBINATIONS. 


XVII. If n things be taken r together, the 
number of permutations = n (n - 1) (n - 2)...(n -r + 1), 
n (n - 1) (n - 2).(n-r*1) 
1.2.3...r 
If quantities recur, and they be taken altogether, 
n (n - 1) (n - 20.3.3. 2.1 
(1.2 Bp) x (1.2.3...7) Ko. 
(1). If ten letters, a, b, c, &c. be combined 5 together; how many 
combinations will they make ? 


number of combinations = 


number of permutations = 


10.9.8.7.6 
1.2.3.4.8 
(In this question there was intended to be added, and in 


The numbers of combination 5 together = = 252. 


www.rcin.org.pl 


Ex, 2—3, p. 101.] PERMUTATIONS AND COMBINATIONS. 423 


how many of the combinations will neither a nor b occur?) 
Then if a and b be taken out, there will be left 8 things 
to combine five together, and the number = 173455 = 56, 
and in these neither (a) nor (b) occur, and the difference 
(196) is the number of combinations in which a and 6 do 
occur. If the question were, in how many of the combina- 
tions do the two letters (a) and (6) occur together, then the 
ten things must be divided into two classes, one of eight and 
the other of two things; then the two things must enter 
into every combination, snd as five things are to be in 
each combination, the eight things must be combined three 


together, and the number of combinations is ARA = 56 ee 


1.2.3 
and the number of combinations of 2 things 2 together 
= 72 1 , therefore the number of combinations in 


which a and 6 occur . = 56. 


(2). How many different sums may be formed with a guinea, a 
half-guinea, a crown, a half-crown, a shilling, and a sixpence ? 


Number of combinations 1 at once ^ 26 
5 
EP MANE) WEEE EE 2 together = 13 z 15 
6.5.4 
6555 „„ „ „4 „46 3 = 1.2.3 = 20 
6.5.4.3 
no oe . 4 71334 =15 
65905 4 60 1 95493. 6 
1.2.3.4.5 
all together = = 1 
Whole number of combinations = 63 


(3). How many different sums may be formed with the following 
coins: a farthing, a penny, a sixpence, a shilling, a crown, a 
half-sovereign, a guinea, and a moidore ? 
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(4). 


(5): 


(6). 


SOLUTIONS IN ALGEBRA, 
The number of coins is 8; 
. number of combinations 1 together = 8 
b éen 2 = d = 28 
8.7.6 
% genee 3 — 1.2.3 = 56 
8.7.6 5 
"c. „ „ „1 „1 9 qa wc 1.2 3.4 = 70 
E 8.7.6.5.4 
„„ %%% %%7¶]f % % % ↄ ꝙœRG e RF = 1.2.3.4.5 = 56 
8.7.6.5.4.3 
oa EE MES. RS a 6 VER EE m 28 
831.52 
( (—Kßꝛw— * 7 = 1.2...7 = 8 
Te E ha. patie 3 8 = = 1 
*. whole number of combinations = 255 


At an election where every voter can vote for any number of 
candidates not greater than the number to be elected, there 
are 4 candidates and 3 members to be chosén. In how many 
ways can a man vote? 


Number of combinations of 4 things 3 together = 18 = 4 
‘4x8 
Geesse et eeeeeteseesesn ss asss 2 = — = 
1x2 
EE ate ad eat cope PY eeng AN 1 = = 4 
. number of ways BET 


How many days can 6 persons be placed in different posi- 
tions about a table at dinner? 
This is, how many permutations can be made out of 5 things 
all together? 

and the number = 5 x 4x 3x 2x 1 = 120. 
From a company of 50 men, 4 are draughted off every night 
to guard; on how many different nights can a different 
guard be posted, and on how many of these will any 
particular soldier be engaged? 
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(7) 


(8). 


(9) 


The number of combinations of 50 things 4 together 
50 x 49 x 48 x 47 
1523 N 4 

and if one soldier be left out, we have the combination 

of 49 taken 4 together 
49 x 48 x 47 x 46 
^ 1x2x8x4 | 

-. the number of nights on which any one soldier will be 

on guard and the difference of these numbers = 18424. 


- 230300, 


= 211876; 


Find all the permutations that can be formed out of the 
letters of the words (1) Baccalaureus, (2) Mississippi, (3) 
Hippopotamus. (4) Commencement. 


Baccalaureus contains 2 cs, 2 ws, 3 œs, and 12 letters, and 
the number of permutations 
12.11.10. 2.1 
(4. (1.2.3) (1.2) 
In Mississippi there are 4 s's, 4 7's, 2 p's, and 11 letters; 
therefore number of permutations 
11.10.9.8...2.1 
= (1.2.3.4) (1.2.3.4) (1.2) 
In Hippopotamus there are 3 p's, 2 o's, and 12 letters, and 
the number will be found to be 39916800. 
In Commencement there are 3 ms, 2 ws, 2 c's, 3 es, and 


12 letters, and the number of permutations will be found to 
be 3326400. 


= 19958400. 


= 34650. 


If the number of things : the number of variations, 3 together 
:: 1; 20, then the number of things = 6. 


By problem n : n(n - 1) (n - 2) ::1: 20; 
3,9 
. n? - Àn + 2 = 20, Gs ot 379 
If the number of permutations of n things r together : number 
(r - 1) together :: 10 : 1, and the number of combinations 
r together : number (r - 1) together :: 5; 3; find n and v. 
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(11). 


(12). 


SOLUTIONS IN ALGEBRA. 


By problem 
n (n -1)...(n- r£ 2)(n- r1) :n 1) (6-4 2):: 10: 15 
n-r+1=10, 

n(n - 1)...(n - T -r41) n(n-1)...(n-r42) . g. 
alao I. Z. (n - 1) r ; SR EE «4» 
3 1256185 . 3n- 371 492 H; 

- eger; S0 2 0, and n = 15. 


If the number of variations of » things 3 together: the 
number of variations of (n + 2) things 3 together: 6: 123 
then n = 7. 

By problem n(n - 1) (n - 2): (n + 2) (n 4 1) n ::5:12, 


whence Tn? - 5ln =- 14; . n=—+—2=7. 


If the number of gun of n things 4 together: the 


number of variations of 2 ” things 4 together :: 13: 2; 


then n = 15. 
By problem 
2n 


n(n -1)(n-2)(n-3): = G-)G- 2) (K ): 1:2, 


or 81 (n - 1) (n - 2) : 2 (2n - 3) (2n - 9) :: 18 : 1, 


381 | 309 
. ES we 1 = 
whence 23n? - 381n 540, and n 1 gt 46 15. 


3 


If the number of variations of » things 3 together be 12 
times as great as the number of variations of 2 things 3 


together; what is the number of variations of the same 
n things n together? 


By problem z (n - 1) (n - 2) = 12 E 2 d G - a, 
whence ai - 12n + 36 2 165; . n26 £4 = 10, 
and number of permutations of 10 things altogether 
= 10 x 9 x 8 x 7...2 x 1 = 3628800. 
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(13). If the number of combinations of n things taken 4 together 
is to the number taken 2 together :: 15 : 2; then » = 12. 

n (n - 1) (n - 2) (n - 3) n(n-1) 15:2 
1.2.3.4 dE Ta 
whence n’ — õn = 84, and n= 4 5 E 13) 

(14). If the number of permutations of (2n +1) things (n 1) 
together: number of permutations of (2n - 1) things u to- 
gether ::3:5; then n = 4. 

By problem (2n 4 1) 2n (2n - 1)...(n + 3) : (2n - 1) (2n - 2)... 
(n 3) (a 2) (1 ＋ 1) n :: ed 
or 2(2n + 1) : (n 2) (n * 1) :: 
11 E. 


whence 3»? - 112 = 4, and n = tg ó = 4, 


(15). If the number of variations of » things taken 3 together = 
six times the number of combinations of n things taken 4 
together; then ” = 7. 


By problem n (n - 1) (n - 2) = 


By problem ^ 


6n (n - 1) (n - 2) (n - 3. 
1.2.3.4 
whence 4 25-3, orn 7. 
(16). If the number of combinations of n things taken 5 together 
is to the number taken 3 together :: 18: 5; then » 12. 
> 


By problem 
n (n - 1) (n - 2) (n - 3) (n - 4). n(n- 1)(» - 2)... 18 6 
1.2.3.4. 5 1.2.3 SE p 
1 
whence n? — Tn = 60, and n= + > = 12. 


(17). There is a certain number of things of which taken 8 to- 
gether the variations are 80, and taken 10 together, 960; 
how many must be taken away from the original number 
that the combinations of the remaining things taken 2 
together may be 15? 

If n be the number, 
then n (n -1)...(n - 7) 2 80, and n (n - 1)...(n - 8) (n - 9) 960; 
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(18). 


(19). 


(20). 


(21). 


SOLUTIONS IN ALGEBRA. 


960 ee 
a — — 9) = — = =— łŁ -= 12, 
(n - 8) (n - 9) 80 12, and a 2 ig 1 
and if » things be combined 2 together the number 
Rn C pe 
Wa 
LAM ah 
*. n? — n 30, and n= f 1 e, 


. the number to be subtracted = 12 - 6 = 6, 


The number of permutations of n things taken r together: 
the number of permutations of n things taken r — 1 together 
:: 42: 1; and the corresponding combinations :: 1: 1; find 
the values of n and r. 
n(n-1)...(n - r  2)(n- r* 1) : n(n - 1)...(n- 42) :: 42:1; 
S 1 141 42, 3 
n(n-1)...(n-r42)(n-r41) n(n-1)..(n-r42). 171. 
1...(r-1)r ovas dir. 


" n-r+l=r; . ns2r-12r2441; . 7242, and n= 83. 


also 


How often might a common die be thrown, so as to expose 
five different faces ? 


A die has six faces, therefore the only possible number of 
changes are thateeach face should successively be to the 
board, which will be siæ times. 


How many combinations can be made in all of 6 things 
taken 1, 2, 3, 4, 5, 6 together? 


This question is in reality the same as Ex. 2. 


If the number of combinations of 3 things 2 together is 
15; n= 18. 


n [n 1 
By problem 3 (s - d * 15, 
whence n? - 3n = 270, and n -$ + = 18, 
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(22). If the number of combinations of 3 things 4 together is 


(23). 


(24). 


(25). 


32 of the number of combinations of 5 things 3 together ; 
then a = 12. 


By problem 3 dp d 1) (5 R ) (s T E Se 


15 n n 1 
CIE a 


whence 9n? - 184» + 312 = 0, and n = Se + 7 = 12. 


If the number of combinations of n + 1 things 4 together is 
9 times the number of combinations of n things 2 together; 
then n = 11. 


By problem (n * 1) n(n -— 1) (n - 2). 9 n (n - 1) 


1.2.3.4 WE U ul 
I. 

whence n? — n = 110, and n= erg 11. 

If the number of combinations of n things 3 together is e of 

the number 6 together; then n = 12. 

n(n-1)n-2) _ 5 n(n-1)(n- 2)(n- 3) (n - 4) 

1.2.8 18 1.2. 3.4.5 : 

whence n? — Tn = 60, andn= K t= 12. 

How many words of 6 letters may be made out of the 26 

letters of the alphabet, with 2 out of the 5 vowels in every 

word? 


By problem 


Number of combinations of 5 vowels 2 together = 14 = 10, 


number of variations of 21 consonants 4 together =21.20.19.18, 


and the number of variations of each of these with two 
vowels added 
= 6.6.4.3.2.1 = 720; 


„*. whole number of combinations = 21 x 20 x 19 x 18 x 7200 
= 1034208000. 
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(26). 


(27). 


SOLUTIONS IN ALGEBRA, 


A person wishes to make up as many different dinner parties 
as he can out of an acquaintance of 24; how many should 
he invite at a time? 

If r be the required number, | 

` b 9 * 
number of combinations of 24 men together = ee dE ; 
E23. 4. 
and 25 - r must be greater than r or=r+1; 
.*. 2r = 24, and r = 12. 


Show that the number of different combinations of n things, 
taken 1, 2, 3...n together, of which p are of one sort, g of 
another, r of another, &c. = (p + 1) (q + 1) (r + 1)...- 1. 
First, let us consider p things of one sort; the number of 
ways in which they may be taken is p, viz. 1 thing, or 
2 things, or 3 things, ... or p things; and if we include 
no thing as being one way, there will be (p +1) ways. If 
now we introduce 9 things of another sort, in the same 
manner they may be taken (2 + 1) ways, and each of these 
(2 +1) ways being combined with the (p +1) ways of the 
former sort makes altogether 


(p + 1) (27 1) ways, 
including no thing as one way. 
Now introducing r things of another kind we shall have 
for the total number of combinations 


(p +1) (g * 1) (r* D), 


but if we reject “no thing” as one way, the number of 
combinations will be 


(p * 1) (q +1) (r 4 1)... - 1. 
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Twells's Poetry for Repetition, comprising 200 short pieces, I8mo. ............ 28. 6d. 
Hughes's Select Specimens of English Poetry, 12mo. .............. cesses 8s. 6d. 
Playtime with the Poets, Selections for the use of Children, by a Lady, 16mo.. 5s. 
Taylor's Selections from Contemporary Poets, 16 5s. 
Gray’s Poems, with Notes (British India Classics), fp . 9s. Gd. 
Scott's Lady of the Lake, CANTOS I. and II. (British India Classies), fep....... 28. 6d. 
— Marmion, edited for Schools, by Morris, feosp d 9s. 6d. 
Thomson’s Seasons, Spring and Summer, by Morris, fed 9s. 6d. 
— — Autumn and Winter, by Morris, fep. ......... ice weiter Can 2s. 6d. 
English Spelling- Books. 
Graham's English Spelling-Book, 12mo, ............... 8 3 Is. 6d. 
Barford and Tilley’s English Spelling, 16mbwũ0ũÜ02 . COPI Is, 6d. 
Combes’ and Hines’ Standard Grammatical Spelling Book, 12mo. | ............ 1s. 6d. 
Sewell's Dictation Exercises, First Series, 18mo. 1s. Second Series 28. 6d. 
Sullivan’s Spelling-Book Superseded, 18mo. .......... $$ 


— Words Spelled in Two or More Ways, 18m oo 
Davis's Complete English Spelling and Dictation Book, 18mo. 1s. 6d.; or in 
Two Parts, Junior and Senior, price 9d. each, 


Johnston's Civil Service Spelling Book, fen... VEINS . 
Robinson's Wakefield Spelling Book, Parts IIT. and IV, 12mo........ K 28. 
Mason's Secular Spelling and Reading Book, 12m o RE Let 1s. 
Grammar and the English Language. 

Laurie’s Grammar of Words, 12mo. oo seit vé sacas sais den cd ls. | 
Delevante's English Orthoepy and Orthography, 12mo0 Q0i s 48. 6d, l 
M‘Leod’s Explanatory English Grammar for Beginners, 18mo. ........ "T d 9d. 

— English Grammatical Definitions, for Home Study .......... Sa „ 1d, 
Bain’s English Grammar, Third Edition, fe . 98. 6d. 
Graham's English; or, the Art of Composition Explained, fep. ................ 58. 

— English Grammar Practice, feed . . 48, 6d, 
Sullivan’s Manual of Etymology, or First Steps to English, 18 mo. es... 100, 

— Attempt to Simplify English Grammar, 18m0o 2 UN, 
Hiley's Child's First English Grammar, 18mo. .......... Pe SETA Mg ES e x 
Abridgment of Hiley's English Grammar, 18m0, EE . . 18,9d, 
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Hiley’s English Grammar and Style, 12m0. ... .. .. . .. . . 4 r. 8s, 6d, 
i . 28. 6d. Key 4s, 6d. 
— Practical English Composition, Part I. 18mo............... le.6d. Key 28. 6d, 
— — Part II. ISs mo.. . e EN geg 98 "Key 48 


Rushton’s Rules Së Cautions in English Grammar, 12mo. ........ PELA e 38. 6d 
Brewer s Englishi Progody, nee,, 10% OW 
Wadham's English Versification, crown Beo,. 3 EE Melee 
Fleming's Analysis of the English Language, crown 8V0, A DSe 

Demaus’ English Literature and Composition, fep........ r 


Isbister’s English Grammar, 12mo. 1s. 6d., or in Two Parts, price 9d. each. 
— First Book of Grammar, Geography, and History, mo 6d. 


The Stepping-Stone to English Grammar, 18mo, ............ Sg IR 
Smart’s Principles of English Grammar, 12mo. ...... : . 238. 6d. 
— Accidence of English Grammar, 12m I. 
Hunter's Text-Book of English Grammar, 12 moo 28. 6d. 

— Manual of School Letter-Writing, 12mo. .......... OI. ROUES, 182605 
Graham's English Style (a Course of Instruction), fep. .......... .. .. 68. 
Marcet's Willy's Grammar, for the use of Boys, 18mo. ............ seve 28, 6d. 


— Mary's Grammar, intended for the use of Girls, 18mo. .. A 
Morell’s Essentials ot English Grammar and Analysis, fen... 8d. 
— Grammar ofthe English Language, post 8vo. 28. or with Exercises .. 28. 6d. 
— Graduated Exercises, adapted to the Grammar and Analysis, post 8vo. 8d. 


Morgan's Key to Morell’s Graduated Exercises, Lämo,, enn .. 48, 
Lowres’s Grammar of English Grammars, 12 m0 . 33. 6d. 
— Companion to English Grammar, 12mo bag rs an .. Ze, 6d. 
Edwards’s History of the English Language, with Specimens, l8mo. . SHY ERY YE 9d. 
— Practical Introduction to English Composition, 12mo. ....... ences 28s 0s 
Brewer's Guide to English Composition, fep....... EE eeh as dese OMe DE 
Roget’s Thesaurus of English Words and Phrases, crown 8v0. ..,......++-++++ 108, 6d, 
-Arnold’s Manual of English Literature, crown 8vo. .............. Spei en 78. 6d. 
Isbister's Outlines of the English Language, Part I. 12mo. .......... At 6d. 
Graham's Book about Words, fp p E T . 38. 6d, 
Farrar's Chapters on Language, post So AU eR EHE "OPE NOR 
Latham's Handbook of the English Language, post. BV ILL sace ef sett 
— Elementary English Grammar, post 5vo. ..... dis» 48. 6d. 
— Maberly’s Smaller English Grammar, fep...... 50 80 c bets cu BOOS 


Miiller’s (Max) Lectures on Language, First and Second Series, 8vo.. . . . each 128. 
Clark’s Student's Handbook of Comparative Grammar, crown 8vo............. 78. 6d. 
Ferrar’s Comparative Grammar, Sanskrit, Greek, Latin, Von. I. Svo. Ee 12s, 
Prendergast's Mastery of Languages, 8 Vo . 68. 


Paraphrasing, Parsing, and aio 


Hunter's Introduction to Précis Writing, 12mo. ................ $».99, Key 18. 
Johnston's Civil Service Précis, 12mo. .......... SRD waists mere qucm wees 98. 6d, 
Morell’s Analysis of Seutences Explained and Systematised, 12mo. . —y—ỹ 2 DB, 
Lowres’s System of English Parsing and Derivation, 18mo..................... 18, 
Hunter’s Paraphrasing and Analysis of Sentences, 12mo. ..... steel, Key 1s.3d, 
— Progressive Exercises in English Parsing, 12mo, o. é : 
—  DBacon's Advancement of Learning, Annotated Summary of, fep.. mes 
— Select Plays of Shakspeare, with Explanatory Notes, 12mo, each Play ls. 


Richard m and III. The Tempest. Othello. 
Henry VIII. Merchant of Venice, Macbeth, 
Julius Cesar, As You Like It, King Lear. 
Coriolanus, Hamlet. Antony and Cleopatra. 


— Milton's Paradise Lost, with Notes, Books I. and II. . each 1s.6d 
— Questions on Paradise Lost, I. and II. and on Merchant of Fenice. . 1s. 
— Milton's Comus, L’ Allegro, and Il Penseroso, with Notes. 8. 6d. 
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M*Leod's Goldsmith’s Deserted Village, and Traveller, each Poem, 12mo....... Is. 6d. 


— . Cowper's Task, Book I. the Sofa, with Notes, 12mo. ............ e 18,00. 
Davis's Parsing, Syntax, and Analysis of Sentences, fep. ..... svi sfevald pest] ls, 


Hunter's Johnson's Rasselas, with Notes, &c. 12M0. oo si 
Bromby’s Wordsworth's Excursion, Boox I. with Notes, 12mo. .......... ë 


Dictionaries; with Manuals of Etymology. 
Latham's English Dictionary, founded on Dr. Jounson’s, 4 vols. 4to. price £7. 


Black’s Student's Manual of Words derived from the Greek, 18mo........ gtt 28, 0d. 

— Etymological Dictionary of Words derived from the Latin, 18mo...... Be, 6d. 

Sullivan's Dictionary of the English Language, 12mo eene ^». 33. 6d. 
— Dictionary of Derivations, or Introduction to Etymology, fep....... 2s. 

Graham's English Synonyms, Classified and Explained, fep. ........ une sides Os 

Whately’s English Synonyms, fp TE des iranin Aa qs 

Smart’s Walker’s Pronouncing Dictionary, 8vo............. «s. Kaka e eb 12s, 

—  Walker's Dictionary Epitomised, 16 moo sss OB. 
Maunder's Treasury of Knowledge and Library of Reference, (DIE .... 108. 6d. 

— Biographical Treasury, reconstructed by W. L. R. Cates, fep. ...... 10s. 6d. 
— Scientific and Literary Treasury, revised by J. Y. Johnson, fep. . . 108. 6d. 
Elocution. 

Isbister’s Illustrated Public School Speaker and Reader, 12 mo eos. 98, 6d. 
— Lessons in Elocution, for Girls, 12mo. .............. gegart operto 1s. €d. 
— Outlines of Elocution, for Boys, 12 moo Dréi rie 1s. 6d. 

Millard’ a Grammar OF Rlocution, fij... oo dare ⁰ꝙð e mmis mp 2s. 6d. 

Smart’s Practice of Elocution, 12mb᷑WU᷑̃ Ti mem" 4s, 

—  Historico-Shakspearian Readings, 12mo. .............. . Ds, 
Rowton’s Debater, or Art of Public Speaking, fepp . T CS 
Twells’s Poetry for Repetition; 200 short Pieces and Extracts, 18mo........... 98.6d. 
Hugbes's Select Specimens of English Poetry, 12mo. ............ Se deeg 3s. 6d. 
Bilton’s Repetition and Reading Book, crown 8 Po Q DB, 6d. 

Gleig's School Series. 

A New Series of Elementary School-Rooks; each Book (in most instances) 
complete in itself, price 9d, Intended to comprise a complete Course of 
Elementary Education. Projected. and edited by the Rev, G. R. GLEIG, M.A. 
Chaplain-General to Her Majesty's EE assisted by WALTER M‘LEOD, 
F.R.G.S., WILLIAM HUGHES, F. R. G. S , The Rev. J. HUNTER, M. A., Dr. 

R. J. Miny, M.R.C.S.E., Prof. R. W. ' Browne, M. A., THOMAS TATE, 
F. R. A. S., A. K. IsBISTER, M. A., W. J. REYNOLDS, M. Ae and other emi- 
nent Teachers and Promoters of Education.—The various works which 
compose Gleig's School Series are nearly all included in the body of the 
present Catalogue, each in the division to which it belongs, 
Arithmetic. 
Colenso’s Arithmetic designed for the use of Schools, 12mo. A 48,60, 


Key to Colenso’s Arithmetic for Schools, by the Rev. J. HUNTER, M. A., 12mo. 58, 
Colenso’s Shilling Arithmetic for Elementary Schools, 18mo. 1s. ; with Answers, 1s, 6d. 
— Arithmetic for National, Adult, and Commercial Schools. 


1. Text-Book,18mo. ............ 6d.|3. Examples, Part IT. Compound Arithmetic,4d. 
2, veel am Part I. Simple Arith- 4. Exam er * 2 A III. Fractions, Decimals, 44 
F r 5 a0 td. A AR, $ 
5. Answers to Examples, with Solutions of pot mouit Questions MOS e 1s. 
Colenso's Arithmetical Tables, on a Cardis sasos. eesis ote io dosl nno n à 1d. 
Lupton’s Arithmetic for Schools and Candidates for Examination, 19mo. 28. 6d. 
or with Answers to the Questions, 3s. 6d.; the Answers separately . e Ms 


Hunter's Modern Arithmetic for School Work or Private Study, 12mo. 3s. 6d, "Key, 5s, 
Combes Si Hines’ Arithmetic Step by Step, 18mo. 1s. 9d. or in 2 Parts....each 1s, 
Companion Exercise Book to Arithmetic, Oblong 4to. price 
48. 0d. per dozen to Teachers. 
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Combes and Hines’ Standard Arithmetical Copy-Books, in Nine Books, 6d. each, 

Combes and Hines’ Complete Arithmetical Copy-Books. Complete in Nine 
Books, on Fine Paper, price 6s. per dozen to Teachers. 

The Complete Ciphering-Book, being the Nine Complete Arithmetical Copy- 
Books bound in One Volume. Price 6s. 6d. cloth, or in 3 Parts, 2s, 6d. each, 


M*Leod's Manual of Arithmetic, containing 1,750 Questions, 18mo, ............ 9d. 
Hiley’s Recapitulatory Examples in Arithmetic, 12mo......... C Sem „ 
Moffatt's Mental Arithmetic, with Key, 12mo SCH gtt deet nd E = 6d, 
Anderson’s Military Arithmetic, 180. — ........ eee EE EE 
M‘Leod’s Mental Arithmetic, Part I. Whole Numbers; Part II. Fractions, each x 
— Solutions of Questions in Arithmetic by First Principles, 8 ro. 38. 6d, 
— Extended Multiplication and Pence Tables, 18 moo ese 2d. 
Johnston's Civil Service Arithmetic, 12m... Aaen 88. 6d. Key 4s, 
— Civil Service Tots, with Answers, price ls, : 
Tate’s First Principles of Arithmetic, 12mmWW— 3334 ae 0s 
Hall’s Treatise ou Differential and Integral Calculus, post Po 8s. 6d. 
Pix's Miscellaneous Examples in Arithmetic, 12mo.......... enn nnn 28. Gd. 
Davis's Complete Book of Arithmetical Examples, 18mo. .......... "E 4d, Key 2s, 
— Book of Arithmetical Examples and Key, together ............. esee 38. 
— Arithmetical Examples. Part I. 18mo. 8d. Key 1s. or together +. Is, 4d. 
— Arithmetical Examples, Part II. mo 8d. Key 1s. 
— Junior Arithmetic, 12mo. ............ eee r gelt 6d, 
— Memory Work of Arithmetic, 12mo. ............ —— „ 4d. 
— Grade Arithmetic, Three Parts, 2d. each, sewed ; ‘cloth Ee d each 4d, 


Part I. Standards 1, 2, 3, containing 3,000 Examples in the Four Simple Rules. 
Part II. Standards 4, 5, containing 3,000 Examples in the Four Compound Rules. 
Part III. Standard 6, with 1,000 Examples in Invoices, Proportion, and Practice, 
Davis's Complete Grade Arithmetic, 3 Parts in One DEE EE 6d. 
— Halfpenny Arithmetical Cards, Ten Packets. each 9d. 
Stevens and Hole's Arithmetical Examination Cards, in Eight Sets, each Set 
consisting of Twenty-Four Cards, Price 1s. per Set. 


A. Simple Addition and Subtraction, E. Practice and Bills of Parcels. 
i Simple Multiplication and Division, E Vulgar and Decimal Fractions. 
C. Compound Rules (Money). G. Simple and Compound Proportions. 
D. Compound Rules (Weights and Mea- H. Interest, Stocks, and Miscellaneous 
sures). Problems. 
Isbister's Arithmetic, 12mo. 1s. or with Answerg, .. Z:. 1s. 6d. 
Calder’s Familiar Arithmetic, 12mo. 48. Gd. or with Answers, 5s, 6d.; the 
Answers separately 1s., the Questions in Part II. separately. 1s. 
Calder's Smaller Arithmetic for Schools, 18mo. .......... een 9s. 6d, 


Liddell's Arithmetic for Schools, 18mo. 1s, cloth; or in Two Parts, Sixpence 
each, The Answers separately, price Threepence. 
Harris's Exercises in Arithmetic and Es crown 8vo, 2s, 6d., with 


Answers, 35.; the Answers separately NENNEN 3 
Book-heeping. 

Isbister’s Book-keeping by Single and Double Entry, 18mo........ "DOC YT XS d UUs 

— Set of Eight Account Books to the above. each 6d, 

Hunter's Progressive Exercises in Book-keeping by Double Entry, 12mo....... 1s. 6d, 


— Examination-Questions in Book-keeping by Double Entry, 12mo..... 28. 6d 
— Examination-Questions, &c. as above, separate from the Answers. . . . 1s, 


— Ruled Paper for Forms of Account Books, 5 sorts,,........ per quire, 1s, Gd 
Mensuration. 
Hunter's Elements of Mensuration, 18mo........ ViestseecieseseseseceiDQ, Rey dd. 
Boucher’s Mensuration, Plane and Solid, 12m AN Nen WR 


Nesbit’s Treatise on Practical Mensuration, 12mo.. NK dei dE 63, "Key bs, 
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Algebra. 
Colenso's Algebra, for National and Adult Schools, 18mo...,.. ....18.6d, Key 28. 6d. 
— Algebra, for the use of Schools, PART I. 12mo. .......... 48. 6d. Key 58. 


Hunter's Examination-Questions on Colenso’s Algebra, Part I. 12mo......... 28. 6d. 
Colenso’s Elements of Algebra. for the use of Schools, PART II. 12mo. 6s, Key 58. 
— Examples and Equation Papers in Algebra, with the Answers, 12mo, 28. Gd. 
— Elements of Algebra, for Teachers and University Students, 8vo. 


128. 6d. Key, 12mo Fei Rien ene 78. 6d. 
Tate's Algebra made Easy, 12mbobobbobo e NEE EN 2s. Key 38. Gd. 
Reynolds’s Elementary Algebra for Beginners, 18mo. 9d. Answers, 3d. Full Key 1s. 
Hall’s Elements of Algebra, foo . Ce E 5s, 
Thomson’s Elementary Treatise on Algebra, 2mo. .......... eee 5s. Key 48. 6d. 
Wood’s Elements of Algebra, by Lund, 8 Vo E nen eee 128. 6d. 
Lund's Companion to Wood’s Algebra, post 8vo..... PE RH GAR dl Haf 
— Key to Wood’s Algebra, for Masters and Tutors, post yo.. . . . 78. 6d. 
— Short and Easy Course of Algebra, crown 8 So. . . 28. Gd. Key 28. 6d, 


Geometry and Trigonometry. 


Wright’s Elements of Plane Geometry, crown 8vo. ............ Vete toh VN Life Sas 
Potts’s Euclid, University Edition, 8 44 10s. 
— — Intermediate Edition, Books I. to IV. 3s. Books I. to III. 

2s. 6d. Books I. II. Is. 6d. Book I. ls. 


nnn e AEN IUe 6d, 
—  Euclid's Elements, School Edition, 12mo. boards 48. 6d, roan 5s, 
Tate’s Practical Geometry, with 261 Woodcuts, 18mo. ............. 6 222 138. 
— Geometry, Mensuration, Trigonometry, &c. 12mb0b0oo eee $s. 6d. 
Davis's First Six Books of Euclid's Elements, fep. ......... GE Susa Ad.: lér 
Isbister’s School Euclid, the First Four Books, 12m0. o.. 28. 6d. 


— College Euclid, Books I. to VI. and Parts of XI. and XII. 12mo..... 48. 6d. 


— College and School Examiner in Euclid, 12mo, i 9d. 

— Euclid Copy-Books, Nos. I. and Ii. oblong 4to. each vila êd, 

— First Steps to Euclid, 12mo. ..... CCC RR RET OTT $2 18, 6d. 
Tate's First Three Books of Euclid, 1mwo . 1s.6d, 18mo. 9d» 
Colenso's Elements of Euclid, 18mo........ 48. 6d. or with Key to the Exercises 68. 6d, 

— Geometrical Exercises and Key ............. A 38. 6d, 

— Geometrical Exercises, separately, 18m0o A 1s, 

— Plane Trigonometry, 12mo. Part I. 38. 6d. Key 38. 6d. Part II. 28. 6d. Key 58. 
Hunter's Plane Trigonometry, for Beginners, 18 mo eee Is. Key 9d. 
Hymers's Differential Equations and Calculus, SVS . 
Johnstone’s Elementary Treatise on Logarithms, 12mo . . 38. 6d. 
Hunter's Treatise on Logarithms, Lëmo, UU eet nn 18. Rey 9d. 
Jeans's Plane and Spherical Trigonometry, 12mo. 78. Gd. or in Two Parts, each 48. 

— Problems in Astronomy, &c. or XM to the above, 12mo...... YET, S 
Stokes’s Syllabus of Trigonometry, fen sis e diis 
Land Surveying, Drawing, and Practical Mathematics. 
Smith's Treatise on Land Surveying, 12mobobb0bo woke, OBe 
Nesbit's Practical Land Surveying, 8vo. ...... EE SEI SÉ 5 AXIS 
Tate's Drawing-Book for Little Boys and Girls, 4to....... 
Binns’s Orthographic Projection and Isometrical Drawing, 18mo.............. 1s. 
Barnard’s Drawing from Nature, imp. 8vo, 258.; or royal 8vo. in 3 Parts. each 78. 6d. 
Cape’s Course of Mathematics, vol. 2; 8%%%/ ͥ·ͤi . 666666 168. 
— Mathematical Tables, royal 8Soõoo . . „ee tis ads N IN oss 108. 6d. 
Winter's Mathematical Exercises, post Svo., wb Phare fabs Mie ET 6s, 6d. 


— Elementary Geometrical Drawing, Part I. ‘post. Svo. 38. Gd. Part II. 6s. 6d, 
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Kimber’s Mathematical Course for the University of London, 8vo. 10s.6d. Key 3s. Gd. 


Hunter’s Easy Introduction to Conic Sections, 12mo, ....... . . . 38. 6d. Key 28. 

Salmon’s Treatise on Conic Sections, 8 oo sess. ele e sU, eee 128. 

Wrigley's Examples in Pure and Mixed Mathematics, 8 Po.. N e 88. 6d. 

Hamilton's Elements of Quaternions, 8vo. ................ eee de fe e Kg 25s, 
Musical Works. 

The Stepping-Stone to Music, 18 mo s duda Ms TOv Wa gsx e adie 

Macfarren’s Lectures on Harmony, with Specimens and Examples, 8vo. ...... ‘10s. 6d. 


Works by John Hullah, Professor of Vocal Music in King’s 
College, and in Queen’s College, London. 


Wilhem's Manual of Singing. Parts I. and II. 2s. 6d. ; or together .......... 58. 
Exercises and Figures contained in Parts I. and II. of Wilhem’s Manual, Books 
e TE HE A each Sd. 

Large Sheets, containing the Figures in Part I. of Wilhem's Manual. Nos.1 

TOBA reet E c. ouai reb tuv deut edi EA eee e AN Eed Sa ren äs A 68. 
Large Sheets, containing the Exereises in Part I. of Wilhem's Manual. Nos. 9 

to 40, in Four Parcels of Eight Nos. each per Parcel, 6s, 
Large Sheets, the Figures in Part II. Nos. 41 to 52 in a Parcel 9s. 
Hullah’s Rudiments of Musical Grammar“: )). 38. 

— Grammar of Musical Harmony, royal 8 Vo 38. 
Exercises to Grammar of Musical Harmon eee nene 1s. 
Hullah's Short Treatise on the Stavs 4 6 NEEN AN 28. 
Hullah's Grammar of Counterpoint, Part I. super-royal 8vo.................. 28. 6d, 
Hultah’s Infant School x ld de oce Kl AM. adeleg ve Va 64, 
Hullah’s School Songs for 2 and 3 Voices. 2 Books, 8vo.............. usus. each 6d. 
Hullah's Exercises for the Cultivation ofthe Voice, For Soprano or Tenor. .... 9s. 6d, 


Hullah’s Exercises for the Cultivation of the Voice, For Contralto or Bass. . .. 9s, 6d, 


Political and Historical Geography. 


Ewald’s Reference-Book of Modern Geography, crown 8vo, ......... ees. 5s, 
Hiley’s Elementary Geography for Junior Classes, 18 moo Is. 6d. 
— Progressive Geography, 18 mo n 28. 
Burbury’s Mary's Geography, 18 mo. 38. Gd. eee Questions 18. 
Outlines of Geography, by George Hogarth, 18mo esse d ge ba ene, ade . . 10d. 
The Stepping-Stone to Geography, 18 mo AY EVA TX ve «ev; 18, 
Hughes's Child's First Book of Geography, 18 moo begets 
— Geography of the British Empire, for beginners, 18mo .............. « 9d, 
— General Geography, for beginners, 18mo.,.............. . ee 9d. 
Questions on Hughes's General Geography, for beginners, 18mo. ............. v 9d, 
Descriptive Geography, being Vol. V. of the ‘Instructor,’ l8mo................. ^ 
Hughes's Manual of Geography, with Six coloured maps, fep................... 8. 6d. 
Orin Two Parts: I. Europe, 3s. 6d. ; II. e Ede RUSSE UN Mn SN 
Hughes’s Manual of British Geography, CCC . 


— Geography for India, nearly ready, 
Freeman’s Historical Geography of Europe, nearly ready. 


Sullivan's Geography Generalised, fen... Karine age Dii, 

— Introduction to Ancient and Modern Geography, 18 mo "aber ( 
Hughes's Geography for Elementary Schools, 18 moo 18. 
Goldsmith's Grammar of General Geography, fep............. 3s. Gd. Key la, 
Dowling’s Introduction to Goldsmith’s Geography, 18M0.. ....sssssssssssssse.. 9d, 

— Questions on the Maps in Goldsmith’s Geography .......... 9d. Key 9d. 
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Maunder's Treasury of Geography, fep . TE TE „sd. 
Butler’s Ancient and Modern Geography, post 8 Yo... . 78. 6d. 


— Sketch of Modern Geography, post 8vo...... Visas eier io el kee Gente ARs 
— Sketch of Ancient Geography, post 8vo. ........ pals Me site WA M bbs 0 Ke eid) Be 
Cunningham's Abridgment of Butler's Geography, fep. ...... eeh ENK 6 KA? 
M*Leod's Geography of Palestine or the Holy Land, 12 moo . 8. ëd. 
— Life and Travels of St. Paul, 12o0o0o . N N € Bä 
Keith Johnston’s Gazetteer, New Edition, thoroughly revised, Seo, .......... $1s. 6d, 
Edmunds’s Traces of History in the Names of Places, crown 8 vo 78. 6d 
Physical and Mathematical Geography. 
Marcet’s Conversations on Land and Water, fep. .......... DOE Kee eent? 88, 8d. 
Guyot’s Earth and Man, Fifth Edition. fep. EEN dei MAN 
Maury's Physical Geography for Schools and General Readers, fep............. 2s. 6d. 
Hughes's Outlines of Physical Geography, 12mo . . 38. 6d. Questions 64d. 
Keith's Treatise on the Use of the Globes, improved by Taylor, Le Mesurier, 
and Middleton, 129mo.. .... E eee teo eoe 3 68. 6d. Key 28. 6d 
School Atlases and Maps. 
Butler’s Atlas of Modern Geography, royal 8vo. or royal 4x .. . . 10s. 6d. 
— Junior Modern Atlas, comprising 12 Maps, royal 8vo. .... ........ ^. 48, 6d. 
— Atlas of Ancient Geography, royal8vo. obo 9882 iler M88, 
— Junior Ancient Atlas, comprising 12 Maps, royal 8vo. ........... „. 6d, 
— General Atlas, Modern and Ancient, royal 4to. . . 228. 
— Geographical Copy-Books, Ancient and Modern, 4s, each Collection, or 
the Two together 3.00: 90, A 129 LLLI YR 34 MO dRITAHYAT © 78. Gd. 
M*Leod's complete Middle-Class Atlas, of 29 Maps, 4to. ..... bie Vots dest (Ley e" DB, 
— Fand-Atlas of General Geography, 1810ũ000060—tCñ een n . . 28, 6d. 
— Class Atlas of Physical Geography, 18mo. .......... cen Kone les 28. 6d. 
Bowman’s Questions of the above Atlas, 18m0. nnn... Is, 
M‘Leod’s Physical Atlas of Great Britain and Ireland, Are, OL AXI IER Yee 6d, 
— Pupil's Atlas of Modern Geography, 4dooooĩĩꝛꝛꝛẽ᷑.... 28. 6d, 
— School Atlas of Scripture Geography, royal 8vo.. 5 


Brewer’s Atlas of History and Geography, royal 8vo. ..... ys 
Hnghes’s School Atlas of Bible Lands, fe eese Do" 


Geology and Mineralogy. 


Haughton’s Manual of Geology, fe R Coo FBLC. 
Phillips’s Guide to Geology, with Plates and Diagrams, fep. .. ........... diea 28 

— Treatise on Geology, with Vignettes and Woodcuts, 2 vols. fep. ..... 7s. 
Apjohn’s Manual of the Metalloids, with 38 Woodcuts, feed 78. 6d. 


Natural History and Botany. 


The Stepping-Stone to Natural History, 18mo. EEN „ 28. 6d. 
Or, in Two Parts- I. Mammalia, Is. II. Birds, Reptiles, and Fishes, Is. 
Owen's Natural History for Beginners, 18mo. Two Parts, 9d, each, or 1 vol. . 28. 


Tate's Natural History of Familiar Things, 18mÍo. o VETE Is. 
Maunder's Treasury of Natural History, fen... eee OX S E 
Greene's Manual of Corals and Sea Jellies (Calenterata), food . Dë, 

— Manual of Sponges and Animalcul# (Protozoa), fep ................. 2s. 
Yeo's Student's Manual of Zoology and Comparative Anatomy, nearly ready. 
The Elements of Botany for Families and Schools, fen... 28. 6d. 
Lindley and Moore’s Treasury of Botany, 2 Parts, fep. ........ Klee S dL 208, , 


Lessons on the Universe, &c., being Vol. III. of the Instructor,“ 18 m0. 2s. 
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Swainson’s Habits and Instincts of Animals, fep. . vee. 38,60, 
Wood's Bible Animals, Po F vibes 218. 
— Homes without Hands, 8 Vobobo . n Als. 
Chemistry. 
Miller's Elements of Chemistry, 8 vols. 8 wo. Miis scales ay 608. 


Part I.— Chemical Physics, Fourth Edition, 158. 
Part II.— Inorganic Chemistry, Fourth Edition, 21s, 
Part III. - Organic Chemistry, Third Edition, 24s. 
Tate's Outlines of Experimental Chemistry, 18m e eese eee 0d, 
Odling’s Manual of Chemistry, Part I. 8vo. s.s... 
— Course of Practical Chemistry, for Medical Students, crown 8vo. .... 78. 6d. 
— Outlines of Chemistry, crown op . Ts. 6d, 
— Lectures on Carbon, crown 8vo, ..... gek piso Ue e e die n UV EUREN d 4s. 6d. 


Natural Philosophy and Natural Science. 


Ganot’s Physics, translated by Prof. E. Atkinson, post 8vo. ........... ET, 
Arnott's Elements of Physics or Natural Philosophy, 8 Wo "cn 
Marcet’s Conversations on Natural Philosophy, fep.............. ss. opge gesellt, 
Tate’s Little Philosopher, Chemistry, Mechanics, and Physics, 18mo. ...... . . 98, 6d. 
— Licht and Heat, for the use of beginners, 18 mo „eee 9d. 
— Hydrostatics, Hydraulics, and Pneumatics, 18mo. ..... fest sapien aie Um ës 9d, 
— Electricity, explained for the use of beginners, 18m0.. ss imd. 


— Magnetism, Voltaic Electricity, and Electro-Dynamics, 18mo. ,......... 9d, 
Downing’s Practical Hydraulics for Students in Engineering, 8v0........ 
Quarterly Journal of Science, with Illustrations, 58. each No. 


Mechanics and Mechanism. 


Tate's Exercises on Mechanics and Natural Philosophy, 12mo. ........28. Key 38. 6d, 
— Mechanics and the Steam-Engine, for beginners, 18mo. 


EI D 


— Elements of Mechanism, with many Diagrams, 12M0. . cose 98, 6d. 
Kater and Lardner's Treatise on Mechanics, fp .. OP wee. 88, 6d, 
T wisden's Introduction to Practical Mechanics, crown 8V0........cseseeceees P 108. 6d. 

Engineering and Architecture. 
Bourne’s Treatise on the Steam Engine, 4to. AN 
— Catechism of the Steam Engine, fe 
— Recent Improvements in the Steam Engine, fep. 
— Handbook of the Steam Engine, fe T 
Main and Brown's Marine Steam Engine, 8 Wb: sasesesses 6d. 
— — Indicator and Dynamometer, SVS e 48. 6d. 
— Questions on the Steam Engine, 8v0. ..........lsslueeeeeee 5s. 6d, 
Fairbairn's Useful Information for Engineers. First, Second, and Third Series, 
with many Plates and Woodcuts, 3 vols. crown 8vo. ........ each 10s, 6d, 
— Treatise on Mills and Millwork, 2 vols. 8vo....... TTE . . 328. 
Mitchell's Stepping-Stone to Architecture, 18mo. Woodeuts „e 18 
Moseley’s Mechanical Principles of Engineering and Architecture, 8vo........24s, 
Gwilt’s Encyclopedia of Architecture, 8vo...... W ERE ASRA PE 52s, 6d, 
Popular Astronomy and Navigation. 
The Stepping-Stone to Astronomy, 18m nnn P 18, 
Tate's Astronomy and the Use of the Globes, for beginners, 18mo.......... ene 9d. 
Herschel’s Treatise on Astronomy, fed. „e bb . . 38. 6d. 
— Outlines of Astronomy, Tenth Edition, 8vo. MÀ dn e ve ege 188, 


Webb’s Celestial Objects for Common Telescopes, 16mwo ee, TIR QU, 
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Evers’s Navigation and Great Circle Sailing, 18mo. ................. 1 
Merrifield and Evers's Navigation and Nautical DNI. Ci rever Ee A 
Proctor's Twelve Maps of the Stars, royal Ato, EEN .. Ts. 


Plate I. } Steel 1815 Northern Maps; Plate III. j Ster GIE Six Northern Maps; 


Plate II. Six Southern Maps; Plate IV. Six Southern Maps ; 
Containing the Stars, their Names, Containing the Stars and Milky-Way 
Lettara, d &c., the Constellation Fi- only, on a black background, 
gures, Meridians, Declination 
Paralleis, im m 
Proctor’s Handbook of the Staresequarefops SVO; ioc uo edes EE e enga wg OB 
— Coustellation-Seasons. 13 quarto Plates eR ae E 7 
— Sun-Views of the Earth, in 14 coloured Plates 
— Two Charts of the Solar System „ 
— Chart of the Zodiac, coloured. ETES 
— Chart of Mars, with 18 Views of the Planet. s 
Jeans's Handbook for the Stars, royal 8vo. ............ .. oe 


— Dee and Nautical Astronomy, Part I. Practical, 12mo......... 58. 
— Part II. Theoretical, royal 8vo.. 7s. 6d. 
Boyd's Manual for "Naval Cadets, Third Edition, post 8vo. ............... 28. 6d. 


Animal Physiology and the Preservation of Health. 
The House I Live In; Structure and Functions of the Human Body, 18mo.... 2s. 6d. 


Bray's Physiology for Schools ............ e eene 1 18. 
— Diagrams for Class Teaching MEINER P LAMB in ... per pair 6s. 6d. 
Howard's Gymnasts and Gymnastics, crown 8VSVvobobo . .. 108. 6d. 


Marshall’s Outlines of Physiology, Human and Comparative, 2 vols. er. Svo. . . 328. 


Domestic Economy and General Knowledge. 


Sterne's Questions on Generalities, Two Series, each 2s. Keys ..each 4s, 
Lessons on Houses, Sc, being Vol. II. of the Instructor,“ 18mo............. 28. 
Instruetions in Household Matters for Girls leaving School, fep. ......... e 18. 0d, 
The Stepping-Stone to Knowledge, 18 moo. TEE ee e b 
Second Series of the Stepping-Stone to General Knowledge, 18mo. ........ uk. 18s 
Burbury’s Mary's Every Day Book of Useful Knowledge, 18mo.3s.6d. Questions, 1s. 


Chronology and Historical Genealogy. 


Book of the Calendar, being Vol. IV. of the ‘Instructor,’ 18mo. .......... was" Mia 
Conybeare’s School Chronology, or Great Dates of History, square 12mo. . 1s. 
Howlett's Metrical Chronology, Sixth Edition, post 8 ꝓPVobo eee 78. 


Woodward’s Chronological and Historical Encyclopedia... I the press. 
Slater’s Ina Chronologica, the Original Work, 12 moo . 38. bd. 


ET — improved by M. Sewell, 12mo,......, dl. ex 088200. 
Fitzgerald’s Kings of Europe, nearly ready. 
Crook’s Events of England in Rhyme, square 16mo. NN 18. 


Long’s Chart of English History and Handbook, nearly ready, 
Mythology and Antiquities, 


Cox's Manual of Mythology, in Question and Answer, fep. ......... Ole a GO Ow. 

— Mythology of the Aryan Nations, 2 vols, 8vo. nearly ready. 

— Tales of Ancient Greece, crown 8v0. ..... nore QU SN 45,5, 0.2768: 00, 
Dyer's History of the City of Rome, with 2 Maps, 8vo. .............. SS Dco 


Becker's Gallus: Roman Scenes of the Time of Augustus, post 8vo............. 78. 6d. 
— . Charicles: Illustrating the Private Life of the Ancient Greeks, ...... Ze, 6d. 
Rich's Illustrated Dictionary of Roman and Greek Antiquities, post8vo, ....,.12s. 6d. 


Biography. 
Gleig's Book of Biography, 18mo. ...... Fs Ewald el EE ee NETS We. 
The Stepping-Stone to Biography, 18M0, ENNEN NENNEN ã d ½v 1B 
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Maunder’s Biographical Treasury, re-written by W. L. R. Cates, fep. .... ...10s. 6d, 
Cates's Dictionary of General Biography, 8vo. ........ pM gab do eve el v . . 218. 
Von Raumer's Life and System of Pestalozzi, 8VO. . 58. 
British History. 

Gunn and Turner’s History of England for Girls’ Schools .............. [In the press. 
Turner's Analysis of English and French History, feũp . . 2s, 6d. 
Outlines of the History of England, 18mo......... cc Gne Ee ere c renie e ee 1s, 
The Stepping-Stone to English History, 18 mo uses oH Assa, 1h 
Lupton's English History, Second Edition, revised, crown Svo,., . 78. 6d. 
Gleig’s School History of England, abridged, 12mo. .............. „ 68. 

— First Book of History— England, 18mo. 2s, or 2 parts .. each 9d. 

— British Colonies, or Second Book of History, 18 mo ses SEIT pus 

— British India, or Third Book of History, 18mo 9d. 
Historical Questions on the above Three Histories, 1I8 mo sees 9d. 
Littlewood's Essentials of English History, fep. enn. nA 38. 
Bartle’s Synopsis of English History, Revised Edition, fep......... e .. 38. fid, 


Perry’s Guide to Scottish History, 18mo. ........... E GET 3s, 6d, 
Cusack's Student's Manual of the History of Ireland, nearly ready. : 


General History. 


Stafford's Compendium of Universal History, fep. ............... ET NT ^ 
Elements of Modern History, being Vol. VII. of the“ Instructor, lemo.. T. 
Elements of Ancient History, being Vol. VI. of the ‘Instructor,’ 1&mo...... 28. 
Tales, &c. from History, being Vol. I. of the ‘Instructor, 18mo............... 28. 
Strickland’s Tales and Stories from History. feed ꝑ 38. 6d. 
Gurney’s Chapters from French History, fe 68. 6d. 
Outlines of the History of France, Third Edition, 18moo . 1s.3d. 
The Stepping-Stone to French History, 1ëmeo, . 1s. 


Crowe's History of France, to the Accession of Napoleon III. 5 Vols, 8vo... £4 158. 6d, 
Beesly’s Notes on Macaulay’s Essay on the War of the Succession in Spain, fep. 18. 


Maunder's Historical Treasury, with Index, fep. ............ eee 108. 6d, 
Mangnall's Historical and Miscellaneous Questions, 12mo. ........ VOTE TU . 48. 6d, 
Corner's Questions on the History of Europe, 12m. 58. 

Steinmetz's History of Modern Europe, crown 8vo, ............ SN ANN es (aa 5s, 6d, 
Turner's Analysis of the History of Germany, fep. E . 88. 6d, 


Taylor's Student's Manual of the History of India, nearly ready. 
Marshman's History of India, to close of Ld, Dalhousie's Administration, 8 v. 22s. 6d, 


Sewell’s Ancient History of Egypt, Assyria, and Babylonia, fep. ............. . 68, 
Outliries of Grecian History, n Seet JUR ee ee SEN S ond v ao soo 18. 
The Stepping-Stone to Ancient Grecian History, Imo 1s. 
Browne’s History of Ancient Greece, for beginners, 18mo. 
Sewell’s First History of Greece, fep. . 4 
Schmitz’s History of Ancient Greece, Sixth Edition, fed 78. 6d. 
Cox's Histories of Ancient Greece and Ancient Rome, drawn from Original 
Authorities, and designed chiefly for the use of Colleges [In preparation, 
Cox's Tale of the Great Persian War, from Herodotus, fep. ......... see. 88. 6d. 
Taylor's Student's Manual of Ancient History, crown 8V0, ............0eeeeeee 78. 6d, 
— Student's Manual of Modern History, crown 8vo. ........ eee ves $8.00 
Turner's Analysis of the History of Greece, fep...... „ 2s, 
Thirlwall’s History of Ancient Greece, 8 vols. fed . 28s, 
Müller's Literature of Ancient Greece, trans. by Lewis & Donaldson, 3 v. 8vo. 21s, 
Sewell’s Child's First History of Rome, Pop, .æ. ENNEN 2s, 6d. 
Parkhurst's Questions on Sewell's Child's First History of Rome.............. 1s. 
Outlines of Ancient Roman History, 18m0oo EEN ENN 10d. 
. 18. 


The Stepping-Stone to Ancient Roman History, 18mo....... . 
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Turner’s Analysis of Ancient Roman History, fep. ...... A 28. 
Browne’s History of Ancient Rome, for beginners, 18mo, ............. T 
Merivale's History of the Romans under the Empire, 8 vols, post LEE 48s. 

— Fall of the Roman Republic, 12 mW 78. 6d. 
Ihne's Roman History, Vous. I. and II. 8vo............. N .. [Nearly ready. 


Scripture History, Moral and Religious Works. 


Hole's National Moral Lesson Books, in Three Parts :— 
I. The Duties Men owe to Themselves, 2 vols. fep. nearly ready. 
II. The Duties Men owe to One Another, in the press. 
III. The Duties Men owe to GOD, in preparation. 

Combes and Hines’ Scripture Facts, Chronologically Arranged, 18mo. 1s, 4d., 

or in Two Parts, [Old Testament Facts and New], 9d. each, 
The Stepping-Stone to Bible Knowledge, 1I8 mo (ses dude tUe 1v 
Quilines of Sacred History, 16m0o,. iu Ae ate AE eve levy d vad NEG olen em Ua ids elen 2s. 6d. 
Gleig's Sacred History, or Fourth Book of History, 18mo, 2s. or 2 Parts each.. 9d. 
Valpy's Latin Epitome of Sacred History, 18 mo su MER eie 2s, 
Zornlin’s Bible Narrative Chronologically Arranged, 12mo... MED EE E 58. 
Ellicott's Critical and Grammatical Commentary on St. Paul's Epistles, 8vo. 

Galatians, 8s. 6d.; Ephesians, 8s. 6d.; The Pastoral Epistles, 10s, 6d.; 

Philippians, Colossians, and Philemon, 10s, 6d. ; Thessalonians, 7s. 6d, 
Conybeare and Howson’s Life and Epistles of St. Paul, 2 vols, crown 8vo....... 128. 


Potts’s Paley’s Evidences and Hore Paulina, 8 Vo. EEN SN Kee 10s, 6d, 
Browne’s Exposition of the Thirty-Nine Articles, 8 Woo 16s, 
Gorle’s Examination Questions on the above, fen... 3s. 6d. 
Ayre’s Treasury of Bible Knowledge, fcp.......... i Seek wail tered 108. 6d. 
Riddle’s Manual of Scripture History, fep. ...... MULA DUE ARM eer P ^. 48, 

— Outlines of Scripture History, ep. ........ Sa, do », 28. 6d. 
Horne's Introduction to the Scriptures, 4 vols. 8vo.. 4 


— Compendious Introduction to the Bible, post 8vo. 


Kalisch's Commentary on the Old Testament; with a New Translation. Vol. 
I. Genesis, 8vo. 18s. or adapted for the General Reader, 12s, Vol. II. 
Exodus, los, or adapted for the General Reader, 12s. Vol. III. Part I. 
Leviticus to Chapter X. 158. or adapted for the General Reader, Ss, 


Davidson's Introduction to the New Testament, 2 vols, 8vo....... Kee . £l 10s, 
Cook's Acts of the Apostles, with a Commentary, Zoe, eo, EN 128.60, 
Bowen’s Key to the Acts of the Apostles, fe d EE TE 
Whately’s Introductory Lessons on Christian Evidences, BM Lo das Cs es 6d, 
Barclay’s Edition of Whately's Lessons on Christian Evidences, fep. 3s. 18mo, ` 6d. 
Sewell's Night Lessons from Scripture, 32ũoõ⸗ NNN Ze, 

—  Self-Examination before Confirmation, 382M0. ................ dorhet 18, Obs 

— Readings for a Month Preparatory to Confirmation, fep. ............ +. 48, 

— Preparation for the Holy Communion, 382M0, ............... e eye is BB. 


— Readings for Every Day in Lent, from Jeremy Taylor, fed 58. 
Hume's Moral Essays, by Green and Grose, 2 vols. Svo. nearly ready. 
— Treatise on Human Nature, by Green and Grose, 2 vols, 8vo. nearly ready. 


Bartle’s Exposition of the Church Catechism, 12m . . Is. od. 
Cooper's Salient Points of Scripture History, the Pentateuch, 18m0;; i9 2 NX 9d. 
— Historical Books of the Old Testament, 18m veh Pay CS 


Littlewood’s Essentials of New Testament History, nearly ready. 


Mental and Moral Philosophy. 


Lewes's History of Philosophy from Thales to Comte, 2 vols, 8vo. ...... DOSS Rs 
Whately's Lessons on Reasoning, fodggdnn EEN ENEE ia às, 18, 00. 
Mill’s Analysis of the Phenomena of the Human Mind, 2 vols. 8vo........ — e EE, 

— System of Logic, Ratiocinative and Inductive, 2 vols. 8vo. .............. 25s, 


Killick's Student's Handbook of Mill’s System of Logic, crown 8vo,.... 
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Stebbing’s Analysis of Mill’s System of Logic, 12mo. o. v9? «088,01. 
Thomson's Outline of the Necessary Laws of Thought, post 8vo.. ` 
Bacon’s Essays, with Annotations by Archbishop Whately, 8vo.... 

Markby's Bacon's Essays, with References and Notes, fep. ........... 


— 


Whately's Elements of Logic, 8vo. 10s, 6d. Crown 8 Sa 
— Elements of Rhetoric, 8vo. 10s, 6d. crown 8 ꝓ o. 
Bain’s Rhetoric and English Composition, crown 8vo. ........ 1 i 
*- Mental and Moral science, Second Edition, crown 8vo, ....... Fe ée 108. 6d, 
Morell's Handbook of Logic, for Schools and Teachers, fep............ ofa lalate e DA 
— Introduction to Mental Philosophy, 8vo.......... eee Relea mn 
Fichte's Contributions to Mental Philosophy, by Morell, fed. FM 
Morell’s Elements of Psychology, Part I. post 8 Yoo WER Klerf, aca TOU 
Civil Law and Political Science. 
Marcet's Conversations on Different Kinds of Governments, 18mo. .......... 28. 
Sandars's Institutes of Justinian, 8 Soo dés Le lida 15s, 
Principles of Teaching, dc. 
Sewell’s Principles of Education, 2 vols. fep. .............. Feen Ve TE a 
Johnston's Ladies’ College and School Examiner, fep. ............ 1s.6d. Key 28. 6d. 
Robinson's Manual of Method and Organisation, feop 5 ꝛ . 38. 6d. 
Gill’s Text- Book of School Education, Method, and Management, fep. ........ 3s. 
Quick's Essays on Educational Reformers, post 8v0........ E PTT 78. 6d. 
Sullivan's Papers on Education and School- Keeping, 12 moo 28. 
Potts’s Liber Cantabrigiensis, Part I. fep. dd deten 48. 6d. 
— Account of Cambridge Scholarships and Exhibitions, fep. ............ 1s. 6d. 
Lake's Book of Oral Object Lessons on Common Things, 18mo...... ADI 
Johnston's Civil Service Guide, crown 8ve. ...... ep, e ER ee 
M'Leod's Middle Class Examiner, 18 m0. F 18. 
The Greek Language. 
Donaldson's Grece Grammatice Rudimenta, Editio Tertia, fep. ............ 9s. 6d. 
Parry's Elementary Greek Grammar, 12mo. obo s ... 88, 6d. 
Farrar's Brief Greek Syntax and Accidence, 12mo. ........... e . 4s. 6d, 
— Greek Grammar Rules for Harrow School, 12m᷑w̃ . . 1s, 6d. 
Kennedy’s Greek Grammar, Sixth Edition, 12m bobo . 2222 $8, 6d. 
— Greek Verse Materials, or Palestra Musarum, 12 mo.. 58. 6d. 
Preston's Greek Verse Composition, Crown 8Vobobo n nnt 4s. 6d, 
Miller's Elementary Greek Syntax, post 8vo. ..... vv ev ed DN CV ee 
Collis’s Pontes Classici, No. II. Greek, 12mo.. UAE 
— Praxis Grwca, in Three Parts, 12mbb0b᷑U.i nn nn 
PanT I. Etymology, 12mo....... 28. 6d. Parr II. Syntax, 12mo.... 
Part III. Greek Accentuation, Exercises. and Examination Papers, 12mo..... 38. 
Collis's Greek Verse-Book : Praxis lambica, 12mo D Sch ée 4s. 6d, 
Walford’s Progressive Exercises in Greek Iambic Verse, 12mo, .......... ove dU ét 
Donaldson's New Cratylus, Third Edition, 8 o Vv BIS 
Edwards's First Greek Reader, with English Notes, fep. ........... seen 4s, 
Wilkins’s Manual of Greek Prose Composition, crown 8vo,........78. 6d. Key 28. 6d. 
— Exercises in Greek Prose Composition, crown 8vo,...... 48. 6d. Key 28. 6d, 
— Progressive wreek Delectus, 12m . . . 48. Key 28. Gd. 
Major’s Elementary Praxis of Greek Composition, 12moũ01ẽ2 . ^. 28. 6d. 
Wilkins's Progressive Greek Anthology, 12M0. ........ . S n 
Valpy's Greek Delectus, improved by the Rev. Dr. White, 12mo....... “4s. Key 2s. 6d. 
Hall’s Principal Roots of the Greek Tongue, 12mo...,.... fades wort os 
Yonge's Larger English-Greek Lexicon, 4to. EE fe, Da TP 
— English-Greek Lexicon, abridged for Schools, square 12mo, .......... 88.6d. 
Liddell and Scott's Larger Greek-English Lexicon, crown 4t0. .. ........... .. 868. 
— — —  Greek-English Lexicon, abridged for Schools, square 12mo, 78. Gd. 
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Robinson's Greek and English Lexicon of the New Testament, 8vo. .......... 10s. 6d, 
Webster and Wilkinson's Greek Testament, with English Notes, 2 vols. 8vo. . . 448, 
Vol. I. the Gospels and Acts, 20s, | Vol. II. the Epistles and the Apocalypse, 248. 
Bloomfield's College and School Greek Testament, fen... 78. 6d. 
Wilkins's Scriptores Attici, Excerpts with English Notes, crown 8vo. ........ 78.6d, 
—  Olynthiacs of Demosthenes, with English Notes, crown 8vo. ........ 48. 6d. 
— Speeches in Thucydides translated. Z:. In the press, 
Zeller's Socrates and the Socratic Schools, by the Rev. O. J. Reichel, crown 8vo. 88. Gd. 
— Aristotle and the Elder Peripatetics, translated by J. A. Symonds, M.A. ` 


Grant’s Ethics of Aristotle, with Essays and Notes, 2 vols. 8vo..... . 288. 
Williams's Nicomachean Ethics of Aristotle translated, 8vo....... N 128. 
Congreve’s Politics of Aristotle, with English Notes, 8vo...... M ee fede? 168. 
Anthon’s Homer's Iliad, Books I. to III. edited by the Rev. Dr. Major, 12mo... 4s, 6d, 
Pindar's Odes, &c., revised and explained by Donaldson, Vo 16s, 
Major’s A/cestis, Hecuba, Medea, Orestes, and Phenisse of Euripides, with 
English Notes, post 8vo, 24s.; the Plays separately eese each 56 
Sophoclis Tragœdie Superstites, recensuit Gulielmus Linwood, M.A. 8vo. .... 16: 
Eight Comedies of Aristophanes, translated by L. H. Rudd, M.A. 8vo......... 1 
Sophoclis G@dipus Rex, Mdipus Coloneus, and Antigone, by Brasse, 5s. each, 
Philoctetes, by Burges, 5s, Ajax and Electra, by Valpy........... eee each = 
Excerpta ex Herodoto, with English Notes, by J. R. Major, D.D. fep. ........ 
Isbister's Xenophon's Anabasis, Books I. to III. with Notes, 12mo............. m. 


White’s Xenophon's Expedition of Cyrus, with English Notes, 12mo. .. ....... 196d. 
Sheppard and Evans's Notes on Thucydides, New Edition, nearly ready. 


a Xenophon's Memorabilia of Socrates, post Bro, géi . 
— Anabasis, Books I. and II. fep. 8 .o sert * "o 
Parry’ s Reges et Heroes, from Herodotus, with Notes, crown 8vo. ........ «e. 38/60. 
The Latin Language. : =, 
The Public School Latin Primer, 19mo. .............. 44 5 
— L Grammar, by the same Editor, 12moo Urn the — 
Subsidia Primaria, Steps to Latin; Companion Exercise Books to the Publie 


School Latin Primer, By the same Editor, Part I. 28. 6d. Part II 
Key to the Exercises in Subsidia Primaria, Parts I, and II, price 5s, supplied È 

to INSTRUCTORS only on application to the Publishers. 
Kennedy’s Classical or Higher Latin Grammar, 8vo. ....... N Mes tere 
Sketch of the History of Grammar, 12mo. ..... eee nnn Lader si ` 
Kennedy's Child's Latin Primer, or First Latin Lessons, 12mo. Pea, dust à 
The Child's Latin Accidence, extracted from the above, 12 mo 
White's First Latin Parsing-Book, 12mo. ....... 


DIT s... 


— First Latin Exercise-Book, 12mo........ eee 2s. 6d. Key 
Collis's Praxis Latina Primaria, 12M0.. ee ace ge ek 
Wilkins's Progressive Latin Delectus, 12m 

— Easy Latin Prose Exercises, Fourth Edition, crown 8vo. 28. Gd. Key 28. 6d. 
White and Riddle’s Large Latin-English Dictionary, vols. 4to. .............. 42s, 


White's College Latin-English Dictionary (Intermediate Size), medium 8vo...18s, 
— Junior Student’s Complete English-Latin and Latin-English Dic- | 
Gonary; square 1$mo. pastaa tented sis Vra keen ee H bag A dae’ avvale +. 128, 
The Latin-English Dietionary, price 78. 6d, 
Bepárktely Um English-Latin Dictionary, price 5s. 6d, 
Riddle's Complete Latin-English and English-Latin Dictionary, 8vo0. .......... 218. 
The English-Latin Dictionary. 7s. 
Separately J The Latin-English Dictionary, 152. 
Riddle's Young Scholar’s Lat.-Eug and Eng.-Lat. Dictionary, square 12mo. . 108. 6d. 
The Latin-English Dictionary. 68. 
Separately {one English-Latin Dictionary, 5s. 
Riddle and Arnold’s English-Latin Lexicon, 8 Vo 21s. 
E - — Abridged by Ebden, square post 8 Vo... 78. 6d. 
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Kennedy’s Elementary Latin Grammar, 12mo....... PO wesc. Oe Ef ... unn 38, 6d. 
— First Latin Reading-Book, or Trinocinium Latinum, 12mo....... . 28. 
— Second Latin Reading-Book, or Palestra Latina, 12mo........ eg 
Collis's Chief Tenses of Latin and Greek Irregular Verbs, 8vo. each Collection 1s. 
Sheppard and Turner’s Aids to Classical Study, 12m0—pw . 5s. Key 68. 


Moody's New Eton Latin Grammar,12mo. 2s, 6d. The Accidence perpe ois 
Collis's Pontes Classici Latini. Sixth Edition, 12mo. .............. Au Eb. iud 
Collia’s Praxis Latina, Two. Paria, 12070. iss d eicere "A 6d. 
Part I. for Beginners 28. 6d. | Part II. for Advanced Students .. 3s, 
Hall’s Principal Roots and Derivatives of the Latin Language, i2mo..... «s 48, 6d, 
White’s New Virgil Reader, nearly ready. 


Major’s Latin Exercises for King's College School, fep.................. Gg 28s GOs 
— Passages from the Spectator, for Translation into Latin, 12mo........ 38. 6d. 
Walford's Progressive Exercises in Latin Prose, 12m0........... . 238. 6d. 


Bradley's Latin Prose Exercises, 1210“ 3s. 6d, Key 5s. 
— Continuous Lessons in Latin Prose, 12mo...................58. Key 58. 6d. 


Beverley’s Exercises in Latin Prose Composition, crown 8vo, . . . . 28. 6d. Key 5s. 
Wilkins’s Manual of Latin Prose Composition, crown 8vo......... 5s.6d. Key 98.04, 
— Latin Prose Exercises, Crown BVO. .......ceeeeceeeeeeees 48, 6d. er 58. 
Edwards’s Exercises in Latin Accidence, 12mo. ....... ` . 1s. 6d. 


— Progressive Exercises in Latin Lyrics, 12 m0. 
Wilkins's Notes for Latin Lyrics (in use in Harrow, &c.)12mo....... 4 
— Latin Anthology, for the Junior Classes, 12mo.............. Zeg ees MN DUE 
Valpy's Latin Delectus, improved by the Rev. Dr, White, 12mo, . 


Yonge's Latin Gradus, post 8vo. 9s., or with Appendix ........... seen 13s. 
Rapier's Introduction to Composition of Latin Verse 12mo. ........ 3s. 6d. Key 28. 6d. 
Walford's 9 Exercises in Latin Elegiac Verse, Lämo, . 28. 6d. Key 58. 
— — Second Series, 12m . 23. 6d. 
— Card of I inet, w ß aan e EMI REOR 8888484 
Yonge’s Odes and Epodes of Horace, School Edition, ëng, ceisler es docere . 48, 6d. 


— Satires and Epistles of Horace, School Edition, 12mo. ... 


s. 

E Library Edition of the Works of Horace, 8vo. o.. 21s, 

— Eton Pocket Edition of the Works of Horace, l6mo. ................ 48. 0d. 
Girdlestone and Osborne’s Horace, 12mo0........... een n nnn sete veered Mees 
Conington's ZEneid of Virgil, translated into English Verse, crown 8vo. ...... 
Kenny’s Virgil's ZEneid, Books I. II. III. and V. 18mo......... nn each Book 18. 


Anthon’s Æneid of Virgil, Edited by Dr. Major, fep. ............... ve e ve NA 
Pycroft’s Virgil, with English Notes, 12mo. 78. 6d, without Notes. . 38. 6d. 
Bradley's Troy Taken, the Second Book of Virgil’s Æneid, fep......... b sis ea same OQ. 
Parry's Origines Romane, from Livy, with English Notes, crown 8vo, ........ 48. 
Parry's Ciceronis Epistolarum Delectus, post 8VO. A OS, 
White's Cicero's Cato Major and L:elius, 12mo................. vds ewe vv «sm US 
Yonge's Ciceronis Epistole, with English Notes, nearly ready. ` 
Bradley’s Cornelius Nepos, improved by the Rev. Dr. White, 12mo «ves. OECD 


—  Ovid's Metamorphoses, improved by White, 12mo. .............. . 4s, 6d, 
« — Select Fables of Phedrus, improved by the Rev. Dr. White, 1?mo. . .. 98, 6d, 
— Eutropius, improved by the Rev. Dr. White, 12mo. ...... ena . 28. 6d. 
Isbister’s Cæsar, Books I.— VII. 12 mo. 4s. or with Reading Lessons .... . 48, 6d. 
—  Cwsar’s Commentaries, Books I.— V. 12mo. ... . . . 38. 6d. 
— First Book of Cesar’s Gallic War, 12 moo TER LE S 
Kenny's Cwsar’s Commentaries, Book I. 18mo. Is. Books II. and III....., EE CS 
Church and Brodribb's Pliny’s Letters, with English Notes, nearly ready. 
The French Language. 
The Stepping-Stone to French Pronunciation, Imo voce deeded! DUI 


Prendergast’s Mastery Series, French, Third Edition, 12mo .................. 1s, 6d. 
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Stiàvenard's Rules and Exercises on the French Language. Part I. crown 8vo... 3s. 6d. 
Albités’ How to Speak French, Eighth Edition, fep. ............ ee aes 58. 6d, 
— Instantaneous French Exercises. New Edition, f»p..........2s, Key 28. 

— French Pronounced, Self-Helps, price ONE SHILLING. 


Belin's French and English Idioms, 12M0.. een nnn . . . 98. 6d. 
Ventouillae's French Poetry, with English Notes, 18mo se . . 98. 
Contanseau's Practical French and English Dictionary, post 8vo........... . 108. 6d. 
Part I. French-English, 58. 6d. Part II. English-French, 58. 6d. 
— Pocket French and English Dictionary, square 18mo. ......... . 88. 6d, 
— Premières Lectures, 12 mo xd . 28. 6d. 
— First Step in French, 12mo..,.......... ders TIN A er 6 Sd MB. Odo 
— French Grammsr; limos. NOI EN A EA ENEE Ze E ee 5s. 
Key to the Exercises in Contanseau's * First Step’ and ‘French Grammar,’ 12mo. 38. 
Contanseau’s Guide to French Translation, 12mo. .............. s Zs. 6d. Key 38. 6d. 
— Prosateurs et Poètes Francais, 12mo. ...... Batya og e ees erences 68. 6d. 
— Précis de la Littérature Francaise, 12mo GA E 
— Abrégé de l' Histoire de France, 12mo. ............... Jas HR . . 58. 6d. 
Sewell’s Contes Faciles, from Modern French Writers, crown 8vo. ......... +e. 88. 6d, 
— Extraits Choisis des Auteurs Modernes, crown 8vo. ........ 1 „ s. 
Stiévenard’s Lectures Françaises from Modern Authors, 12mo.. ........ . 4s. 6d. 
Meissner's Palestra Gallica, or Philology of the French Language, 12mo. .... 4s, 6d, 
German, Spanish, and Hebrew. 
Justa German Grammar, WMG, SN ocecssececcneccasciasi oes edi rris «sas Asa DH 
:2 "German Reading Book, 12090 e deeg Auteur EA aere avene osi vu 3s. 6d. 
Bernays’ German Grammar, fep. ..... Ay Ae M rita ay? 3 vn 165, 38. 00. 
"Nera ² ] ⸗ Äę EE ee oxyexevutveskhse nsns som 3s. 6d. 
— German Reader, fer eee 5 MAR TE 
Wintzer’s First German Book for Beginners, fen... . 88. 6d. 
Fischer-Fischart's Elementary German Grammar, fedndd . 2s, 6d. 
Prendergast's Handbook to the Mastery Series J Is. 6d. 
— Mastery Serie e ́ n e sos 53 55.04 8 , Gd, 
— eee . enhance 1s. 6d, 
: — Manual Of Hobtew, 12010: 7155.4. 5422 8 i... [Nearly ready. 
Blackley and Friedländer's Practical German and English Dictionary, post 8vo, 78. 6d, 
Goethe's Iphigenie auf Tauris, English Notes by Oppen, fep. ......,. r 28. 
— Egmont, with English Notes by Oppen, feu q . . 28, 6d. 
Lessing's Minna von Barnhelm, English Notes by Oppen, fep. ................ 28. 6d. 
— Nathan der Weise, English Notes by Oppen, fep............. (Nearly ready. 
Schiller's Wilhelm Tell, with English Notes by Oppen, fed 28. 6d. 
Kalisch’s Hebrew Grammar, with Exercises, Part I. Svo. . . 128. 6d. Key 5s. 
— — — Eee een 128. 6d. 


Hindustani and Sanskrit. 
Müller's (Max) First Book of the Hitopadesa. Royal 8vo. 7s, 6d. or Sanskrit 


eri om E E EE sie rey iio H, EA 38. 6d, 
— Second, Third, and Fourth Books of the Hitopadesa. Royal 8vo, 
T8700, CANARIO LOSS = ben E ce 8s. 6d, 
— Sanskrit Grammar for Beginners, in Devangari and Roman 
Letters throughout. Royal S Vo. 158. 
Benfey’s Sanskrit-English Dictionary, the Sanskrit Words printed both in the 


Original Devangari and in Roman Letters, 8vo. ......... Ee rts OC Pe DA 52s, 6d. 


i> The School Books, Atlases, Maps, &c. comprised in these General 
Lists, are more fully described, under the present classification, in Messrs. 
Lonemans and Co.'s Catalogue of School- Books, 4to. pp. 90, which may be had 
gratis or will be forwarded free of postage on application. 
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